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Analysis II: Multiple Variables

Fynn Krebser–fkrebser@student.ethz.ch

Spring Semester 2026

1 Metric Spaces
Lec 1

In analysis II, will be working mostly in Rn, which is a
vector space defined as

Rn := {x = (x1, . . . , xn), xi ∈ R}.

Here, we call n ∈ N the dimension. We want to add
some extra structure in particular the euclidean struc-
ture

Definition 1.1: Euclidean structure
On Rn we define the euclidean norm as

∥x∥ :=
√
x21 + · · ·+ x2n,

which describes the length of the vector x. We also
define the scalar product as

x · y = ⟨x, y⟩ :=
n∑
i=1

xiyi,

furthermore the euclidean distance is defined as

d(x, y) := ∥x− y∥.

Lemma 1.2: Triangle inequality
For all x, y, z ∈ Rn we have

∥z − x∥ ≤ ∥y − x∥+ ∥z − y∥.

The lemma states that the shortest path between two
points is a straight line.

x

y

z

Figure 1: Triangle Inequality

Proof. Equivalently, ∥a + b∥ ≤ ∥a∥ + ∥b∥ for all a, b ∈ Rn. This
is because if we let a = y − x and b = z − y, then a + b = z − x.
Equivalently, squaring both sides, we have

∥a+ b∥2 ≤ ∥a∥2 + ∥b∥2 + 2∥a∥∥b∥. (1.1)

By definition of the norm, we have
n∑
i=1

(ai + bi)
2 =

n∑
i=1

a2i + b2i + 2aibi = ∥a∥2 + ∥b∥2 + 2a · b.

Together with (1.1), we have that our statement is equivalent to a · b ≤
∥a∥∥b∥, which is the Cauchy-Schwarz inequality. □

Lemma 1.3: Cauchy-Schwarz inequality
For all x, y ∈ Rn we have

x · y ≤ ∥x∥∥y∥.

Proof. If either x = 0 or y = 0, then the statement becomes 0 ≤ 0,
which is true.

Let now x, y ∈ Rn be nonzero. Now for every λ > 0, we have

2x · y = 2

n∑
i=1

λxi
yi

λ
≤

n∑
i=1

λ2x2i +
y2i
λ2

= λ2∥x∥2 +
1

λ2
∥y∥2,

Since 2ab ≤ a2 + b2. Since x, y are nonzero we can take λ2 =
∥y∥
∥x∥ ,

which gives us
2x · y ≤ 2∥x∥∥y∥.

□

In order to not always define convergence and continuity
in other subjects, we will now introduce the notion of a
metric space, which is a set with a distance function
defined on it.

Definition 1.4: Metric space
A metric space is a pair (X, d), where X is a set and
d : X × X → [0,∞) is a function such that for all
x, y, z ∈ X we have

• d(x, y) = 0 if and only if x = y,

• d(x, y) = d(y, x), and

• d(x, z) ≤ d(x, y) + d(y, z).

Example 1.5:
1. (Rn, dEuclidean) is a metric space.

2. (R2, dNY(x, y)) is a metric space, where the Man-
hattan metric is defined as

dNY(x, y) = |x1 − y1|+ |x2 − y2|.

3. Given (X, d) a metric space and Y ⊆ X, then
(Y, d|Y×Y ) is a metric space.

For example if we take X = R2 and Y to be the
unit circle, then we also have the metric space
(Y, dEuclidean|Y×Y ).

In general it is useful to first think about the proof in Rn,
and then to see if it can be adapted to a more general
metric space. This is often easier as we tend to have a
better intuition for Rn.
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Figure 2: Manhattan (Glarus) metric visualized

Given a < b ∈ R, and

X = {f : [a, b] → R, f continuous },

then how can we find the distance between two functions
f, g ∈ X? It can for example be defined as

d(f, g) = max
[a,b]

|f(x)− g(x)|.

Another distance would be

d(f, g) =

√ˆ b

a

|f(x)− g(x)|2dx.

As an exercise, proof that both of these are metrics on X.Lec 2

In the following, let (X, d) be a metric space. We want to
define the notion of convergence and continuity in X.

Definition 1.6: Sequence
Given a set X, we call a map x : N → X a sequence
in X. Instead of writing x(n), we write xn as the n-
th term of the sequence ∈ X. To denote the full
sequence we write (xn)n≥0.

Definition 1.7: Convergent Sequence
We say (xn)n≥0 has limit x ∈ X if d(xn, x) → 0 as
real numbers. x is called the limit of the sequence,
and we write lim

n→∞
xn = x.

Another way to phrase this is that for every ε > 0 there
exists N ∈ N such that for all n ≥ N we have d(xn, x) < ε.

Notice that the limit has to be in the set unlike in Analysis
I, as otherwise the metric is not defined.

Lemma 1.8: Uniqueness of the limit
Given a sequence (xn)n≥0 such that xn → x and
xn → y, then x = y.

Proof. Assume by contradiction that x ̸= y and let 3ε = d(x, y) > 0.
By the definition of the limit, ∃Nx such that d(xn, x) < ε∀n ≥ Nx,
and ∃Ny such that d(xn, y) < ε∀n ≥ Ny .

Let N = max(Nx, Ny), then for all n ≥ N we have

3ε = d(x, y) ≤ d(x, xn) + d(xn, y) < 2ε,

by triangle inequality, which is a contradiction. □

X

Y

d(x, y) = 3ε

Figure 3: Uniqueness of the limit

Definition 1.9: Subsequence
Given a sequence (xn)n≥0, we define a subsequence
as a sequence of the form

(xf(k))k≥0,

where f : N → N is a strictly increasing function.

Usually, we will write xnk
instead of xf(k) for the subse-

quence.

Definition 1.10: Accumulation Point
Given Y ⊂ X, we say that y ∈ X is an accumula-
tion point of Y if there exists a sequence (yn)n≥0

in Y such that yn → y.

Given (xn)n≥0 as a sequence of X we say that x is
an accumulation point of (xn)n≥0 if there exists
a subsequence (xnk

)k≥0 such that xnk
→ x.

Lemma 1.11:
Given a sequence (xn)n≥0. The sequence converges
to x if and only if ∀(xnk

)k≥0 we have xnk
→ x.

Proof. We rewrite the statement to xn → x⇔ (xnk ) → y ⇒ y = x.
⇐: Taking the particular subsequence xnk = xn, we have xn → y,
and thus y = x.

⇒: Let f : N → N be a strictly increasing function. Since xn → x, for
every ε > 0 there exists N such that for all n ≥ N we have d(xn, x) <
ε. Since f(n) is increasing, f(n) ≥ n, thus for all n ≥ N we have
d(xf(n), x) < ε, which means that xf(n) → x. □

Lemma 1.12:
Given a sequence (xn)n≥0. Then xn → x if and
only if every subsequence (xnk

)k≥0 has a subsequence
(xnkl

)l≥0 such that xnkl
→ x.

Proof. See later... We will do it later try first at home. □

Definition 1.13: Cauchy Sequence
We say that a sequence (xn)n≥0 is a Cauchy se-
quence if ∀ε > 0, ∃N such that d(xn, xm) < ε when-
ever n,m ≥ N .

Definition 1.14: Complete Metric Space
We say that a metric space (X, d) is complete if
every Cauchy sequence in X converges (to a limit in
X).
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Example 1.15:
1. (R, dEuclidean) is a complete metric space.

Theorem 1.16:
(Rn, dEuclidean) is complete.

Lemma 1.17:
Given a sequence (xm)m≥0 ⊂ Rn, then xm → x ∈ Rn
if and only if xm,i → xi for all i = 1, . . . , n, where
xm = (xm,1, . . . , xm,n) and x = (x1, . . . , xn).

Proof. ⇒: Since xm → x, ∀ε > 0∃N such that ∥xn − x∥ < ε for all
n ≥ N . In particular,

|xm,i − xi| ≤

√√√√ n∑
j=1

|xm,j − xj |2 = ∥xm − x∥ < ε.

⇐: Since xm,i → xi for all i = 1, . . . , n, ∀ε > 0∃Ni such that |xm,i−
xi| < ε√

n
for all m ≥ Ni. Let N = max(N1, . . . , Nn), then for all

m ≥ N we have

∥xm − x∥ =

√√√√ n∑
i=1

|xm,i − xi|2 <

√√√√ n∑
i=1

ε2

n
= ε.

□

Proof. [Proof of Theorem 1.16] Given (xm)m≥0 Cauchy, let us show
∃x such that xm → x.

By Lemma 1.17, it suffices to show that ∀i = 1, . . . , n we have that
(xm,i)m≥0 is Cauchy in R.

But since Cauchy sequences in R converge, ∃xi such that xm,i → xi
for all i = 1, . . . , n. Thus by Lemma 1.17, we have xm → x, where
x = (x1, . . . , xn).

□

Tip 1.18:
An often seen counter example is the discrete metric
space, where d(x, y) = 1 if x ̸= y and 0 otherwise.

Lec 3

1.1 Topology of metric spaces
We would like to define the notion of open sets in a metric
space, which will allow us to define continuity and other
topological properties of metric spaces.

Definition 1.19: Open Ball
Define the open ball of radius r > 0 centered at
x ∈ X as

Br(x) = B(x, r) := {y ∈ X : d(x, y) < r}.

Definition 1.20: Open and Closed Sets
We say that U ⊂ X is open if for every x ∈ U, ∃r > 0
such that B(x, r) ⊂ U .

A ⊂ X is closed, if X \A is open.

Exercise 1.21:
Show that (0, 1)× (0, 1) ⊂ R2 is open.

Show that [0, 1]× [0, 1] ⊂ R2 is closed.

The topology associated to d is

T = {U ⊂ X : U is open}.

Lemma 1.22:
Arbitrary unions of open sets are open.

{Ui}i∈I , Ui ⊂ X open ⇒
⋃
i∈I

Ui is open.

Finite intersections of open sets are open.

U1, . . . , Uk ⊂ X open ⇒
k⋂
i=1

Ui is open.

Proof. Take x ∈
⋃
i∈I Ui, then x ∈ Uj for some j ∈ I. Since Uj

is open, ∃r > 0 such that B(x, r) ⊂ Uj ⊂
⋃
i∈I Ui, thus

⋃
i∈I Ui is

open.

Take x ∈
⋂k
i=1 Ui, then x ∈ Ui for all i = 1, . . . , k. Since Ui is

open, ∃ri > 0 such that B(x, ri) ⊂ Ui for all i = 1, . . . , k. Let
r = min(r1, . . . , rk), then B(x, r) ⊂ B(x, ri) ⊂ Ui for all i = 1, . . . , k,
thus

⋂k
i=1 Ui is open. □

Lemma 1.23:
Finite unions of closed sets are closed.

Arbitrary intersections of closed sets are closed.

Proof. Notice that X \
⋃k
i=1 Ai =

⋂k
i=1(X \Ai), and X \Ai is open

for all i = 1, . . . , k, thus
⋃k
i=1 Ai is closed. □

Example 1.24: Finite is Important
Take (R, dEuclidean) and Uk = (− 1

k ,
1
k ). Then

∞⋂
k=1

Uk = {0}.

Which is not open.

Definition 1.25: Interior, Closure and Boundary
Given Ω ⊂ X, we define

• intΩ = Ω◦ = {U ⊂ Ω | U is open } as the
interior of Ω,

• Ω = {x ∈ X | ∃(xn)n≥0 ⊂ Ω, xn → x} as the
closure of Ω, and

• ∂Ω = Ω \ Ω◦ as the boundary of Ω.

Ω◦ Ω ∂Ω

Figure 4: Interior, closure and boundary of a set Ω

Lemma 1.26:
U ⊂ X is open if and only if whenever (xn)n≥0 ⊂ X
such that xn → x ∈ U , then xn ∈ U eventually.

A ⊂ X is closed if and only if whenever (xn)n≥0 ⊂ A
such that xn → x, then x ∈ A.
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Proof. 1, ⇒: Take x ∈ U . By definition of open set, ∃r > 0 such
that B(x, r) ⊂ U . Since xn → x, ∃N such that xn ∈ B(x, r)∀n ≥ N .
(Since this is equivalent to d(xn, x) < r for all n ≥ N). Thus xn ∈ U
eventually.

1, ⇐: We argue by contraposition. Since U is not open, ∃x ∈ U
such that ∀r > 0, B(x, r) ̸⊂ U . This is the same as saying ∃xr ∈
B(x, r) ∩X \ U .

Taking r = 1
n

and calling xn = x 1
n

→ x. Since xn ∈ X \ U for
all n ≥ 0, we have that xn → x ∈ U but xn ̸∈ U for all n ≥ 0,
contradicting that xn ∈ U eventually.

2. Exercise □

Exercise 1.27:
Given (X, d) complete, A ⊂ X closed, show that
(A, d) is complete.

Definition 1.28: Continuity
Given f : X → Y with (X, dX) and (Y, dY ) metric
spaces, we say that f is continuous if one of the
following 3 equivalent properties hold:

• Epsilon-Delta Continuity: ∀x ∈ X, ∀ε > 0, ∃δ > 0
such that:

∀x′ ∈ X, dX(x, x′) < δ ⇒ dY (f(x), f(x
′)) < ε.

Which is equivalent to saying that

f(B(x, δ)) ⊂ B(f(x), ε).

• Sequential Continuity: (xn)n≥0 ⊂ X,

xn → x⇒ f(xn) → f(x).

• topological continuity: ∀U ⊂ Y open, f−1(U) is
open.

Proposition 1.29:
The three definitions of continuity are equivalent.

Proof. 1 ⇒ 2: Assume f : X → Y is continuous in the epsilon-
delta sense. Let (xn)n≥0 ⊂ X such that xn → x. Given ε > 0, by
continuity, ∃δ > 0 such that f(B(x, δ)) ⊂ B(f(x), ε). Since xn → x,
∃N such that xn ∈ B(x, δ) for all n ≥ N . Thus f(xn) ∈ B(f(x), ε)
for all n ≥ N , which means that f(xn) → f(x).

2 ⇒ 3: Assume f is not topologically continuous. Then ∃U ⊂ Y open
such that f−1(U) is not open. Hence ∃x ∈ f−1(U) and a sequence
(xn)n≥0 ⊂ X \ f−1(U) such that xn → x. Then f(x) ∈ U but
f(xn) ̸∈ U for all n. But U is open so f(xn) ̸→ f(x), contradicting
sequential continuity.Lec 4

3 ⇒ 1: Let x ∈ X and ε > 0. The preimage f−1(B(f(x), ε)) contains
the point x and is open as B(f(x), ε) is open and f is topologically con-
tinuous. Thus, ∃δ > 0 such that B(x, δ) ⊂ f−1(B(f(x), ε)). Hence,
f is ε− δ continuous. □

f

x
f(x)

ε

f−1(V )

δ

Figure 5: Topological continuity implies ε− δ continuity

Definition 1.30: Uniform and Lipschitz Continuity
Let (X, dx) and (Y, dY ) be metric spaces. We say
that f : X → Y is uniformly continuous if ∀ε >
0, ∃δ > 0 such that

dX(x, x′) < δ ⇒ dY (f(x), f(x
′)) < ε.

We say that f is Lipschitz continuous if ∃L > 0
such that

dY (f(x), f(x
′)) ≤ LdX(x, x′)∀x, x′ ∈ X.

The constant L is called the Lipschitz constant of
f .

Example 1.31:
Fix x0 ∈ X and define f := d(x, x0). Then f is
1-Lipschitz.

Proof. Notice that Y = [0,∞) with the Euclidean metric. Then, for
all x, y ∈ X we have

d(f(x), f(y)) = |f(x)− f(y)| = |d(x, x0)− d(y, x0)| ≤ d(x, y).

□

Theorem 1.32: Banach Fixed Point Theorem
Let (X, d) be a complete metric space and T : X →
X λ-Lipschitz with λ ∈ (0, 1) (sometimes called a
contraction). Then, T has a unique fixed point
(∃!x ∈ X such that T (x) = x).

Proof. Fix x0 ∈ X and define x1 = T (x0), x2 = T (x1), . . . , xn =
T (xn−1), . . . . We will show that (xn)n≥0 is a Cauchy sequence, and
thus converges to some x ∈ X.

Since T is a contraction,

d(xn+1, xn) = d(T (xn), T (xn−1))

≤ λ · d(xn, xn−1) ≤ . . .

≤ λn · d(x1, x0).

Since the distance is symmetric, w.l.o.g assume m < n. Then, by
triangle inequality,

d(xn, xm) ≤
n−1∑
k=m

d(xk+1, xk)

≤
n−1∑
k=m

λk · d(x1, x0)

≤ d(x1, x0) · λm ·
1

1− λ
.

All terms besides λm are constants, and λm → 0 as m → ∞, thus
(xn)n≥0 is a Cauchy sequence.

Since X is complete, ∃x ∈ X such that x = lim
n→∞

xn. Since T is
continuous,

T (x) = lim
n→∞

T (xn) = lim
n→∞

xn+1 = x.

So x is indeed a fixed point.

For uniqueness, suppose x, y are two fixed points. Then,

d(x, y) = d(T (x), T (y)) ≤ λ · d(x, y) < d(x, y).

□

We now like to extend our definition for compactness from
Analysis I to metric spaces. To that extent, we need the
following definition.
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x0
x1

x2

x3

x

Figure 6: Proof of the Banach Fixed Point Theorem

Definition 1.33: Cover
Given a set X and E ⊂ X, we say that U = {Ui, i ∈
I} is a cover of E if E ⊂

⋃
U =

⋃
i∈I Ui.

If V ⊂ U is still a cover of E, we call V a subcover.

If U is a collection of open sets, we call it an open
cover.

Definition 1.34: Compactness
A set K ⊂ X is called

(1) sequentially compact if for every sequence
(xn)n≥0 ⊂ K, there exists a convergent subsequence
(xnk

)k≥0 such that xnk
→ x ∈ K.

(2) topologically compact if for every open cover
U of K, there exists a finite subcover V ⊂ U of K.

Example 1.35: Analysis I
Bolzano-Weierstrass: Any closed interval [a, b] ⊂ R
is sequentially compact.

[0, 1] ∩ Q is not sequentially compact. It is also not
topologically compact, as Q ⊂ {xn|n ≥ 0} and we
consider the open balls U = {B(xn, 2

−n−103)} then
the total length of the intervals is 4 · 2−103 , which is
less than 1, thus we cannot cover [0, 1] ∩ Q with a
finite number of intervals.

Proposition 1.36:
The two definitions of compactness are equivalent.

We will now show that (1) ⇒ (2), and we will show the
converse later.
Proof. Assume K ⊂ X is sequentially compact. Let {Ui} be an open
cover. Thus ∀x ∈ K,∃Ui open, such that x ∈ Ui. Given x ∈ K, let

r(x) = min{sup{r > 0 : B(x, r) ⊂ Ui ∈ U}, 1}.

Given x ∈ K, select Ui, such that B
(
x,
r(x)
2

)
⊂ Ui(x)

1

Pick any x0 ∈ K and define

V := {Ui(x0)︸ ︷︷ ︸
=U0

, Ui(x1)︸ ︷︷ ︸
=U1

, . . . },

where x1 ∈ K \ U0, x2 ∈ K \ (U0 ∪ U1), and so on.

1We select r
2

in case the Supremum is not attained.

Doing so, unless I find a finite subcover, I will produce a sequence
xn ∈ K \

⋃n−1
k=0 Ui(xk). By sequential compactness, this sequence

has a subsequence xnl such that xnl → x ∈ K with r(x) > 0. By
construction r(xn) → 0! But B r(x)

2

⊂ Ui(x). Thus, for l large enough,

xnl ∈ Ui(x), contradicting the construction of the sequence. □ Lec 5

For the converse, the proof is a bit shorter.
Proof. Given (xn)n≥0 ⊂ K, we want to show that there exists a
subsequence (xnk )k≥0 such that xnk → x ∈ K.

Assume by contradiction, ∀x ∈ K, x is not an accumulation point of
(xn)n≥0 so ∀x ∈ K,∃ϵ(x) > 0 such that (xn) visits B(x, ϵ(x)) only
finitely many times. Thus, xn ∈ K \B(x, ε(x))∀n ≥ N(x).

Define now
U = {B(x, ε(x))|x ∈ K}.

Since K is topologically compact,

K ⊂
N⋃
i=1

B(xi, ε(xi)).

This would imply that our sequence only has finitely many terms, con-
tradicting the fact that it is a sequence. □

Corollary 1.37:
If K ⊂ X is compact, then

1. K is closed,

2. K is complete,

3. If A ⊂ X is closed, K ∩A is compact.

Proposition 1.38:
If f : X → Y is continuous and K ⊂ X is compact,
then f(K) is compact.

Proof. The goal is to show that f(K) is topologically compact. Given
V as an open cover of f(K), we have that U = {f−1(V )|V ∈ V} is
an open cover of K. Since K is compact, there exists a finite subcover
f−1(V1), . . . , f−1(Vn) of K. Thus V1, . . . , Vn is a finite subcover of
f(K), and thus f(K) is compact. □

Theorem 1.39:
Given f : X → R continuous, K ⊂ X compact,
such that sup{f(x)|x ∈ K} and inf{f(x)|x ∈ K} are
finite, then ∃t ∈ K such that f(t) = sup{f(x)|x ∈ K}

Proof. By definition of the supremum, ∃(xn)n≥0 ⊂ K such that
f(xn) → sup{f(x)|x ∈ K} as n → ∞. Since K is compact,
∃(xnk )k≥0 such that xnk → t ∈ K. By continuity of f , f(xnk ) → f(t)
as k → ∞. Thus, f(t) = sup{f(x)|x ∈ K}. □

Since in this course, we will mostly work in Rn, we will
now show the following theorem.

Theorem 1.40: Heine-Borel
K ⊂ Rn is compact if and only if K is closed and
bounded.

Note
We call a set K ⊂ Rn bounded if ∃M > 0 such that

B(0,M) ⊃ K.

Proof. ⇒: K is closed by corollary 1.37.
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If K were unbounded, then ∃(xN )N≥0 ⊂ K such that ∥XN∥ ≥ N∀N .
Any subsequence of (xN )N≥0 is also unbounded. Indeed, by triangle
inequality

xNk
→ x⇔ d(xNk

, x) → 0 ⇒ ∥xNk
∥ < ∥x∥+ ∥xNk

− x∥ → ∥x∥.

Thus, K is not sequentially compact, contradicting the fact that K is
compact.

⇐: Our goal will be to show, that given N ∈ N, [−N,N ]n ⊂ Rn is
compact. This is sufficient, since if K ⊂ Rn is closed and bounded,
then K ⊂ B(0, N) ⊂ [−N,N ]n for some N ∈ N, and thus K is a
closed subset of a compact set, and thus compact by corollary 1.37.

We want to reduce the problem to Bolzano-Weierstrass in R. Given
(xk) ⊂ [−N,N ]n, we can write xk = (xk,1, . . . , xk,n) where xk,i ∈
[−N,N ].

1. Look at the sequence (xk,1)k≥0 ⊂ [−N,N ]. By Bolzano-

Weierstrass2, there exists a increasing sequence (k
(1)
m )m≥0 in N such

that
x
k
(1)
m ,1

→ x1 ∈ [−N,N ].

2. Look at the sequence (x
k
(1)
m ,2

)m≥0 ⊂ [−N,N ]. By Bolzano-

Weierstrass, there exists a increasing sequence (k
(2)
m )m≥0 in N such

that
x
k
(2)
m ,2

→ x2 ∈ [−N,N ].

Since (k
(2)
m )m≥0 is a subsequence of (k(1)m )m≥0, we also have

x
k
(2)
m ,1

→ x1 ∈ [−N,N ].

We continue this process, in each step making one new index converge,
and keeping the previous ones converging. After n steps, we have an
increasing sequence (k

(n)
m )m≥0 in N such that

x
k
(n)
m ,i

→ xi ∈ [−N,N ] ∀i = 1, . . . , n.

Let x = (x1, . . . , xn), then by Lemma 1.17,

x
k
(n)
m

→ x ∈ [−N,N ]n.

So K is sequentially compact. □

Tip 1.41:
The idea to split the proof into n times applying an
argument from R is a very typical idea in Analysis
II.

We now want to talk about connectedness. As a pre-
liminary, in any metric space, X,∅ are always open and
closed (sometimes called clopen).

Question
Given X = S2 = {x ∈ R3|∥x∥ = 1}, equipped with
the Euclidean metric restricted to S2.

Is it possible to write X = U ∪V sich that U ∩V = ∅
and U, V are open in X and non-empty?

Definition 1.42: Connectedness
Given a metric space (X, d), we say that A ⊂ X
(nonempty) is dissconnected if ∃U, V open, dis-
joint, such that A ⊂ U ∪ V and A ∩ U,A ∩ V are
non-empty.

We say that A is connected if it is not disconnected.
Lec 6

In other words, disconnected means that we have an open
cover of A with two disjoint sets.

2Any sequence in a compact interval has a convergent subse-
quence

Tip 1.43:
Working with connectedness is usually done by con-
traposition, since the definition is an existence state-
ment.

Proposition 1.44: Connected subsets of R
E ⊂ R is connected if and only if E is an interval.

Notice that E is an interval if and only if

∀x < y ∈ E, [x, y] ⊂ E.

Proof. ⇒: By contraposition, assume E is not an interval. Then,
∃x < y ∈ E such that [x, y] ̸⊂ E. So ∃z ∈ [x, y] such that z ̸∈ E.

Define U = (−∞, z) and V = (z,∞). Then, U, V are open, disjoint,
and E ⊂ U ∪ V . Moreover, E ∩ U and E ∩ V are non-empty since
x ∈ E ∩ U and y ∈ E ∩ V . Thus, E is disconnected.

⇐: By contraposition, assume E is disconnected. Then, ∃U, V open,
disjoint, such that E ⊂ U ∪ V and E ∩ U,E ∩ V are non-empty.

Thus, pick x ∈ E ∩ U and y ∈ E ∩ V such that x < y3. Consider the
supremum of the following set:

t∗ = sup{t ≥ x | [x, t] ⊂ U}.

This supremum is well defined since t∗ < y because [x, y] ̸⊂ U .

From this we also find that t∗ ∈ R \ V since V is open and disjoint
from U . But also t∗ ∈ R \ U since if t∗ ∈ U , then by openness of U ,
∃ε > 0 such that B(t∗, ε) ⊂ U . Thus, [x, t ∗ +ε] ⊂ U , contradicting
the definition of t∗.

So t∗ ∈ R \ (U ∪ V ) ⊂ R \ E, and thus [x, y] ̸⊂ E. So E is not an
interval. □

Proposition 1.45:
Given (X, dX), (Y, dY ) metric spaces, f : X → Y
continuous and E ⊂ X connected, then f(E) is con-
nected.

Proof. By contraposition, assume f(E) is disconnected. Then,
∃V1, V2 open, disjoint, such that f(E) ⊂ V1∪V2 and f(E)∩V1, f(E)∩
V2 are non-empty.

Define now Ui = f−1(Vi), which are open since f is continuous. Then,
U1, U2 are open, disjoint, and E ⊂ U1 ∪ U2. Also, they are non-empty
since f(E) ∩ Vi are non-empty. Thus, E is disconnected. □

Corollary 1.46: Intermediate Value Theorem
Given a connected metric space (X, d) and f : X → R
continuous, such that f(x) = a ≤ f(y) = b. Then
∃t ∈ X such that f(t) = c for all c ∈ [a, b].

Proof. Skipped...

Since X is connected, f(X) is connected, and thus an interval. Since
a, b ∈ f(X), we have [a, b] ⊂ f(X), and thus ∃t ∈ X such that
f(t) = c. □

Definition 1.47: Curve
Given a metric space (X, d), a curve or path in X
is a map γ : [0, 1] → X which is continuous.

γ(0) is called the starting point of γ, and γ(1) is
called the endpoint of γ.

γ is called closed or loop if γ(0) = γ(1).

3Can be assumed w.l.o.g.
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Definition 1.48: Path Connectedness
Given a metric space (X, d), we call E ⊂ X path
connected if ∀x, y ∈ E,∃ a path joining x and y, i.e.
∃γ : [0, 1] → E continuous such that γ(0) = x and
γ(1) = y.

Proposition 1.49:
Given (X, d), E path connected, then E is connected.

Proof. Assume by contraposition that E is disconnected. Then,
∃U1, U2 open, disjoint, such that E ⊂ U1 ∪ U2 and ∃xi ∈ E ∩ Ui.

Assume by contradiction, ∃γ : [0, 1] → E continuous such that γ(0) =
x1 and γ(1) = x2. A let Vi = γ−1(Ui), which are open since γ is
continuous and disjoint. So [0, 1] is disconnected, contradicting the
fact that [0, 1] is connected. □

U1
U2E

x1 x2

Figure 7: Proof of Proposition 1.49

The converse is not true, as the following example shows.

Example 1.50: Topologist’s Sine Curve
Consider (R2, dEucl) and the set

E = {0} × [−1, 1] ∪ {(t, sin(1
t
))|t > 0}.

This set is connected. However it is not path con-
nected since intuitively, if we want to connect (0, 0)
to (1, sin(1)), we need to go through infinitely many
oscillations of the sine curve, which is not possible
with a continuous path.

Theorem 1.51:
In (Rn, dEucl), given U ⊂ Rn open. U is connected if
and only if U is path connected.

We first like to define the composition of paths. Given
γ1 : [0, 1] → X and γ2 : [0, 1] → X such that γ1(0) = γ2(0),
we can define γ∗1 = γ1(1 − t) as the reverse of γ1. Then,
the composition is defined as

γ3(t) =

{
γ∗1 (2t) t ∈ [0, 12 ]

γ2(2t− 1) t ∈ [ 12 , 1]
.

Proof. ⇐: By Proposition 1.49.

⇒: We want to show that we can pick x0 ∈ U and join it with any
other point x ∈ U with a path. This is enough since if we can join x0
to x and x0 to y, then we can compose the paths to join x and y.

Define a set G ⊂ U as

G := {x ∈ U | ∃ path γ : [0, 1] → U : γ(0) = x0, γ(1) = x}.

We will now proof that G is open and that U \G is open, which since
x0 ∈ G and U is connected, will imply that G = U .

The key observation is that for every x ∈ U , ∃Br(x) ⊂ U for some
r > 0 since U is open. So y ∈ Br(x) ∈ G if and only if x ∈ G. This is
because the map t ∈ [0, 1] 7→ γ(t) = (1 − t)x + ty is a path joining x
and y.

This immediately implies that G is open, since if x ∈ G, then Br(x) ⊂
G.

Moreover, if x ∈ U \G, then Br(x) ⊂ U \G since if y ∈ Br(x), then
x ∈ G if and only if y ∈ G. Thus, U \G is open. □

Proposition 1.52: Continuity on compact sets
Suppose (X, dX), (Y, dY ) are metric spaces, f : X →
Y is continuous, and K ⊂ X is compact. Then,
f |K : K → Y is uniformly continuous.

Proof. Let ε > 0. By usual continuity of f , ∀x ∈ K,∃δx > 0 such
that

f(B(x, δx)) ⊂ B
(
f(x),

ε

2

)
.

Consider the open cover U = {B(x, δx
2
)|x ∈ K} of K. Since K is

compact, there exists a finite subcover B(x1,
δx1
2

), . . . , B(xn,
δxn
2

) of

K. Let δ = min{ δxi
2

|i = 1, . . . , n}. We will show that this δ works for
uniform continuity.

If x ∈ K and y ∈ B(x, δ), then

x ∈ B(xi,
δxi
2

) for some i ∈ {1, . . . , n}.

So
d(x, y) < δ ≤

δxi
2

⇒ d(xi, y) < δ(x)..

But then

f(B(x, δ)) ⊂ f(B(xi, δxi )) ⊂ B
(
f(xi),

ε

2

)
⊂ B (f(x), ε) .

□

1.2 Normed Vector Spaces Lec 7

Before starting with differentiating functions of several
variables, we need to add some structure to our metric
spaces.

Definition 1.53: Normed Vector Space over R
Let V be a VS over R. A map ∥ · ∥ : V → [0,∞) is
called a norm if ∀v, u ∈ V and α ∈ R, the following
hold:

1. Definite: ∥v∥ = 0 if and only if v = 0.

2. Homogeneous: ∥αv∥ = |α| · ∥v∥

3. Triangle inequality: ∥v + u∥ ≤ ∥v∥+ ∥u∥.

Example 1.54: Examples on Rn

Rn with the Euclidean norm ∥x∥Eucl =
√∑n

i=1 x
2
i is

a normed vector space.

Rn with the p-norm ∥x∥p = (
∑

|xi|p)
1
p for p ≥ 1 is a

normed vector space.

Rn with the ∞-norm ∥x∥∞ = max |xi| is a normed
vector space.

From now on, we will write | · | instead of ∥ · ∥ when we
use the Euclidean norm.
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Definition 1.55: Hilbert-Schmidt norm
Let Mm×n(R) be the set of m×n matrices with real
entries. We define the Hilbert-Schmidt norm on
Mm×n(R) as

∥M∥2 =
√
tr(MTM) =

√√√√ n∑
i=1

|Mei|2.

To see the last equality, we square the Hilbert-Schmidt
norm, we get

∥M∥22 = tr(MTM) =

n∑
i=1

m∑
j=1

M j
iM

j
i .

But also

[Mei]
j =M j

i ⇒ |Mei|2 =

m∑
j=1

M j
iM

j
i .

Lemma 1.56:
For every x ∈ Rn and M : Rn → Rm linear,

|Mx| ≤ ∥M∥2 · |x|.

Proof. We can write x =
∑n
i=1 xiei. Thus, we compute

|Mx|2 =
m∑
i=1

[(Mx)j ]2 = |M(
n∑
i=1

xiei)|2

=

∣∣∣∣∣
n∑
i=1

xiMei

∣∣∣∣∣
2

≤
(

n∑
i=1

|xiMei|
)2

=

(
n∑
i=1

|xi||Mei|
)2

≤ |x|2 ·
(

n∑
i=1

|Mei|2
)

= |x|2 · ∥M∥22.

□

Example 1.57: Norms on function spaces
Given V = {f : [a, b] → R | f continuous} we have
the Lp-norm for p ≥ 1

∥f∥Lp :=

(ˆ b

a

|f(t)|pdt

) 1
p

.

And the supremum norm

∥f∥L∞ := sup
t∈[a,b]

|f(t)|.

Proposition 1.58: Norm implies metric
Every normed vector space is a metric space with the
metric defined as

d(x, y) = ∥x− y∥.

Proof. d is definite because ∥x − y∥ = 0 if and only if x − y = 0 if
and only if x = y.

d is symmetric because ∥x− y∥ = ∥(−1)(y − x)∥ = ∥y − x∥.

d satisfies the triangle inequality, because

∥x− z∥ = ∥(x− y) + (y − z)∥ ≤ ∥x− y∥+ ∥y − z∥.

□

Definition 1.59: Inner Product Vector Space
Let V be a VS over R. A inner product is a map
⟨·, ·⟩ : V × V → R such that ∀u, v, w ∈ V and α ∈ R:

1. Symmetry: ⟨u, v⟩ = ⟨v, u⟩.

2. Bilinearity: ⟨αu+ βv,w⟩ = α⟨u,w⟩+ β⟨v, w⟩.

3. Definite: ⟨v, v⟩ ≥ 0 and ⟨v, v⟩ = 0 ⇔ v = 0.

Lemma 1.60:
Let V be an inner product vector space. Then, ∥ · ∥ :
V → [0,∞) defined as

∥v∥ =
√
⟨v, v⟩.

is a norm on V . So every inner product vector space
is a normed vector space.

Proof. Exercise Sheet and Linear Algebra: Uses Cauchy-Schwarz
inequality,

⟨v, w⟩ ≤
√

⟨v, v⟩ ·
√

⟨w,w⟩.
□

Going back to the beginning of the lecture, we now know
that Rn is an inner product vector space with the inner
product defined as ⟨x, y⟩ =

∑n
i=1 xiyi, and thus a normed

vector space and a metric space.

From now on, we will by default work with the Euclidean
norm and metric on Rn. The most central definitions are
the limit of a function on an open set U ⊂ Rn

y = lim
x→x0

f(x) ⇔ ∀(xk) ⊂ Uwith xk → x0, f(xk) → y.

and the continuity of a function

lim
x→x0

f(x) = f(x0).

One useful trick to compute a limit of a function R2 → R
as r → 0 is to use polar coordinates. We can write x =
(r cos θ, r sin θ), and thus for example

lim
→0

xy√
x2 + y2

= lim
r→0

r2 cos θ sin θ

r
= lim
r→0

r cos θ sin θ = 0.
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2 Multidimensional DifferentiationLec 8

We start with the most important definition of the
course.

Definition 2.1: Differential
Let U ⊂ Rn open, f : U → Rm. We say that f is
differentiable at x0 ∈ U if there exists a linear
map L : Rn → Rm such that

lim
x→0

f(x0 + x)− f(x0)− L(x)

|x|
= 0.

L is called the differential of f at x0, and is de-
noted by Dfx0 or Df(x0).

Claim 2.2:
If n = m = 1, then L(x) = f ′(x0)x where f ′(x0) is
the usual derivative of f at x0.

Solution. We know f ′(x0) = lim
x→0

f(x0+x)−f(x0)
x

, so we can write

lim
x→0

f(x0 + x)− f(x0)− f ′(x0)x

|x|

= lim
x→0

f(x0 + x)− f(x0)

x
− f ′(x0)

= f ′(x0)− f ′(x0) = 0.

For some intuition consider the following examples.

Figure 8: Differential of a function R → R and of a func-
tion R2 → R.

The equation for the slope in the first case would be

y = f(x0) + f ′(x0)(x− x0).

Whereas the equation for the tangent plane in the second
case would be

y = f(x0) +Dfx0(x− x0).

Lemma 2.3: Differential Componentwise
Let U ⊂ Rn open, f : U → Rm and x0 ∈ U . Then
f is differentiable at x0 if and only if fi : U → R is
differentiable at x0 ∀i = 1, . . . ,m, where fi is the i-th
component of f . Moreover,

Dfx0
(x) =

Df1,x0
(x)

...
Dfm,x0

(x)

 .

This lemma allows us to reduce proofs to the case m = 1,
which is usually easier to work with.
Proof. Recall the definition of the derivative of f at x0:

lim
x→0

f(x0 + x)− f(x0)− L(x)

|x|
= 0.

This can converge if and only if ∀i = 1, . . . ,m,

lim
x→0

fi(x0 + x)− fi(x0)− Li(x)

|x|
= 0.

But this is equivalent to fi being differentiable at x0 with differential
Li for all i = 1, . . . ,m. □

A convenient notation is the following

Definition 2.4: Big and Little O
Given f, g : U ⊂ Rn → Rm and x0 ∈ U , we say that

f(x) = O(g(x)) as x→ x0 ⇔ lim
x→0

|f(x)|
|g(x)|

<∞.

Similarly, we say that

f(x) = o(g(x)) as x→ x0 ⇔ lim
x→0

|f(x)|
|g(x)|

= 0.

With this notation, f is differentiable at x0 if and only if

R(x) = f(x0 + x)− f(x0)−Dfx0
(x) = o(|x|).

Definition 2.5: Directional derivatives
Let U ⊂ Rn open, f : U → Rm and x0 ∈ U . Given
v ∈ Rn, we define the directional derivative of
f at x0 along v as

∂vf(x0) = lim
t→0

f(x0 + tv)− f(x0)

t
,

provided the limit exists.

Proposition 2.6:
Given U ⊂ Rn open, f : U → Rm and x0 ∈ U . f is
differentiable at x0 ∈ U implies that ∂vf(x0) exists
for all v ∈ Rn, and

∂vf(x0) = Dfx0
(v).

Proof. We can write

f(x0 + x)− f(x0)−Dfx0 (x) = o(|x|) as x→ 0.

Thus for any sequence going to 0, we have that

f(x0 + x)− f(x0)−Dfx0 (x)

|x|
→ 0.

In particular, for the sequence x = tv with t→ 0, we have

f(x0 + tv)− f(x0)−Dfx0 (tv)

|tv|
→ 0.

Since Dfx0 is linear, we can write Dfx0 (tv) = tDfx0 (v), and since
|tv| = |t||v|, with |v| finite, we can write

f(x0 + tv)− f(x0)

t︸ ︷︷ ︸
=∂vf(x0)

−Dfx0 (v) → 0.

□
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Definition 2.7: Partial derivatives
Let U ⊂ Rn open, f : U → Rm and x0 ∈ U . Given
i ∈ {1, . . . , n}, we define the partial derivative of
f at x0 along the i-th coordinate as

∂eif(x0) =:
∂f

∂xi
(x0) = ∂if(x0).

Notice that the partial derivatives are just the directional
derivatives along the canonical basis vectors.

Example 2.8:
Let n = 3,m = 1 and f(x1, x2, x3) = exp(x2)[1 +
x1x3]. Then, compute the partial derivative ∂1f(0)
and all partial derivatives at an arbitrary point x =
(x1, x2, x3).

Solution. By definition

∂1f(0, 0, 0) = lim
t→0

f(0 + t, 0, 0)− f(0, 0, 0)

t

= lim
t→0

exp(0)[1 + t · 0]− exp(0)[1 + 0 · 0]
t

= lim
t→0

1− 1

t
= 0.

For the general case, we can define g(t) = f(x1 + t, x2, x3), so that
∂1f(x) = g′(0). We can compute

∂1f(x1, x2, x3) = exp(x2)x3

∂2f(x1, x2, x3) = exp(x2)(1 + x1x3)

∂3f(x1, x2, x3) = exp(x2)x1.

In principle, the partial derivative can be calculated by
fixing all the coordinates except the one we want to dif-
ferentiate with respect to, and then applying the usual
derivative in one variable.

The trick can be extended to a directional derivative along
an arbitrary direction v

∂vf(x0) = g′(0) where g(t) = f(x0 + tv).

Given U ⊂ Rn open, f : U → Rm. When ∂if(x0) exists
for all x0 ∈ U then we define the function

∂if : U → Rm, x 7→ ∂if(x).

Theorem 2.9: Sufficient condition for differentiabil-
ity
Let U ⊂ Rn open, f : U → Rm. If ∂if(x) exists and
is continuous for every i = 1, . . . , n, and every x ∈ U ,
then f is differentiable at every x ∈ U .

Moreover,

Dfx0
(x) =

(
∂1f(x0), . . . , ∂nf(x0)

)
x.

More explicitly, if we write x = (x1, . . . , xn), then

Dfx0
(x) =

∂1f1(x0) . . . ∂nf1(x0)
...

. . .
...

∂1fm(x0) . . . ∂nfm(x0)


x1...
xn

 .

Proof. Fix x0 ∈ U and take ε > 0 such that {x | |xi−x0,i| < ε} ⊂ U .

Take x ∈ Rn and define x(k) = x0+
∑k
i=1 xiei, so that x(0) = x0 and

x(n) = x0 + x. Then, we can write

f(x0 + x)− f(x0) =

n∑
k=1

f(x(k))− f(x(k−1))

=

n∑
k=1

∂kf(y
(k))xk.

We want to show the last equality by using the mean value theorem on
a function gk(t) = f(x(k−1) + tek), so that gk(0) = f(x(k−1)) and
gk(xk) = f(x(k)).

By Lemma 2.3, we can assume m = 1 and thus gk : R → R, so that by
the mean value theorem, ∃ξk ∈ [x(k−1), x(k)] such that

gk(xk)− gk(0) = g′k(ξk)xk = ∂kf(x
(k−1) + ξkek)xk.

Letting y(k) = x(k−1) + ξkek, we get the desired equality.

From this, we can write

f(x0 + x)− f(x0) =

n∑
k=1

∂kf(y
(k))xk

.

But
∑k−1
i=1 xiei → 0 as x→ 0, and since ξk ∈ [0, xk], we have ξkek →

0 as x→ 0. Thus, y(k) → x0 as x→ 0.

f(x0 + x)− f(x0) =
n∑
k=1

∂kf(y
(k))xk

=

n∑
k=1

(∂kf(x0)xk + o(1)) · |x|

.

Thus, we can write

f(x0 + x)− f(x0) =

n∑
k=1

∂kf(x0)xk + o(|x|).

Which means that f is differentiable at x0 with differential

Dfx0 (x) =
(
∂1f(x0), . . . , ∂nf(x0)

)
x.

□

x(0) x(1)

x(2)

x(3)

Figure 9: Definition of the x(i)s.
Lec 9

Definition 2.10: C1 functions
Given U ⊂ Rn open, we define C1(U,Rm) as

C1(U,Rm) := {f : U → Rm : f cont. diff. in U}.

When m = 1, we write C1(U).
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Definition 2.11: Jacobi Matrix
Given U ⊂ Rn open, f : U → Rm, differentiable at
x0. We define the Jacobi matrix of f at x0 as

Df(x0) = Jf(x0) = (∂1f(x0), . . . , ∂nf(x0)).

Writing out the Jacobi matrix explicitly, we have

Jf(x0) =

∂1f1(x0) . . . ∂nf1(x0)
...

. . .
...

∂1fm(x0) . . . ∂nfm(x0)

 .

We observe, that if we take a vector v = (v1, . . . , vn)
T =∑n

i=1 viei, then

Dfx0(v) =

n∑
i=1

viDfx0(ei) =

n∑
i=1

vi
∂f

∂xi
= Jf(x0)v.

That is, Jf(x0) is the matrix of Dfx0 with respect to the
canonical basis.

Theorem 2.12: Chain Rule
Given U ⊂ Rn open, V ⊂ Rm open and f : U → V
and g : V → Rk. Assume that f is differentiable at
x0 ∈ U and g is differentiable at f(x0) ∈ V . Then,
g ◦ f : U → Rk is differentiable at x0, and

D(g ◦ f)x0
= Dgf(x0) ◦Dfx0

.

The idea of the proof is that

f(x0 + x)− f(x0) ≈ L(x) and g(y0 + y)− g(y0) ≈M(y).

Using y = f(x0 + x)− f(x0), we can write

g(y0 + f(x0 + x))− g(y0) ≈M(f(x0 + x)− f(x0))

g(f(x0 + x))− g(f(x0)) ≈M(L(x)).

Proof. We can write

f(x0 + x)− f(x0) = L(x) + o(|x|)
g(y0 + y)− g(y0) =M(y) + o(|y|).

Then substituting y = f(x0 + x)− f(x0), we get

g(f(x0 + x))− g(f(x0))

= g(y0 + f(x0 + x)− f(x0))− g(y0)

=M(f(x0 + x)− f(x0)) + o(|f(x0 + x)− f(x0)|)
=M(L(x) + o(|x|)) + o(|L(x) + o(|x|)|)
=M(L(x)) + o(|x|).

Where we used the fact, that M and L are linear, so that M(L(x)) is
linear in x, and thus o(|L(x)|) = o(|x|), and o(o(|x|)) = o(|x|). □

As a practical consequence of this,

J(g ◦ f)(x0) = Jg(f(x0)) · Jf(x0).

Component-wise this means that

∂(g ◦ f)k
∂xi

(x) =

m∑
j=1

∂gk
∂yj

(f(x)) · ∂fj
∂xi

(x).

Theorem 2.13: Generalized Mean Value Theorem
Given U ⊂ Rn open, f ∈ C1(U). Assume x0 ∈ U
and h ∈ Rn such that x0 + th ∈ U ∀t ∈ [0, 1]. Then
f(x0 + h)− f(x0) = Dfx0+θh(h) for some θ ∈ [0, 1].

Proof. For t ∈ [0, 1], define g(t) = f(x0 + th). Then,

f(x0 + h)− f(x0) = g(1)− g(0)
MVT
= g′(θ).

Since g(t) = f ◦ γ(t) where γ(t) = x0 + th, by the chain rule,

g′(t) = Dfγ(t) ◦Dγt = Dfx0+th(h).

Letting t = θ, we get the desired result. □

Definition 2.14: Convex Sets
A ⊂ Rn is called convex if ∀x, y ∈ A and ∀t ∈ [0, 1],
we have tx+ (1− t)y ∈ A.

Exercise 2.15:
In Rn, Br(x0) and Br(x0) are convex.

Definition 2.16: Gradient
Given U ⊂ Rn open, f ∈ C1(U). Define the gradi-
ent of f at x as the vector

∇f(x) = Jf(x)T =

∂1f(x)...
∂nf(x)

 .

Proposition 2.17:
Given U ⊂ Rn open, f ∈ C1(U). Assume U con-
vex and that supx∈U |∇f(x)| ≤ M for some M > 0.
Then, ∀x, y ∈ U ,

|f(x)− f(y)| ≤M |x− y|.

Proof. Let x = y + h, y = x0. Then

|f(x)− f(y)| = |f(x0 + h)− f(x0)|
MVT
= |Dfξ(h)|
= |Jf(ξ)h|
= |∇f(ξ)h|
CS
≤ |∇f(ξ)| · |h|
≤M |x− y|.

We can apply the mean value theorem since U is convex, and thus
contains the straight line between x and y. □

From this we can proof a similar result for m ≥ 2.

Theorem 2.18: Differentiabilty vs Lipschitz
Given U ⊂ Rn open, f ∈ C1(U,Rm). Suppose, that

Λ := sup
x∈U

∥Jf(x)∥2 <∞.

Then, f is Lipschitz with constant
√
mΛ.

Proof. We apply the previous proposition to each component of f .
For i = 1, . . . ,m, we have

|f(x)−f(y)|2 =
m∑
i=1

|fi(x)−fi(y)|2 ≤
m∑
i=1

Λ2
i |x−y|2 = mΛ2|x−y|2.

Where Λi = supx∈U |∇fi(x)|. Since |∇fi(x)| ≤ ∥Jf(x)∥2, we have
Λi ≤ Λ for all i = 1, . . . ,m. □

As a consequence, if U is any (not necessarily convex) open
subset of Rn, and f ∈ C1(U,Rm) and Br(z) ⊂ U is a ball,
then f is Lipschitz on Br(z) with a constant that may
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depend on z and r. We then call f locally Lipschitz.
Indeed every C1 function is locally Lipschitz.

Proof. Br(z) is closed and bounded, so compact. So the continuous
function ∥Jf(x)∥2 attains its maximum on Br(z). So we can apply the
above theorem to conclude that f is Lipschitz on Br(z) with constant√
mmax

x∈Br(z)
∥Jf(x)∥2. □

Theorem 2.19:
Given U ⊂ Rn open, f : U → Rm, differentiable with
Df(x) = 0 for all x ∈ U . Then, f is constant on
each connected component of U . In particular, if U
is connected, then f is constant.

Proof. It suffices to consider m = 1. Assume U is non-empty and
choose x0 ∈ U . Consider the subset

G = {x ∈ U | f(x) = f(x0)} ⊂ U.

Since f is continuous, G is closed in U .

Since U is open, given x ∈ G, we find ε > 0 such that Bε(x) ⊂ U . Since
every point y ∈ Bε(x) can be connected to x by a line segment, we can
apply the mean value theorem to conclude that f(y) = f(x) = f(x0),
so Bε(x) ⊂ G. Thus, G is open in U .

Since U is connected, and G and U \ G are both open in U , we must
have G = U , so f is constant on U .

Notice that x0 ∈ G so it cannot be empty. □

2.1 Higher Order DerivativesLec 10

Similar to Analysis One, we can define higher order
derivatives by iterating the definition of the deriva-
tive.

Definition 2.20: Cn functions
Given U ⊂ Rn open, we define

C0(U,Rm) = {f : U → Rm : f continuous}.

Ck(U,Rm) = {f ∈ Ck−1 | ∂if ∈ Ck−1}.

If f ∈ Ck(U,Rm), we say that f is k-times continu-
ously differentiable.

If f ∈ Ck(U,Rm) and i1, . . . , ik ∈ {1, . . . , n}, then we
define

∂i1 . . . ∂ikf = ∂i1(∂i2 . . . ∂ikf).

Example 2.21:
Let f(x1, x2, x3) = x1x

2
3 sin(x2). Then, we can com-

pute

∂2∂1∂2∂3(f) = ∂2∂1∂2(2x1x3 sin(x2))

= ∂2∂1(2x1x3 cos(x2))

= ∂2(2x3 cos(x2))

= −2x3 sin(x2).

Proposition 2.22: Ck is a vector space
If f, g ∈ Ck(U), U ⊂ Rn open, V ⊂ Rm open. Let
h : V → Rn such that h(V ) ⊂ U and h ∈ Ck(V,Rn).
Then

1. f + g ∈ Ck(U) and f · g ∈ Ck(U).

2. f ◦ h ∈ Ck(V ).

Proof. 1. We argue by induction over k.

Base Case (k = 0): Very Similar to Analysis I ⇒ Exercise.

Inductive Step: Assume the claim holds for k − 1. Then

∂i(f + g) = ∂if + ∂ig ∈ Ck−1(U),

since ∂if, ∂ig ∈ Ck−1(U) and thus by the inductive hypothesis ∂if +
∂ig ∈ Ck−1(U). Also f + g ∈ Ck−1(U), so f + g ∈ Ck(U).

Similarly, we can write

∂i(f · g) = ∂if · g + f · ∂ig ∈ Ck−1(U),

since Ck ⊂ Ck−1.

2. We argue by induction over k.

Base Case (k = 0): Since A is open, f−1(A) is open implying
h−1(f−1(A)) is open, so f ◦ h is continuous.

Inductive Step: Assume the claim holds for k − 1. Then, by the chain
rule,

∂j(f ◦ h) =
n∑
i=1

(∂if) ◦ h∂jhi.

All of these are by assumptions in Ck−1(V ). By the inductive hypothe-
sis, and by 1. we have ∂j(f◦h) ∈ Ck−1(V ), and since f◦h ∈ Ck−1(V ),
we have f ◦ h ∈ Ck(V ). □

Theorem 2.23: Schwarz’s Theorem
Given U ⊂ Rn open, f ∈ C2(U,Rm). Then ∀i, j ∈
{1, . . . , n}, we have ∂i∂jf = ∂j∂if .

Proof. If i = j, there is nothing to prove. By symmetry, wlog i < j. It
suffices to consider the case n = 2 with i = 1 and j = 2. For a general
n fix i1, i2 and consider the function

f̃b(x1, x2) = f(y1, . . . , x1, . . . , x2, . . . , yn),

where yk is fixed for k /∈ {i1, i2}. for b ∈ 1, . . . ,m.

Thus, WLOG, n = 2,m = 1. For x = (x1, x2) ∈ U and h > 0
sufficiently small, define

F (h) = f(x1 +h, x2 +h)− f(x1 +h, x2)− f(x1, x2 +h)+ f(x1, x2).

Consider the differentiable function

ϕ : [0, 1] → R, t 7→ f(x1 + th, x2 + h)− f(x1 + th, x2).

Thus, by the mean value theorem, ∃ξ1 ∈ (0, 1) such that

F (h) = ϕ(1)− ϕ(0) = ϕ′(ξ1).

By the chain rule, we can write

F (h) = (∂1f(x1 + ξ1h, x2 + h)− ∂1f(x1 + ξ1h, x2))h.

Define now the function

ψ : [0, 1] → R, t 7→ ∂1f(x1 + ξ1h, x2 + th).

Then, by the one dimensional mean value theorem, ∃ξ2 ∈ (0, 1) such
that

F (h) = ψ(1)− ψ(0) = ψ′(ξ2) = ∂2∂1f(x1 + ξ1h, x2 + ξ2h)h
2.

Similarly, we can also define ϕ̃, ψ̃ by swapping the roles of x1 and x2,
and get

F (h) = ∂1∂2f(x1 + ξ̃1h, x2 + ξ̃2h)h
2,

for suitable ξ̃1, ξ̃2 ∈ (0, 1). Dividing by h2 and letting h→ 0, we get

∂2∂1f(x1 + ξ1h, x2 + ξ2h) = ∂1∂2f(x1 + ξ̃1h, x2 + ξ̃2h)

∂2∂1f(x) = ∂1∂2f(x).
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□

Corollary 2.24:
Given U ⊂ Rn open, f ∈ Ck(U). Then ∀i1, . . . , ik ∈
{1, . . . , n} and for every permutation σ ∈ Sk, we have

∂i1 . . . ∂ikf = ∂iσ(1)
. . . ∂iσ(k)

f.
Lec 11

A useful shorthand is the following.

Definition 2.25: Multi-index
A multi-index is a tuple α = (α1, . . . , αn) ⊂ Nn.
We define |α| = α1 + · · ·+αn as the length of α. We
say that β ≤ α if βi ≤ αi for all i = 1, . . . , n. We
define the factorial

α! = α1! · · ·αn!.

With this notation we can for example write a polynomial
of degree k in n variables compactly as

P (x) =
∑
|α|≤k

cαx
α.

With this notation, we can also neatly write multiple
derivatives as

∂αf = ∂α1
1 · · · ∂αn

n f,

where f ∈ Ck and |α| ≤ k.

Theorem 2.26: Taylor’s Theorem
Given U ⊂ Rn open, f ∈ Ck+1(U), k ≥ 0. Let x0 ∈
U and h ∈ Rn such that x0+ th ∈ U ∀t ∈ [0, 1]. Then

f(x0 + h) =
∑
|α|≤k

∂αf(x0)
hα

α!
+Rk+1f(x0, h).

Where the remainder term Rk+1f(x0, h) is given by

Rk+1 =

ˆ 1

0

(k + 1)(1− t)k
∑

|α|=k+1

∂αf(x0 + th)
hα

α!
dt

= O(hk+1) as h→ 0.

Proof. Since U is open ∃ε > 0 such that x + th ∈ U for all t ∈
(−ε, 1 + ε). By Taylor’s theorem in one variable, applied to φ(t) :
(−ε, 1+ ε) → R, t 7→ f(x0 + th), we have the Taylor approximation for
φ(1) around 0 with remainder term given by

φ(1) =

k∑
m=0

φ(m)(0)

m!
1m +

ˆ 1

0
φ(k+1)(t)

(1− t)k

k!
dt.

Applying the chain rule to φ, we get for t ∈ (−ε, 1 + ε),

φ′(t) =
n∑
i=1

∂if(x0 + th)hi =
∑

|α|=1

∂αf(x0 + th)hα.

We now want to show that

φ(m)(t) = m!
∑

|α|=m
∂αf(x0 + th)

hα

α!
.

Indeed, by chain rule and induction over m, we have

φ(m+1)(t) =
d

dt

m!
∑

|α|=m
∂αf(x0 + th)

hα

α!


= m!

 ∑
|α|=m

n∑
i=1

∂i∂
αf(x0 + th)hi

hα

α!


.

Now, if |α| = m, then ∂i∂
αf = ∂α+eif , where ei is the multi-index

with 1 in the i-th position and 0 elsewhere. Thus, we can write

φ(m+1)(t) = m!

 ∑
|β|=m+1

∂βf(x0 + th)hβ
∑

1≤i≤n,βi≥1

βi

β!

 .

Where we used that

1

α!
=

αi + 1

α1! · · · (αi + 1)! · · ·αn!
=
βi

β!
.

Putting things together, we get our desired result. □

Corollary 2.27:
Let x0 ∈ U , f ∈ Ck+1(U) and P (x) be a polynomial
of degree k ≥ 0. Assume that |f(x0 + h) − P (h)| =
o(|h|k) as h → 0. Then, P is the Taylor polynomial
of f at x0 of degree k.

Mathematically: ∀|α| ≤ k, ∂αf(x0) = ∂αP (0).

Proof. By Taylors theorem, we get∣∣∣∣∣∣P (h)−
∑

|α|≤k
∂αf(x0)

hα

α!
+Rk+1f(x0, h)

∣∣∣∣∣∣ = o(|h|k).

But two polynomials of degree k which differ by o(|h|k) must be equal.
(Exercise) □

Example 2.28:
We want to compute the Taylor expansion of degree
2 of

f(x, y) =
√
1 + x− y2.

From analysis I, we know that

√
1 + t = 1 +

t

2
− t2

8
+O(t3) as t→ 0.

Plugging in t = x− y2, we get

f(x, y) = 1 +
x− y2

2
− (x− y2)2

8
+O((x− y2)3).

Expanding this and neglecting terms of degree higher
than 2, we get

f(x, y) = 1 +
x

2
− y2

2
− x2

8
+O(r3) as r → 0.

For Taylor approximations to be useful, we need to be
able to control the remainder term. This is described by
analytic functions.
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Definition 2.29: Real analytic functions
Given U ⊂ Rn open, we say that f ∈ C∞(U) satisfies
analytic estimates in U if for every x0 ∈ U , there
exists ρ > 0 and C > 0 such that

max
Bρ(x0)

|∂αf | ≤ C|α|!(nρ)−|α| for all α ∈ Nn.

Thanks to Taylors theorem, a function is analytic iff it
can be written as a power series around any point in its
domain.

Theorem 2.30: Analytic Expansion
Given U ⊂ Rn open, f : U → R, analytic.

Given x0 ∈ U , let ρ and C be as in definition 2.29.
Then, let

Px0,k(h) :=

k∑
|α|=1

∂αf(x0)
hα

α!
.

Then for all r ∈ (0, ρ), the power series converges
absolutely, i.e. ∀ k < l

sup
h∈Br(0)

l∑
|α|=k

∣∣∣∣∂αf(x0)hαα!
∣∣∣∣ ≤ C( rρ )

k

1− ( rρ )
.

The series converges for h ∈ Br(0) and we have

sup
h∈Br(0)

|Px0,k(h)− Px0
(h)| ≤

C( rρ )
k

1− ( rρ )
.

Moreover,

f(x0 + h) = Px0,∞(h) ∀h ∈ Bρ(0).
Lec 12

Proof. The key idea is that for x ∈ Br(x0), 0 < r < ρ, we have∑
|α|=m

∣∣∣∣∂αf(x)α!
hα
∣∣∣∣ ≤ ∑

|α|=m

|∂αf(x)|
α!

rm

≤
∑

|α|=m
C
ρ−mn−mrm

α!
|α|!

= C

(
r

ρ

)m
n−m

∑
|α|=m

|α|!
α!

= C

(
r

ρ

)m
.

The last step follows since

(1 + · · ·+ 1)m =
∑

|α|=m

|α|!
α!

.

Thus for the tail of the series,

∞∑
|α|=k

∣∣∣∣∂αf(x0)α!
hα
∣∣∣∣ ≤ ∞∑

m=k

C

(
r

ρ

)m
=

C( r
ρ
)k

1− ( r
ρ
)
.

So Px0,∞(h) = lim
k→∞

Px0,k(h) exists for h ∈ Bρ(x0).

The error is given by Taylor, f(x0 + h) = Px0,k(h) +Rfx0,k+1.

|Rfx0,k+1(h)| =

∣∣∣∣∣∣
ˆ 1

0
(k + 1)(1− t)k

∑
|α|=k+1

∂αf(x0 + th)
hα

α!
dt

∣∣∣∣∣∣
≤
ˆ 1

0
(k + 1)(1− t)k

∑
|α|=k+1

∣∣∣∣∂αf(x0 + th)
hα

α!

∣∣∣∣ dt
≤
ˆ 1

0
(k + 1)(1− t)kC

(
r

ρ

)k+1

dt ≤ C

(
r

ρ

)k+1

.

As a consequence, by triangle inequality,

|f(x0 + h)− Px0,∞(h)|
≤ |f(x0 + h)− Px0,k(h)|︸ ︷︷ ︸

Rest

+ |Px0,k(h)− Px0,∞(h)|︸ ︷︷ ︸
Tail

≤ C

(
r

ρ

)k+1

+
C( r

ρ
)k

1− ( r
ρ
)
→ 0 as k → ∞.

□

Corollary 2.31: Unique Continuation Principle
Given U ⊂ Rn open and connected, f, g analytic in
U such that ∃x0 ∈ U with

∂αf(x0) = ∂αg(x0) ∀α ∈ Nn.

Then f = g on U .

In particular, if V ⊂ U is an open subset such that
f = g on V , then f = g on U .

Proof. Let x0 ∈ G := {x ∈ U | ∂αf(x) = ∂αg(x)∀α ∈ Nn}. We will
show that U \G and G are both open in U . Since U is connected and
x0 ∈ G, we must have G = U .

i. U \G is open in U : By definition of G,

G =
⋂
α∈Nn

{x ∈ U | ∂α(f − g)(x) = 0}

U \G De Morgan
=

⋃
α∈Nn

{x ∈ U | ∂α(f − g)(x) ̸= 0}

=
⋃
α∈Nn

[∂α(f − g)]−1(R \ {0}).

Since R\{0} is open and ∂α(f−g) is continuous, [∂α(f−g)]−1(R\{0}),
the preimage is open. Since arbitrary unions of open sets are open, U\G
is open.

ii. G is open in U : Let x ∈ G ⊂ U . Since f, g are analytic, ∃ρ > 0
such that ∀h ∈ Bρ(x),

f(x+ h) = P fx,∞(h), g(x+ h) = P gx,∞(h).

But P f = P g since Taylor polynomials are defined by the derivatives
at x ∈ G.

Hence, f ≡ g on Bρ(x), so Bρ(x) ⊂ G, so G is open. □
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3 Optimization
In this chapter we want to treat the standard problem of
minimizing or maximizing a function f(x1, . . . , xn) ∈ U
with constraints gk(x1, . . . , xn) = 0 for k = 1, . . . ,m.

3.1 First and Second Order Optimality
Conditions

To describe the optimality conditions, we need to intro-
duce some definitions.

Definition 3.1: Local Minimum / Maximum
Given U ⊂ Rn open, f ∈ C1(U). We say that x0 is a

local minimum of f if ∃r > 0 such that

f(x0) ≤ f(x) for all x ∈ Br(x0).

local maximum of f if ∃r > 0 such that

f(x0) ≥ f(x) for all x ∈ Br(x0).

strict local minimum of f if ∃r > 0 such that

f(x0) < f(x) for all x ∈ Br(x0) \ {x0}.

If x0 is a local minimum or maximum of f , then x0 is
called a local Extremum of f .

Definition 3.2: Critical Point
Given U ⊂ Rn open, f ∈ C1(U). Then x0 ∈ U is a
critical point of f if ∇f(x0) = 0.

In other words, ∂if(x0) = 0 for all i = 1, . . . , n.

Proposition 3.3:
Every local Extremum is a critical point.

Proof. Assume wlog x0 is a local minimum. Fix i ∈ 1, . . . , n. Then

∂if(x0) = lim
h→0

f(x0 + tei)− f(x0)

t
.

Letting t approach 0 from both sides, we get

lim
t→0+

f(x0 + tei)− f(x0)

t
≥ 0

lim
t→0−

f(x0 + tei)− f(x0)

t
≤ 0.

Since the limit exists, we must have ∂if(x0) = 0. □

Theorem 3.4: Lagrange Multipliers
Given U ⊂ Rn open, f, gj ∈ C1(U) for j = 1, . . . ,m.
Let M = {x ∈ U | g1(x) = · · · = gm(x) = 0} be the
constraint set. If x0 is a local minimum of f |M , then
∃λ∗, λ1, . . . , λm ∈ R, with λ2∗ + λ21 + · · · + λ2m = 1,
such that

λ∗∇f(x0) +
m∑
j=1

λj∇gj(x0) = 0.

λ∗, λ1, . . . , λm are called the Lagrange multipli-
ers.

Proof. First assume that x0 is a strict local minimum.

For ε > 0, let fε(x) = f(x)+ 1
2ε

∑m
j=1 gj(x)

2, defined for x ∈ B r
2
(x0),

where r is such that f(x) > f(x0) for all x ∈ Br(x0) \ {x0}.4 Let
εl =

1
l
. Choose xl as a point of minimum of the continuous function

fεl on the compact set B r
2
(x0).

We claim that some subsequence xlk converges to x0. Indeed, by
compactness, we can choose a subsequence xlk converging to some
x ∈ B r

2
(x0). Since xl is a minimum we have

fεl (xl) ≤ fεl (x0) = f(x0).

So also
1

2εl

m∑
j=1

gj(xl)
2 ≤ fεl (xl) ≤ f(x0).

This implies that
∑m
j=1 gj(xl)

2 ≤ 2εlf(x0) → 0 as l → ∞, so∑m
j=1 gj(x)

2 = 0, so x ∈M . From this, we get

f(xlk ) ≤ fεlk
(xlk ) ≤ f(x0).

Since xlm → x, by continuity of f we get f(x) ≤ f(x0). Since x0 is a
strict local minimum, we must have x = x0. Lec 13

Let ym = xlm and ε̃m = εlm . Since ym ∈ Br(x0) (for large m, ym
cannot be on the boundary), is an interior minimum of fε̃m , we have

0 = ε̃m∇fε̃m (ym) = ε̃m∇f(ym) +

m∑
j=1

gj(ym)∇gj(ym).

Let µ2m = ε̃2m + · · ·+ [gm(ym)]2 > 0. Then,(
ε̃m

µm

)2

+ · · ·+
(
gm(ym)

µm

)2

= 1.

Define

λm0 =
ε̃m

µm
, λmj =

gj(ym)

µm
for j = 1, . . . ,m.

So there exists λm = (λm0 , λ
m
1 , . . . , λ

m
j ) ∈ Sj i.e.

(λm0 )2 + · · ·+ (λmm)2 = 1.

Hence,

0 = λm0 ∇f(ym) +

m∑
j=1

λmj ∇gj(ym).

Since Sj is closed and bounded, it is compact, Hence, there exists a
subsequence λmk converging to some λ∗ = (λ∗, λ1, . . . , λm) ∈ Sj .
Since ymk → x0, by continuity of ∇f and ∇gj , we get

0 = λ∗∇f(x0) +
m∑
j=1

λj∇gj(x0).

□

Theorem 3.5: Spectral Theorem
If A is n × n symmetric (AT = A), with coefficients
in R, then A diagonalizes in some orthonormal basis
and has real eigenvalues.

Also, for O = (v1| . . . |vn), where v1, . . . , vn is an or-
thonormal basis of eigenvectors of A, we have

OTO = In, O
−1 = OT , O−1AO = Λ =

(
λ1 . . .
...

. . .

)
.

4This function is called penalizing function as for points not sat-
isfying the constrains, it diverges to +∞ as ε→ 0.
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Lemma 3.6:
Assume v1, . . . , vk, with 0 ≤ k < n, are vectors such
that vi · vj = δij . Let A ∈Mn×n(R) be symmetric.

If there exist µi ∈ R such that Avi = µivi then there
exists w ∈ Rn such that |w| = 1, w · vi = 0 and
Aw = λw for some λ ∈ R.

Proof. Let f : Rn → R, x 7→ x · Ax. We want to minimize this
function under the constraints

g∗(x) = |x|2 − 1 = 0

g1(x) = v1 · x = 0

...

gk(x) = vk · x = 0.

We apply theorem 3.4 with

M = x ∈ Rn | g∗(x) = · · · = gk(x) = 0} ⊂ Sn−1.

Note that M ⊂ Rn is closed and bounded, hence compact.

Since f is continuous, there exists w ∈ M as a point of minimum of
f |M . Hence, ∃λ0, λ∗, λ1, . . . , λk ∈ R, with

∑
i λ

2
i = 1, such that

λ0∇f(w) + λ∗∇g∗(w) + · · ·+ λk∇gk(w) = 0.

Note that in general, for symmetric matrices

v · w = vTw ⇒ v ·Aw = Aw · v = (Av) · w = w ·Av.

Hence, calculating the partial derivatives, we get

∂if(x) = lim
t→0

f(x+ tei)

t

= lim
t→0

(x+ tei) ·A(x+ tei)− x ·Ax
t

= lim
t→0

2tei ·Ax+ t2ei ·Aei
t

= 2ei ·Ax

⇒ ∇f(x) = 2Ax.

Replacing A with I, the above calculation gives ∇g∗(x) = 2x. Also

∂igj(x) = lim
t→0

vj · (x+ tei)− vix

t
= vj · ei ⇒ ∇gj(x) = vj .

Plugging this into the Lagrange multipliers condition, we get

2λ0Aw + 2λ∗w︸ ︷︷ ︸
w1

+λ1v1 + · · ·+ λkvk︸ ︷︷ ︸
w2

= 0.

Since w ∈M , we have w · vj = 0∀j = 1, . . . , k. This implies that

vj ·Aw = w ·Avj = w · µjvj = µjw · vj = 0.

This means that Aw is perpendicular to v1, . . . , vk. Since w2 is a linear
combination of v1, . . . , vk, we get w1 · w2 = 0. Hence, w1 + w2 = 0
implies w1 = w2 = 0. If the sum of two perpendicular vectors is 0, then
both vectors must be 0. Hence 2λ0Aw + 2λ∗w = 0, and λi = 0 since
w2 = 0 and w2 is a linear combination of v1, . . . , vk which are linearly
independent.

By definition of the Lagrange multipliers, λ20 + λ2∗ = 1. Hence, Aw =

λw for λ = −λ∗
λ0

∈ R. Note that λ0 ̸= 0 since otherwise λ2∗ = 1, so
λ∗ = ±1 and w = 0, contradicting |w| = 1. □

Proof. [Theorem 3.5] By induction over k, we can construct an or-
thonormal basis of eigenvectors of A. □

For second order optimality conditions, we need to intro-
duce the following definition.

Definition 3.7: Hessian
Given U ⊂ Rn open, f : U → R ∈ C2. The Hessian
Matrix of f at x ∈ U is the n×n matrix defined by

Hijf(x) = ∂i∂jf(x).

By Schwarz’s theorem, the Hessian is a symmetric
matrix. It is also denoted D2f(x). The Laplacian
of f is the trace of the Hessian:

∆f(x) = tr(Hf(x)) =

n∑
i=1

∂iif(x).

Definition 3.8:
A ∈ Mn×n(R) is non-negative definite if ∀x ∈
Rn, x ·Ax ≥ 0.

Proposition 3.9:
Given U ⊂ Rn open, f ∈ C3(U). If f has a local
minimum at x0 ∈ U , then Hf(x0) is non-negative
definite.

Proof. By Taylor, f(x0 + x) = f(x0) +∇f(x0) · x+ 1
2
x ·Hf(x0)x+

O(|x|3) as x→ 0.

By the spectral theorem, OTHO = Λ.

Let y = Ox ∈ Rn. Then

f(x0 + x) = f(x0) +∇f(x0) · x︸ ︷︷ ︸
=0

+
1

2
y · Λy +O(|y|3) as y → 0.

Since x0 is a local minimum, we must have y · Λy ≥ 0 for all y ∈ Rn.
This implies that Λ is non-negative definite, so Hf(x0) is non-negative
definite. □ Lec 14

Definition 3.10:
A matrix A is called

• positive definite if min{λi} > 0

• nonnegative definite if min{λi} ≥ 0

• negative definite if max{λi} < 0

• non-positive definite if max{λi} ≤ 0

• indefinite if min{λi} < 0 < max{λi}

Proposition 3.11: Hessian test
Let x0 ∈ U be a critical point of f ∈ C3(U).

1) x0 local minimum ⇒ Hf(x0) non-negative defi-
nite.

2) Hf(x0) positive definite ⇒ x0 local minimum.

3) x0 local maximum ⇒ Hf(x0) non-positive defi-
nite.

4) Hf(x0) negative definite ⇒ x0 local maximum.

5) Hf(x0) indefinite ⇒ x0 is neither local minimum
nor local maximum.

Proof. We will only show 2) and 3).
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2) By Taylor, f(x0+ tOy︸︷︷︸
=x

) = f(x0)+
1
2

∑n
i=1 λiy

2
i +O(|y|3) as y → 0.

Let λ = min{λi} > 0. Then, for |y| ≤ r0 we have

f(x0 + tOy) ≥ f(x0) +
1

2

n∑
i=1

λy2i − C|y|3

≥ f(x0) +
1

2
λ|y|2 − C|y|3

.

We can choose r small enough such that 1
2
λr2 − Cr3 > 0. Then

∀y ∈ Br(x0), f(x0 + x) > f(x0), so x0 is a local minimum.

3) Assume by contradiction ∃λj > 0. Then by Taylor,

f(x0 + tOei) ≥ f(x0)+λjt
2 +O(t3) > f(x0) for t > 0 small enough.

This contradicts the fact that x0 is a local maximum. □

Theorem 3.12: Fundamental Theorem of Algebra
A polynomial of degree n with complex coefficients
has n complex roots, up to repetitions.

Proof. We show that there exists one root. Dividing and inductively
applying the fundamental theorem of algebra to the quotient, we get
the desired result.

Let P (t) = a0 + a1t + · · · + antn be a polynomial of degree n with
ai ∈ C and an = 1. We want to find t0 such that |P (t0)| = 0. We
thus try to minimize |P (z)| for z ∈ C. The issue here is, that C is not
compact, so we cannot apply Weierstrass theorem.

Step 1: Let β = infz∈C |P (z)|. We show that |P (z)| → ∞ as |z| → ∞.
Indeed,

P (z) = a0 + a1z + · · ·+ an−1z
n−1 + zn

∆
≥ |z|n − (|a0|+ |a1||z|+ · · ·+ |an−1||z|n−1)

≥ Rn − CRn−1 for |z| ≥ R

≥ 1 + 10β > β for R large enough.

Here we defined C = |a0|+ |a1|+ · · ·+ |an−1|.

Hence, the Infimum is attained in BR(0) so ∃z0 ∈ BR(0) such that
|P (z0)| = β. This implies that

inf
C

|P (z)| = min
BR(0)

|P (z)|,

since P is continuous and BR(0) is compact.

Since we had a strict inequality, z0 ∈ BR(0), i.e. z0 does not lie on the
boundary. If β = 0, then P (z0) = 0 so we have a root.

Assume thus, β > 0. Then P (z0 + z) has a minimum at z = 0. By
Taylor, we can write

P (z0 + z) =

n∑
k=1

ak(z0 + z)k =

n∑
k=1

bkz
k

︸ ︷︷ ︸
:=Q

, bk ∈ C.

Notice, that |b0| = |Q(0)| = |P (z0)| = β > 0. Let l = min{k ≥ 1 |
bk ̸= 0}, i.e. l is the order of the first non-zero term in the Taylor
expansion of P (z0 + z) around z = 0. Then

|P (z0 + z)| = |b0 + blz
l + . . . |

= |b0|
∣∣∣∣1 +

bl

b0
zl + . . .

∣∣∣∣
= |b0|

∣∣∣∣∣∣clzl +
n∑

k=1+l

ckz
k

∣∣∣∣∣∣ for ck =
bk

b0
.

We have a contradiction if clzl < 0. Note that we must have

clz
l = ρeiα|z|leil arg(z) ∈ R.

This is exactly the case if α + l arg(z) = π. Thus, we choose γ ac-
cordingly (i.e. α + lγ = π) and let z = reiγ for r > 0 small enough.
Then

|P (z0 + z)| = |b0|
∣∣∣1 + ρrleiπ +O(rl+1)

∣∣∣
≤ |b0|

∣∣∣1− ρrl + Crl+1
∣∣∣

< |b0| = β for r small enough.

This contradicts the fact that z = 0 is a minimum of P (z0 + z), so we
must have β = 0, so P (z0) = 0 and z0 is a root of P . □

Definition 3.13: Convex Functions
Let A ⊂ Rn be a convex set. f : A → R is convex
if ∀x, y ∈ A, t ∈ [0, 1],

f((1− t)x+ ty) ≤ (1− t)f(x) + tf(y).

Proposition 3.14:
Let f ∈ C2(U), where U ⊂ Rn is open and convex.
Then f is convex iff Hf(x) is non-negative definite
for all x ∈ U iff ∀x, y ∈ U ,

f(y)− f(x) ≥ Dfx(y − x).

Theorem 3.15: Jensen’s Inequality
Let w1, . . . , wN ∈ [0, 1] with

∑N
i=1 wi = 1 and

x1, . . . , xN ∈ U . f : U → R is convex iff

f

(
N∑
i=1

wixi

)
≤

N∑
i=1

wif(xi).

Proof. [of Proposition 3.14] Given x, y ∈ U , let

g(s) = f((1− s)x+ sy) = f(x0 + vs) for x0 = x, v = y − x.

1 ⇒ 2) g is convex if

g((1− t)a+ tb) ≤ (1− t)g(a) + tg(b) for a, b ∈ [0, 1], t ∈ [0, 1].

Since g ∈ C2, from analysis I we know that g is convex iff g′′(s) ≥ 0 for
all s ∈ [0, 1]. But then 0 ≤ g′′(s) = 1

2
v ·Hf(x0)v. So, for all v ∈ Rn,

v · Hf(x0)v ≥ 0, which is equivalent to Hf(x0) being non-negative
definite.

2 ⇒ 3) We know by Taylor that

g(1) = g(0) + g′(0) +

ˆ 1

0
(1− s)g′′(s)ds.

Since g′′(s) ≥ 0, we have
´ 1
0 (1− s)g′′(s)ds ≥ 0. Hence,

f(x0 + v) ≥ f(x0) +Dfx0 (v).

Let y = x0 + v, x = x0. Then we get the desired result.

3 ⇒ 1) We show that the last property implies the Jensen inequality.
We get that

f(x) ≥ f(x0) +Dfx0 (x− x0).

So by linearity of Dfx0 ,

wif(x) ≥ wif(x0) +Dfx0 (wi(x− x0)) for i = 1, . . . , N

⇒
N∑
i=1

wif(x) ≥
N∑
i=1

wif(x0) +

N∑
i=1

Dfx0 (wi(x− x0))

=

N∑
i=1

wif(x0) +Dfx0

( N∑
i=1

wi(x− x0)︸ ︷︷ ︸
=0

)

N∑
i=1

wif(x) ≥
N∑
i=1

wif(x0) = f(x0).

□
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4 Inverse and Implicit Function
Theorems and Submanifolds

4.1 Inverse Function TheoremLec 15

We consider the following question: Can a map from Rn →
Rn that is a small perturbation of the identity map be
inverted?

Lemma 4.1:
Let U ⊂ Rn be open, F : U → Rn a function of the
form

F (x) = x+ ϕ(x),

where ϕ is a λ-Lipschitz function for λ ∈ (0, 1). Then

1) ∀x0 ∈ U , and r > 0 such that Br(x0) ⊂ U ,

B(1−λ)r(F (x0)) ⊂ F (Br(x0)) ⊂ F (U).

In particular, F (U) is open.

2) F : U → F (U) is bijective and F−1 is 1
1−λ -

Lipschitz.

U F (U)

Br(x0)
B(1−λ)r(F (x0))

f

Figure 10: A λ-Lipschitz perturbation of the identity map
is invertible.

The idea of the proof is: Given y ∈ B(1−λ)r(F (x0)), we
want to find x ∈ Br(x0) such that

F (x) =<⇔ x+ ϕ(x) = y ⇔ x = y − ϕ(x) =: T (x).

Note that T is a contraction. The problem is that T does
not map U to itself. We thus have to modify Banach’s
fixed point theorem.
Proof. 1) Choose y ∈ B(1−λ)r(F (x0)). We want to find x ∈ Br(x0)
such that F (x) = y. Choose x0 and define xk+1 = T (xk) := y−ϕ(xk).

So x1 = T (x1) = y − ϕ(x0). This implies that

|x1 − x0| = |y − ϕ(x0)− x0| = |y − F (x0)| < (1− λ)r.

It follows, that x1 ∈ U . Hence, x2 = T (x1) is well-defined.

In general, we have

|xk+1 − xk| ≤ λk|x1 − x0| ≤ λk(1− λ)r.

So it follows that

|xk+1 − x0| ≤
k∑
j=0

|xj+1 − xj | ≤ (1− λ)r
∞∑
j=0

λj = r.

So for all k ∈ N, xk ∈ U . Analogously to the proof of Banach’s fixed
point theorem, we can show that xk is Cauchy and thus converges to
x such that F (x) = y. Thus,

|xk + 1− x0| ≤
k∑
i=1

|xi+1 − xi| = |x1 − x0|
k−1∑
i=0

λi ≤ r.

Hence, it follows that

|x− x0| < r ⇒ x ∈ Br(x0).

2) We show that F is injective. Let x, x′ ∈ U such that F (x) = F (x′).
Then

x+ ϕ(x) = x′ + ϕ(x′) ⇔ |x− x′| = |ϕ(x)− ϕ(x′)| ≤ λ|x− x′|.

Since λ < 1, we must have x = x′. Hence, F is injective.

Since by definition, F is surjective, it is bijective.

We now show that F−1 is 1
1−λ -Lipschitz. Let F (x) = y, F (x′) = y′.

Then
y − y′ = x− x′ + ϕ(x)− ϕ(x′).

This implies that

|y − y′| ≥ |x− x′| − |ϕ(x)− ϕ(x′)|
≥ |x− x′| − λ|x− x′|
= (1− λ)|x− x′|.

Plugging in x = F−1(y), x′ = F−1(y′), we get

|F−1(y)− F−1(y′)| ≤
1

1− λ
|y − y′|.

□

Lemma 4.2: Automatic differentiablity of the in-
verse
Let U, V ⊂ Rn be open, f : U → V, g : V → U be bi-
jective, such that f(g(y)) = y ∀y ∈ V . Assume, that
f is differentiable at x0 ∈ U and Dfx0

: Rn → Rn is
invertible and g is Lipschitz.

Then, g is differentiable at y0 = f(x0) and Dgy0 =
(Dfx0

)−1.

Proof. By definition, f(x)− f(x0) = Dfx0 (x− x0) + o(|x− x0|) as
x→ x0. Thus,

f(g(y))−f(g(y0)) = Dfx0︸ ︷︷ ︸
:=L

(g(y)−g(y0))+o(|g(y)−g(y0)|) as y → y0.

Multiplying both sides by L−1, we get

g(y)− g(y0) = L−1(y − y0) + o(L−1|g(y)− g(y0)|) as y → y0.

If Λ is the Lipschitz constant of g, then |g(y) − g(y0)| ≤ Λ|y − y0|.
Hence,

g(y)− g(y0) = L−1(y − y0) + o(∥L−1∥2Λ|y − y0|)

= L−1(y − y0) + o(|y − y0|).

□

Lemma 4.3:
Let U ⊂ Rn×n be the set of invertible functions
(which is open by continuity of the determinant).
Then,

Θ : U → U, x 7→ x−1 is C∞.

Proof. Exercise □ Lec 16
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Theorem 4.4: Inverse Function Theorem
Let U ⊂ Rn be open, f : U → Rn ∈ C1(U). If
Dfx0 is invertible for some x0 ∈ U , then there exists
U0 ⊂ U open, such that

1. f |U0
is injective,

2. f(U0) := V is open,

3. g = f |−1
U0

: V → U0 is C1 and Dgf(x) = (Dfx)
−1

for all x ∈ U0.

Moreover, if f ∈ Ck(U) for some k ≥ 1, then g ∈
Ck(V ).

Proof. We consider the special case x0 = 0, f(x0) = 0. The general
case is obtained by f̃(x) = f(x+ x0)− f(x0).

Heuristically we will show that

f(x) ≈ Df0(x)︸ ︷︷ ︸
:=L(x)

+o(|x|) ⇒ L−1 ◦ f(x) ≈ id(x) + o(∥L−1∥2|x|).

Precisely, let L = Df0, F = L−1 ◦ f . By the chain rule, we have

DF0 = DL−1
f(0)

◦Df0 = L−1 ◦ L = id .

Let φ = F − id. Then Dφ0 = 0. Hence, ∥Jφ(0)∥2 = 0. Thus, by
continuity of the derivative, ∃r > 0 such that ∀x ∈ Br(0):

∥Jφ(x)∥2 ≤
1

2
.

Since bounded derivative on connected sets implies Lipschitz, φ is 1
2
-

Lipschitz on Br(0), i.e.

|φ(x)− φ(y)| <
1

2
|x− y|.

Applying the small perturbation lemma (Lemma 4.1) to φ on U0 =
Br(0), we get that F |U0

is injective, F (U0) is open and F−1 : F (U0) →
U0 is 2-Lipschitz.

Since F = L−1 ◦ f , we have f = L ◦ F .

For 2) V = f(U0) = L ◦ F (U0) is open since F (U0) is open and L−1

is continuous.

For 1) L and F are injective, so f = L ◦ F is injective.

For 3) we want to apply lemma 4.2. We thus need to show that Dfx
is invertible for all x ∈ U0 and that g is Lipschitz.

For the first point, we have f = l ◦ (id+φ), so by the chain rule,

Dfx = L(id+Dφx).

We show the kernel of this map is trivial. Indeed,

|(id+Dφx)y| = |y +Dφxy| ≥ |y| − ∥Dφx∥2|y| ≥
1

2
|y|.

Hence, Dfx(y) = 0 iff y = 0. So, Dfx is injective and thus invertible.

For the second point, we have g = F−1 ◦ L−1. Since L−1 is linear, it
is Lipschitz. Since F−1 is 2-Lipschitz, g is Lipschitz as well.

Finally we want to show that g is C1(V ). We have

Jg(y) = Jf(g(y))−1.

Since all these functions are continuous, g is C1.

If f ∈ Ck, Jf ∈ Ck−1, so we get in the same way, knowing g ∈ C1,
that Jg ∈ C1 ⇒ g ∈ C2. Iterating this argument, we get g ∈ Ck. □

Definition 4.5: Diffeomorphism
Let U, V ⊂ Rn be open. A map f : U → V ∈ C−1 is
called a diffeomorphism if f is bijective and f−1 :
V → U is C1.

If f and f−1 are Ck, then f is called a Ck-diffeo-
morphism.

An important consequence is the implicit function theo-
rem

Theorem 4.6: Implicit Function Theorem
Let 0 < d < n, k ≥ 1 ∈ N and let U ⊂ Rn be open,
f ∈ C1(U,Rn−d). We write a point in Rn × Rn−d
as (x, y), where x ∈ Rd, y ∈ Rn−d. If there exists
(x0, y0) ∈ U such that f(x0, y0) = 0 and Jyf(x0,y0)

is invertible, then for sufficiently small r, s > 0 there
exists g : Br(x0) ⊂ Rd → Bs(y0) ⊂ Rn−d such that
for all (x, y) ∈ Br(x0) × Bs(y0), f(x, y) = 0 iff y =
g(x).

Moreover, ∀x ∈ Br(x0),

Jg(x) = −((Jyf)(x, g(x)))
−1(Jxf)(x, g(x)).

Furthermore, if f ∈ Ck(U,Rn−d) for some k ≥ 1,
then g ∈ Ck(Br(x0),Rn−d).

Proof. Consider the function Φ ∈ C1(U,Rn) given by

Φ(x, y) = (x, f(x, y)).

By assumptions, JΦ(x0, y0) has a block structure of the form

JΦ(x0, y0) =

(
Id 0

Jxf(x0, y0) Jyf(x0,y0)

)
.

Since Jyf(x0,y0) is invertible, JΦ(x0, y0) is invertible as well. By the
inverse function theorem, Φ has a C1-inverse when restricted to a small
cylinder centered at (x0, y0),

U0 := Br(x0)×Bs(y0) ⊂ U,

for r, s > 0, which is mapped to the open set V := Φ(U0) ⊂ Rn.

Let Ψ : V → U0 denote the inverse of Φ|U0
. For given points (x, y) ∈

U0, put

(ξ, η) := Φ(x, y) = (x, f(x, y)) ⇔ (x, y) = Ψ(ξ, η).

Then, ξ = x implying that Ψ(ξ, η) is of the form

Ψ(ξ, η) = (ξ,G(ξ, η)) ∀(ξ, η) ∈ V,

where G : V → Bs(y0) is of class C1 (or Ck).

Thus, since (x, y) = Ψ(x, η) = (x,G(x, η)), we get

f(x, y) = 0 ⇔ η = 0 ⇔ y = G(x, 0).

Where the second ⇐ follows as Ψ is bijective.

Thus defining g(x) := G(x, 0) we find what we desired.

Lastly, the formula for Jf(x0) follows from differentiating the identity,
f(x, g(x)) = 0 using the chain rule. Indeed, for all i ≤ d we get

0 = ∂if(x, g(x)) = ∂xif(x, f(x)) +

n−d∑
l=1

∂ylf(x, g(x))∂lg(x).

Or in matrix form

0 = Jxf(x, g(x)) + Jyf(x, g(x))Jxg(x).

□

4.2 Submanifolds
We begin with the definition
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Definition 4.7: Submanifold of Rn

Given 0 < d < n and k ≥ 1 ∈ N. We say that M ⊂
Rn nonempty is a d-dimensional submanifold of
Rn of class Ck if, for every point p0 ∈ M,∃U ⊂ Rn
open containing p0, V ⊂ Rn open containing 0, and
a Ck-diffeomorphism Ψ : U → V , such that:

Ψ(M ∩ U) = {y ∈ V |yd+1 = · · ·+ yn = 0}.

The map Ψ is called a submanifold chart.
Lec 17

In words, Ψ flattens a certain part of the submanifold.
This can be visualized as follows:

p
Ψ(p)

U
VM

Ψ

Rd
Rn−d

Figure 11: A submanifold chart Ψ flattens a part of the
submanifold.

Proposition 4.8: Equivalent Statements for Sub-
manifolds
The following 4 statements are equivalent:

1. (Definition) M ⊂ Rn is a d-dimensional submani-
fold of class Ck.

2. (Implicit) ∀p ∈ M , ∃U ⊂ Rn open, such that
p ∈ U and ∃f : U → Rn−d ∈ Ck(U) such that Dfp
has rank n− d and M ∩ U = {x ∈ U |f(x) = 0}.

3. (Parametrization) ∀p ∈M , ∃V ⊂ Rd open, q ∈ V ,
G : V → Rn ∈ Ck(V ) such that DGq has rank d,
G(q) = p and ∀V ′ ⊂ V open ∃U ′ ⊂ Rn open with
M ∩ U ′ = {G(y) | y ∈ V }.

4. (Graphical) ∀p ∈ M , ∃U ⊂ Rn open with p ∈ U ,
V ⊂ Rd open, g: V → Rn−d ∈ Ck(V ) with

M ∩ U = {x ∈ Rn | (xd+1, . . . , xn) = g(x1, . . . , xd)}.

Notice that the sets and functions may depend on the
point p ∈M we are looking at.
Proof. Lecture Notes, cry, optional □

We summarize some ideas.

Implicit: M ∩ U = {x ∈ U | f(x) = 0}, f : U → Rn−d.
For a plane, this may be f(x, y, z) = ax+ by+ cz−h. For
a sphere, this may be f(x, y, z) = x2 + y2 + z2 − r2.

Parametric: M ∩ U = {G(y) | y ∈ V }, G : V → Rn.
For a plane, this may be (s, t) 7→ (sv1 + tv2 + p), where
v1, v2 are two linearly independent vectors in the plane
and p is a point in the plane. For a sphere, this may
be (θ, ϕ) 7→ (r cos(θ) cos(ϕ), r cos(θ) sin(ϕ), r sin(θ)). Here,
V = (0, 2π)× (−π

2 ,
π
2 ).

Graph: M ∩ U = {(y, g(y)) | y ∈ V ⊂ Rd}. If we call
this first part G(y) we get a parametrization of the form

G(y) = (y, g(y)). For a plane, this may be z = −a
cx−

b
cy+

h
c , and x = − b

ay−
c
az+

h
a , so we get two different graphs.

For a sphere, this may be z = ±
√
r2 − x2 − y2, together

with y = ±
√
r2 − x2 − z2 and x = ±

√
r2 − y2 − z2, so we

get 3 different graphs. All theese are required to cover the
whole sphere, since we cannot write the whole sphere as a
graph of a function.

Example 4.9: Using the implicit function definition
We want to show that the circle S1 = {(x, y) ∈
R2 | x2 + y2 = 1} is a 1-dimensional submanifold
of R2. Consider F : R2 → R, (x, y) 7→ x2 + y2. Then
the jacobian JF(x,y) = (2x, 2y) has rank 1 for all
(x, y) ∈ S1. So F−1({1}) = S1 is a 1-dimensional
submanifold of R2.

Example 4.10: Using the parametric definition
Let P := {(x, t) ∈ Rn × R : t = |x|2} be the n-
dimensional paraboloid. Consider f : Rn → Rn ×

R, x 7→ (x, |x|2). Then Dfx =

(
In
2xT

)
has rank n for

all x ∈ Rn.

Furthermore, f is bijective since (x, |x|2) = (x′, |x′|2)
implies x = x′. Furthermore since the differential
exists, f is continuous. Furthermore, f−1 : P →
Rn, (x, t) 7→ x is continuous as well.

Definition 4.11: Permutation of Coordinates
P : Rn → Rn is a permutation of coordinates if

P (x1, . . . , xn) = (xσ(1), . . . , xσ(n)) for some σ ∈ Sn.

Definition 4.12: Tangent and Normal Vectors
Given M ⊂ Rn, a d-dimensional submanifold of Rn,
then τ ∈ Rn is tangent to M at p ∈ M if ∃pk ∈
M, rk > 0 such that pk−p

rk
→ τ , where pk → p and

rk → 0 as k → ∞.

ν ∈ Rn is normal to M at p ∈M if ν · τ = 0 for all
τ ∈ TpM , the set of tangent vectors to M at p.

Lec 18

Proposition 4.13:
τ ∈ TpM iff τ ∈ (Dψ)−1

ψ(p)(E), where E = {y ∈ Rn |
yd+1 = · · · = yn = 0}.

In particular, TpM ⊂ Rn is a d-dimensional vector
subspace.

Proof. ⇒) We compute

lim
k→∞

ψ(pk)− ψ(p)

rk︸ ︷︷ ︸
∈E

= lim
k→∞

Dψp(pk − p) + o(|pk − p|)
rk

= lim
k→∞

Dψp

(
pk − p

rk

)
= Dψp(τ).

Since E is closed, Dψp(τ) ∈ E, so τ ∈ (Dψ)−1
p (E).

⇐) Extra Material □
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Also we have TpM = Dϕp(Rd) for any parametrization
ϕ : V → M ∩ U with ϕ(q) = p. Hence, TpM is a d-
dimensional vector subspace of Rn.

Definition 4.14: Parametrized surface
Let V ⊂ R2 be open, ϕ : V → R3 a Ck map with
k ≥ 1 and rankDϕy = 2 for all y ∈ V and every
V ′ ⊂ V is open, then ∃U ′ ⊂ R3 open such that

ϕ(V ) ∩ U ′ = ϕ(V ′).

Watch Lecture

5 Multidimensional Integration
As a notation for the following section, we write for X ⊂
Rn and ρ > 0, α ∈ Rn,

ρX + α := {ρx+ α | x ∈ X}.

For example, {α + [0, 1)n | α ∈ Zn} covers Rn without
overlapping.

Definition 5.1: Dyadic Cubes
Given p ∈ N we say that Q ⊂ Rn is a dyadic cube of
length 2−p if ∃α ∈ Zn such that Q = 2−p(α+[0, 1)n).
2−p is called the pixel size.

F ⊂ Rn is a dyadic subset if it is a finite union of
disjoint dyadic cubes, i.e. ∃p ∈ N, N ∈ N, and a map
α : {1, . . . , N} → Zn injective, such that

F =

N⋃
i=1

2−p(α(i) + [0, 1)n).

Definition 5.2: Volume of a Dyadic Subset
Let F ⊂ Rn be a dyadic set with F =

⋃N
i=1 2

−p(α(i)+
[0, 1)n).

Then we define the volume of F as

µ(F ) = N · 2−pn.

Note that µ(F ) is well-defined, i.e. does not depend on
the choice of p,N, α.

Proposition 5.3: Properties of µ
µ defined on dyadic set satisfies:

1) additive: F1, F2 disjoint: µ(F1 ∪ F2) = µ(F1) +
µ(F2).

2) normalisation: µ([0, 1)n) = 1.

3) translation invariance: µ(F + α) = µ(F ) for all
α ∈ Zn.

We observe that µ is the only map defined on dyadic sets
that satisfies all these properties.

Definition 5.4: Outer / inner Volume
Let E ⊂ Rn. We define the outer volume of E as

µout(E) = inf{µ(f) | E ⊂ G,G diadic }.

We define the inner volume of E as

µin(E) = sup{µ(F ) | F ⊂ E,F diadic }.

Definition 5.5: Jordan Measurable sets and volume
E ⊂ Rn bounded is Jordan measurable if we have
µout(E) = µin(E).

This number is denoted µ(E) = voln(E) := µin(E)
and is called the volume of E.
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µout

µin

Figure 12: Approximation of the inner and outer volume
of a set.

Example 5.6: Jordan measurable sets
The set {x | |x| < 1} = B1(0) is Jordan measurable.

The set [a, b]× [c, d] ⊂ R2 is Jordan measurable.

The set [0, 1) ∩Qn is not Jordan measurable.

Lemma 5.7:
1) µout is subadditive, i.e. for E ⊂

⋃N
i=1Ei we have

µout(E) ≤
N∑
i=1

µout(Ei).

2) µin is superadditive, i.e. for E ⊃
⋃N
i=1Ei with Ei

disjoint, we have

µin(E) ≥
N∑
i=1

µin(Ei).
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Proof. We show this for the case N = 2. The general case is obtained
by induction.

1) ∀ε > 0, ∃G1, G2 dyadic sets, such that Ei ⊂ Gi and µout(Ei) ≥
µ(Gi)− ε

2
. Since E1 ∪ E2 ⊂ G1 ∪G2, we have

µout(E) ≤ µ(G1 ∪G2) ≤ µ(G1) + µ(G2) ≤
2∑
i=1

µout(Ei) + ε.

Since ε was arbitrary, we get the desired result.

2) ∀ε > 0, ∃F1, F2 dyadic sets, such that Fi ⊂ Ei and µin(Ei) ≤
µ(Fi)+

ε
2
. Since E1 ∩E2 = ∅, we have F1 ∩F2 = ∅. Hence, F1 ∪F2

is a dyadic set and F1 ∪ F2 ⊂ E. Thus,

µin(E) ≥ µ(F1 ∪ F2) = µ(F1) + µ(F2) ≥
2∑
i=1

µin(Ei)− ε.

Since ε was arbitrary, we get the desired result. □

Lemma 5.8: Volume of boxes
E = (a1, b1) × · · · × (an, bn) ⊂ Rn with ai < bi and
E are Jordan measurable and

voln(E) = voln(E) =

n∏
i=1

(bi − ai).

Proof. Let p ∈ N large. We say that

t = max{2−pk|k ∈ Zs.t.2−pk < t}

t = min{2−pk|k ∈ Zs.t.2−pk > t}.

∀t ∈ R, t− t = 2−p and t ≤ t ≤ t. Letting p→ ∞, we get t, t→ t.

Notice that E ⊂
∏n
i=1[ai, bi) and E ⊃

∏n
i=1[ai, bi). Hence,

n∏
i=1

(bi − ai) ≤ µin(E) ≤ µout(E) ≤
n∏
i=1

(bi − ai).

Letting p→ ∞, we get µin(E) = µout(E) =
∏n
i=1(bi − ai). □

Proposition 5.9:
If E1, E2 are Jordan measurable, also E1 ∪ E2, E1 ∩
E2, E1 \ E2 are Jordan measurable. Moreover, µ is
additive.

Proof. Step 1: If E1, E2 disjoint are Jordan measurable, then E1∪E2

is Jordan measurable and µ(E1 ∪ E2) = µ(E1) + µ(E2).

We have that µout(Ei) = µin(Ei). Hence, by subadditivity and super-
additivity, we get

µout(E1 ∪ E2) ≤ µout(E1) + µout(E2)

µin(E1) + µin(E2) ≤ µin(E1 ∪ E2).

Since µout(Ei) = µin(Ei), we get µout(E1 ∪ E2) = µin(E1 ∪ E2), so
E1 ∪ E2 is Jordan measurable and µ(E1 ∪ E2) = µ(E1) + µ(E2).

Step 2: Let E1, E2 be Jordan measurable. We show E1 \E2 is Jordan
measurable.

Since E1, E2 are Jordan measurable, ∀ε > 0, ∃Gi, Fi dyadic such that
Fi ⊂ Ei ⊂ Gi and µ(Gi)− µ(Fi) <

ε
2
.

Then
µ(F1 \G2︸ ︷︷ ︸

:=F

) ≤ µ(E1 \ E2) ≤ µ(G1 \ F2︸ ︷︷ ︸
:=G

).

Notice, that

(G1 \ F2) \ (F1 \G2) = (G1 \ F1) ∪ (G2 \ F2).

By assumption,
µ(G \ F ) ≤

ε

2
+
ε

2
= ε.

So the intersection is Jordan measurable.

Step 3: Let E1, E2 be Jordan measurable. We show E1 ∩E2 is Jordan
measurable. We have E1 ∩ E2 = E1 \ (E1 \ E2), so this follows from
Step 2.

Also, since E1 ∪E2 = E1 ∩E2 ∪ (E1 \E2) ∪ (E2 \E1), we have seen
that all these sets are Jordan measurable and disjoint, so we are done.
□

Lemma 5.10: Sandwich Lemma
Given E ⊂ Rn. If ∀ε > 0 there exists F,G Jordan
measurable such that F ⊂ E ⊂ G and µ(G)−µ(F ) <
ε, then E is Jordan measurable.

Proof. We have µout(E) ≤ µout(G) = µ(G) and µin(E) ≥ µin(F ) =
µ(F ), so

µout(E)− µin(E) ≤ µ(G)− µ(F ) < ε.

Since ε was arbitrary, we get µout(E) = µin(E), so E is Jordan mea-
surable. □
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Definition 5.11: Jordan null set
E ⊂ Rn is called null if µout(E) = 0.

In other words,

∀ε > 0,∃G dyadic such that E ⊂ G and µ(G) < ε.

Theorem 5.12: Jordan Measurability Criterion
E ⊂ Rn is Jordan measurable iff E is bounded and
∂E is null.

To prove the theorem we will use the following lemma.

Lemma 5.13:
If E ⊂ Rn is Jordan measurable, then E0, E are Jor-
dan measurable with the same measure.

Proof. Since E is Jordan measurable, ∀ε > 0, ∃F,G dyadic sets such
that F ⊂ E ⊂ G and µ(G)− µ(F ) < ε.

From this, we get
F 0 ⊂ E0 ⊂ E ⊂ G.

Since F =
⋃N
l=1 2

−p(α(l) + [0, 1)n), we have

F 0 ≥
N⋃
l=1

2−p(α(l) + (0, 1)n).

By lemma 5.8, µ(F 0) = µ(F ). Similarly, µ(G) = µ(G). Hence,

µ(F 0) ≤ µin(E
0) ≤ µout(E) ≤ µ(G).

Since µ(G)− µ(F ) < ε, we conclude by sandwich lemma (5.10). □

Proof. [Theorem 5.12] ⇒) Let E be Jordan measurable. Thus E is
bounded. Since E0, E are Jordan measurable with the same measure,
we have

∂E = E \ E0 = 0.

⇐) Let E be bounded and ∂E null. Given p ∈ N, let

Fp :=
⋃

{Q dyadic cube of size 2−p | Q ⊂ E0}

Gp :=
⋃

{Q dyadic cube of size 2−p | Q ∩ E ̸= ∅}.

By construction, Fp ⊂ E0 ⊂ E ⊂ Gp. Since the boundary has
µout(∂E) = 0, for every ε > 0, ∃H dyadic such that ∂E ⊂ H and
µ(H) < ε.

Let p be the pixel size associated to H and notice, that

Gp \ Fp ⊂ H.

This implies, that µ(Gp) − µ(Fp) ≤ µ(H) < ε. Since ε was arbitrary,
we conclude by sandwich lemma (5.10).
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Lemma 5.14: Lipschitz preserves null
Given E ⊂ Rn null and f : E → Rn Lipschitz, then
f(E) is null as well.

In the following we will write

Qp(a) := a+ 2−p[0, 1)n.

Proof. Since E is null, ∀ε > 0, ∃G dyadic, i.e.

G =

N⋃
l=1

Qp(al),

such that E ⊂ G and µ(G) = N · 2−pn < ε.

Let xa ∈ Qp(a) ∩ E ̸= ∅. Then

|f(x)− f(xa)| ≤ L|x− xa| ≤ L
√
n2−p ∀x ∈ Qp(a).

So actually,

f(x) ∈ f(xa) + L
√
n2−p[−1, 1]n ∀x ∈ Qp(a).

Hence,

f(E) ⊂
N⋃
l=1

f(Qp(c)) ⊂
N⋃
l=1

f(xa) + L
√
n2−p[−1, 1]n.

But then

µout(f(E)) ≤ N · (2L
√
n2−p)n = (2L

√
n)n ·N · 2−pn < (2L

√
n)nε.

Since ε was arbitrary, we get µout(f(E)) = 0, so f(E) is null. □

Lemma 5.15: Graphs of uniform continuity
Given E ⊂ Rn−1 bounded, f : E → R uniformly
continuous, then the graph of f is null.

The graph of f is defined as Γf = {(x, f(x)) | x ∈ E}.

Proof. Let ε > 0. Since f is uniformly continuous, ∃δ > 0 such that

|f(x)− f(y)| < ε ∀x, y ∈ E with |x− y| < δ.

Since E is bounded, ∃N0 ∈ N such that

E ⊂ [−N0, N0]
n−1.

So we can write

E ⊂
N⋃
l=1

Qp(al) for p ≥ 0.

To cover our massiv cube, we find that N ≤ (2N02p)n−1. Without loss
of generality, assume Qp(al) ∩ E ̸= ∅ for all l. Let xl ∈ Qp(al) ∩ E.

For x ∈ Qp(al) ∩ E, we have |x − xl| <
√
n2−p. Hence, choosing p

large enough, we get |f(x)− f(xl)| < ε.

Now,

Γ ⊂
N⋃
l=1

Qp(xl)× [f(xl)− ε, f(xl) + ε].

So we compute the outer volume of Γ:

µout(Γ) ≤
N∑
l=1

(2−p)n−1 · 2ε = 2ε ·N · 2−p(n−1) ≤ (2N0)
n−1 · 2ε.

Since ε was arbitrary, we get µout(Γ) = 0, so Γ is null. □

< ε

Figure 13: The graph of a uniformly continuous function
is null.

Consider the linear map x 7→ ρx + a, where ρ > 0 and
a ∈ Rn.
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Proposition 5.16: Translation and Dilation
Given E ⊂ Rn Jordan measurable, then ρE + a is
Jordan measurable and µ(ρE + a) = ρnµ(E).

Proof. For a dyadic cube, Q = a0 +2−p[0, 1)n, then ρQ+a is a box.
So by lemma 5.8, µ(ρQ + a) = ρnµ(Q). From this, we immediately
get that the same formula holds for dyadic sets as well.

Let E be Jordan measurable. ∀ε > 0, ∃F,G dyadic such that F ⊂ E ⊂
G and µ(G)− µ(F ) < ε. Then since ρF + a ⊂ ρE + a ⊂ ρG+ a, we
have

µ(ρF + a) ≤ µin(ρE + a) ≤ µout(ρE + a) ≤ µ(ρG+ a).

But by the first part of the proof, µ(ρF+a) = ρnµ(F ) and µ(ρG+a) =
ρnµ(G). Hence,

ρnµ(G)− ρnµ(F ) = ρn(µ(G)− µ(F )) < ρnε.

Since ε was arbitrary, we conclude by sandwich lemma (5.10). □

Lemma 5.17:
Let L : Rn → Rn be linear and invertible. Then,
given E ⊂ Rn Jordan measurable, L(E) is Jordan
measurable and

µ(L(E)) = µ(L([0, 1)n)) · µ(E).

Proof. Since E is Jordan measurable, ∂E is null by 5.12 Since linear
Transformations are always Lipschitz, L(∂E) = ∂(L(E)) is null as well.
This implies that L(E) is Jordan measurable.

Since E is Jordan measurable, ∀ε > 0, ∃F,G dyadic such that

F ⊂ E ⊂ G and µ(G)− µ(F ) < ε.

This implies that L(F ) ⊂ L(E) ⊂ L(G). Let A = L([0, 1)n). Since L
is linear,

L(a+ 2−p[0, 1)n) = L(a) + 2−pL([0, 1)n) = L(a) + 2−pA.

This implies if F is a dyadic set, then

µ(L(F )) = µ(A)︸ ︷︷ ︸
λ(L)

·µ(F ).

Similarly, µ(L(G)) = µ(A) · µ(G). Hence, by sandwich lemma (5.10),
we get µ(L(E)) = µ(A) · µ(E). □

Notice that the first part of the proof was needed to show
that A is measurable.

Lemma 5.18: Special Stretching
Given L : Rn → Rn diagonal with entries λ1, . . . , λn
on the diagonal, then

µ(L([0, 1)n) =

n∏
i=1

λi = det(L).

Proof. This follows directly from the formula for boxes in lemma 5.8.

λ(L) = µ(L([0, 1)n)) =

n∏
i=1

λi.

□

λ1

λ2

Figure 14: Stretching [0, 1)2 by a diagonal matrix.

Lemma 5.19: Decomposition
Given L : Rn → Rn linear and invertible, then L =
R2SR1, where det(Ri) > 0 and RTi Ri = In and S is
diagonal with positive entries on the diagonal.

Proof. [Idea] A = LTL is a symmetric matrix. Thus by the spec-
tral theorem, LTL = OTDO for some orthogonal matrix O and some
diagonal matrix D. □

As a last observation, B1(0) ⊂ Rn is Jordan measurable
because ∂B1(0) is null as it can be covered by two graphs,

g±(x
′) = ±

√
1− |x′|2,

where g± are uniformly continuous.

Theorem 5.20:
Given L : Rn → Rn linear. If E is Jordan measur-
able, then L(E) is Jordan measurable and

µ(L(E)) = | det(L)| · µ(E).

Proof. We want to show λ(L) = det(L). Let L = R2SR1 be the
decomposition of L. Since Ri are orthogonal with positive determinant,
they are rotations. So µ(RE) = λ(R)·µ(E) = µ(E). But if we take this
for the unit ball, we get λ(R) = 1. Hence, λ(L) = λ(R2)λ(S)λ(R1) =
det(R2) det(S) det(R1) = det(L). □

5.1 The Riemann Integral Lec 21

We now want to learn how to calculate the volume more
easily.

Definition 5.21: Indicator Function
Let A ⊂ Rn be a set. The indicator function or
characteristic function of A is defined as

1A(x) :=

{
1 x ∈ A

0 x /∈ A
.

Definition 5.22: Dyadic Step Function
A function g : Rn → R is a dyadic step function
if

g(x) =

N∑
l=1

gl1Qp(al)(x).

where gl ∈ R, al ∈ 2−pZn and p ∈ N.

Definition 5.23: Integral of a Step Function
Let g : Rn → R be a dyadic step function. We define
the integral of g as

ˆ
g(x) =

N∑
l=1

gl · µn(Qp(al)) = 2−pn
N∑
l=1

gl.
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Figure 15: A step function.

Definition 5.24: Riemann Integrability
We say that f : A ⊂ Rn → R is Riemann inte-
grable over A if the upper and lower sums defined
below coincide.

LA = sup

{ˆ
g | g ≤ f · 1A, g step function

}
UA = inf

{ˆ
g | g ≥ f · 1A, g step function

}
.

When a function is Riemann integrable, we write
ˆ
A

f = LA = UA.

If we want to make explicit to which variable we are inte-
grating, we write ˆ

A

f(x)dx.

Where dx = dx1 . . . dxn which for the moment is just a
notation.

Lemma 5.25:
Given A ⊂ Rn Jordan measurable and c : A → R
constant, then c1A is Riemann integrable and

ˆ
A

c = c

ˆ
A

1A = cµn(A).

Proof. Exercise. □

Lemma 5.26:
Given A ⊂ Rn and f1, f2 : A → R Riemann inte-
grable, then for c1, c2 ∈ R, c1f1 + c2f2 is Riemann
integrable and

ˆ
A

(c1f1 + c2f2) = c1

ˆ
A

f1 + c2

ˆ
A

f2.

Proof. Exercise.

Hint: Proof the formula for step functions first and then use the defini-
tion of Riemann integrability. □

Recall that given f : X → R, we have the positive and
negative part of f defined as

f+(x) = max{f(x), 0} and f−(x) = max{−f(x), 0}.

With this, we can write f = f+ − f− and |f | = f+ + f−.

Lemma 5.27:
f : A ⊂ Rn → R is Riemann integrable over A iff
f+, f− are Riemann integrable over A. In particular,

ˆ
A

f =

ˆ
A

f+ −
ˆ
A

f−.

Proof. Exercise. □

We now want to see how the Riemann integral is related
to the volume of sets.

Lemma 5.28:
f : A ⊂ Rn → [0,∞) is Riemann integrable, iff

Γf = {(x, xn+1)|x ∈ A, 0 ≤ xn+1 ≤ f(x)} ⊂ Rn+1,

is Jordan measurable. In this case,

µn+1(Γf ) =

ˆ
A

f.

Proof. Exercise. □

Rn

R

Γf

Figure 16: The hypergraph of a function.

Lemma 5.29:
GivenA ⊂ Rn Jordan measurable and f : A→ [0,∞)
uniformly continuous. Then, f is Riemann integrable
over A.

Proof. f is Riemann integrable over A iff Γf is Jordan measurable.
This is equivalent to µn+1(∂Γf ) = 0. But

∂Γf ⊂ A1 ∪A2 ∪A3,

where

A1 = {(x, xn+1) | xn+1 = f(x), x ∈ A}
A2 = ∂A× [0, sup

A
f ]

A3 = A× {0}.

Notice, that A2 is null because ∂A is null (in Rn)). Also, A3 is null as
it is a plane in Rn+1. Finally, A1 is null as it is the graph of a uniformly
continuous function. Hence, ∂Γf is null, so Γf is Jordan measurable,
so f is Riemann integrable. □

5.2 Change of Variables
This is the final Boss of integration.
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Theorem 5.30: Change of Variables
Let Φ : U ⊂ Rn → V ⊂ Rn be a C1-diffeomorphism.
Let A ⊂ U be Jordan measurable, such that A ⊂ U .
Given f : A→ [0,∞) continuous, then f is Riemann
integrable over A and

ˆ
A

f(x)dx =

ˆ
Φ(A)

f(Φ−1(y))

| detJΦ(Φ−1(y))|
dy.

The idea of the proof is depicted in the following figure.

A

U Φ V

Φ(A)

Figure 17: The idea of the change of variables formula.

Proof. 1. Since A is compact, f is uniformly continuous. By the
previous lemma, f is Riemann integrable over A.

We have to show that Φ(A) is Jordan measurable and Φ(A) ⊂ V . Since
Φ is differentiable, Φ is locally Lipschitz. Hence, Φ(A ∩ B) is Jordan
measurable for every ball B, centered on a point on the boundary of A.
Since ∂A is null, we can cover it by countably many balls Bi. Rest of
this part would be an exercise.

2. Φ(x0 +Qp) ≈ DΦx0 (Qp). Given Qp = 2−p[0, 1)n, define

Qp,δ := 2−p[δ, 1− δ)n.

Then, ∀δ > 0, ∃pδ such that

DΦx0 (Qp,δ) + Φ(x0) ⊂ Φ(x0 +Qp).

If y ∈ Φ(x0 +Qp), then

min
x∈x0+Qp

f(x)

|det JΦ(x)|
≤

f(Φ−1(y))

|det JΦ(Φ−1(y))|
.

Then ∀ε > 0, we can find a step function g such that

ˆ
A
f − ε ≤

ˆ
A
g =

ˆ
A

N∑
l=1

gl1Qp(al)
≤
ˆ
A
f???????????.

□

We will revisit this a bit later in the course. For now, the
result is the important part, not the proof.Lec 22

A better way to write the change of variables formula is
given by letting Ψ = Φ−1 and writing

ˆ
A

f(x)dx =

ˆ
Ψ−1(A)

f(Ψ(y))| det JΨ(y)|dy.

This follows since by continuity, Φ ◦Ψ = id, so JΦ(Ψ(y)) ·
JΨ(y) = In, so

| detJΦ(Ψ(y))| · |det JΨ(y)| = 1.

This is similar to the substitution rule for one-dimensional
integrals, where now, given x = Ψ(y), we have

dx = | det JΨ(y)|dy.

Example 5.31: Area of the unit disk
The unit disk is given by B1 := {x21 + x22 < 1} ⊂ R2.
We want to compute µ2(B1).

To this extent we use polar coordinates

x1 = y1 cos y2

x2 = y1 sin y2.

So we get

Ψ(y1, y2) =

(
y1 cos y2
y1 sin y2

)
.

The Domain of Ψ is (0, 1)×(0, 2π). Notice that B1 ̸=
Ψ((0, 1) × (0, 2π)) because the image of Ψ does not
contain the positive part of the x1-axis. However.
This part has measure zero, for example since we can
cover it with 1

ε boxes of size ε × ε, so we can ignore
it for the purpose of computing the area. Hence, we
can compute

µ2(B1) = µ2(Ψ(D)) =

ˆ
Ψ(D)

1dx

=

ˆ
D

| detJΨ(y)|dy

=

ˆ 1

0

ˆ 2π

0

y1dy2dy1

= 2π

ˆ 1

0

y1dy1 = π.

Let us also compute µ3(B1) ⊂ R3.

Example 5.32: Volume of the unit ball
We can use spherical coordinates to get

Ψ(y1, y2, y3) =

y1 cos y2 cos y3y1 sin y2 cos y3
y1 sin y3

 .

The Domain of Ψ is (0, 1) × (0, π) × (0, 2π). Again,
we can ignore the part of the image of Ψ that does
not contain the positive part of the x1-axis. Hence,
we can compute

µ3(B1) = µ3(Ψ(D)) =

ˆ
Ψ(D)

1dx

=

ˆ
D

| detJΨ(y)|dy

=

ˆ 1

0

ˆ 2π

0

ˆ π
2

−π
2

y21 cos(y3)dy3dy2dy1

= 2π

ˆ 1

0

y21

ˆ π
2

−π
2

cos(y3)dy3dy1

= 4π

ˆ 1

0

y21dy1 =
4π

3
.

To demonstrate how the above integrals were computed,
we use a slicing idea. For this, consider first Cavalieri’s
principle. The idea is, that given a body A ⊂ R3, the
volume of A can be computed by slicing A with planes
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y3

Figure 18: Spherical Coordinates

parallel to the x1-axis and summing the areas of the slices,
multiplied by their thickness.

Theorem 5.33: Cavalieri’s Principle
For Rn = Rk ×Rn−k, let (x, y) ∈ Rn. Given A ⊂ Rn
Jordan measurable, A ⊂ (−C,C)n for some C > 0,
define the slices for x ∈ (−C,C)k as

Ax = {y ∈ Rn−k | (x, y) ∈ A}.

Let also φ(x) = µn−k,out(Ax), φ(x) = µn−k,in(Ax).

Then, φ,φ : [−C,C]k → R are Riemann integrable
andˆ

(−C,C)k
φ(x)dx = µn(A) =

ˆ
(−C,C)k

φ(x)dx.

Rk

Rn−k

A

x

Ax

Figure 19: Cavalieri’s principle.

Proof. Given dyadic cube (pixel 2−p) in Rn,

Qnp (z) = z + 2−p[0, 1)n.

Letting z = (a, b), we have

Qnp (z) = Qkp(a)×Qn−kp (b).

Now, given ε > 0, let p ∈ N, F,G dyadic such that

F ⊂ A ⊂ G and µ(G)− µ(F ) < ε.

Now, ∀x ∈ [−C,C]k, define

Gx = {y ∈ Rn−k | (x, y) ∈ G}

Fx = {y ∈ Rn−k | (x, y) ∈ F}.

We observe, that if Qp(a) ⊂ Rk is a dyadic cube, then

Fx = Fx′ ∀x, x′ ∈ Qp(a)

Gx = Gx′ ∀x, x′ ∈ Qp(a).

Thus, f(x) := µ(Fx) and g(x) := µ(Gx) are dyadic step functions.
Furthermore, Fx ⊂ Ax ⊂ Gx implies that

µ(Fx) ≤ φ(x) ≤ φ(x) ≤ µ(Gx).

Furthermore we haveˆ
f(x)dx = 2−pn#dyadic cubes in F = µ(F )

ˆ
g(x)dx = 2−pn#dyadic cubes in G = µ(G).

So we get

µ(F ) =

ˆ
f(x)dx ≤

ˆ
φ(x)dx ≤

ˆ
φ(x)dx ≤

ˆ
g(x)dx = µ(G).

But µ(G)− µ(F ) < ε. Since ε was arbitrary, we conclude by sandwich
lemma (5.10) that

ˆ
φ(x)dx = µ(A) =

ˆ
φ(x)dx.

□

Theorem 5.34: Fubini’s Theorem
Let A ⊂ Rn be bounded. Write Rn = Rk×Rn−k and
let (x, y) ∈ Rn be the coordinates. Given f : A → R
Riemann integrable over A, then let

f̃ = f · 1A =

{
f(x, y) (x, y) ∈ A

0 x /∈ A
.

For x ∈ Rk, define the marginals

φ(x) =

ˆ
f̃x(y)dy and φ(x) =

ˆ
f̃x(y)dy.

Where f̃x(y) = f̃(x, y). Then,
ˆ
A

f =

ˆ
Rk

φ(x)dx =

ˆ
Rk

φ(x)dx.

The proof is mostly similar to the proof of Cavalieri’s prin-
ciple. As a reminder, φ(x) and φ(x) must not nessecairly
be equal, if f̃x is not Riemann integrable. However, over
the second integral, φ and φ are Riemann integrable and
their integrals coincide. Lec 23

Corollary 5.35:
Given K = [a1, b1]× · · · × [an, bn] ⊂ Rn and f : K →
R continuous. Then, f is Riemann integrable over K
and
ˆ
K

f(x)dx =

ˆ b1

a1

. . .

ˆ bn

an

f(x1, . . . , xn)dxn . . . dx1.

Proof. f is Riemann integrable according to Lemma 5.29.

We want to use Fubini’s theorem with k = 1. Then, we have
ˆ
K
f(x)dx =

ˆ b1
a1

φ(x1)dx1.

But φ(x1) = φ(x1) for all x1 ∈ [a1, b1] because f̃x1 is continuous
over [a2, b2]× · · · × [an, bn]. Hence, φ is continuous, so φ is Riemann
integrable and
ˆ
K
f(x)dx =

ˆ b1
a1

ˆ
[a2,b2]×···×[an,bn]

f(x1, x2, . . . , xn)dydx1.
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We now apply Fubini’s theorem again to the inner integral, with k = 1
and get

ˆ
K
f(x)dx =

ˆ b1
a1

ˆ b2
a2

ˆ
f(x1, x2, x3, . . . , xn)dzdx2dx1.

Repeating this process n− 1 times, we get the desired formula
ˆ
K
f(x)dx =

ˆ b1
a1

. . .

ˆ bn
an

f(x1, . . . , xn)dxn . . .dx1.

□

Figure 20: Fubini’s theorem in two dimensions computes
the area of each slice and sums them up.

Theorem 5.36: Differentiation under the integral
Given K ⊂ Rn compact and f : K × [a, b] → R
continuous, f = f(x, t), such that ∂tf exists and is
continuous. Then, ∀t0 ∈ (a, b),

d

dt

∣∣∣∣
t0

ˆ
K

f(x, t)dx =

ˆ
K

∂tf(x, t0)dx.

Proof. By definition of the derivative, we have

d

dt

∣∣∣∣
t0

ˆ
K
f(x, t)dx = lim

h→0

1

h

(ˆ
K
f(x, t0 + h)dx−

ˆ
K
f(x, t0)dx

)
.

By linearity of the integral, we can write

d

dt

∣∣∣∣
t0

ˆ
K
f(x, t)dx = lim

h→0

ˆ
K

f(x, t0 + h)− f(x, t0)

h
dx.

By the mean value theorem, we know that there exists ξx ∈ (t0, t0+h)
such that

f(x, t0 + h)− f(x, t0)

h
= ∂tf(x, ξx).

Since ∂tf is continuous on the compact set K × [a, b], ∂tf is uniformly
continuous. Hence, ∀ε > 0,∃δ > 0 such that if h < δ, or equivalently
|ξx − t0| < δ, then

|∂tf(x, ξx)− ∂tf(x, t0)| < ε.

Thus, we haveˆ
K

f(x, t0 + h)− f(x, t0)

h
dx =

ˆ
K
∂tf(x, t0) + E(x)dx.

But the error is bounded by ε, so
ˆ
K

f(x, t0 + h)− f(x, t0)

h
dx =

ˆ
K
∂tf(x, t0)dx+O(ε).

Letting h→ 0, we get

d

dt

∣∣∣∣
t0

ˆ
K
f(x, t)dx =

ˆ
K
∂tf(x, t0)dx.

□

Definition 5.37: Improper Integral
Given U ⊂ Rn open and f : U → R continuous,
nonnegative. We define
ˆ
U

f(x)dx = sup

{ˆ
K

f | K ⊂ U,Kcompact, JM
}
.

We observe, that whenever (Kl) with K0 ⊂ K1 ⊂ . . . such
that U =

⋃∞
l=0Kl, then

ˆ
U

f = lim
l→∞

ˆ
Kl

f.

Example 5.38: Gaussian Integral
We want to compute

I =

ˆ ∞

−∞
e−x

2

dx.

To that extent, we compute I2 as follows

I2 =

ˆ ∞

−∞
e−x

2

dx

ˆ ∞

−∞
e−y

2

dy

=

ˆ
R2

e−(x2+y2)dxdy.

We now use polar coordinates to compute the last
integral.

x = r cos θ, y = r sin θ.

So we get

I2 =

ˆ 2π

0

ˆ ∞

0

e−r
2

rdrdθ

= 2π

ˆ ∞

0

e−r
2

rdr

= π

ˆ ∞

0

e−udu = π.

Hence, I =
√
π.

−2
0

2 −2
0

2

0

0.5

1

x
y

e−
(x

2
+
y
2
)

Figure 21: 3D plot of the Gaussian function.

Exercise 5.39:
Let a, b, c be vectors in R3, proof that

(a× b) · c = det(a, b, c).
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Solution. We can simply compute all the entries of the cross product
and the determinant and check that they are equal.Lec 24

We now want to define integrals over d-dimensional sub-
manifolds. To that extent, we first want to measure vol-
umes over parametrized submanifolds. Let us start by
d = 1. We call such a manifold a curve. We want to
measure the length of a curve.

Recall that a parametrized 1-dimensional submanifold is
given by V ⊂ R open and ϕ : V → Rn is injective and
ϕ′(t) ̸= 0 for all t ∈ V .

Definition 5.40: Length
Given [a, b] ⊂ V , then we define the length of
ϕ([a, b]) as

L(ϕ([a, b])) =

ˆ b

a

|ϕ′(t)|dt.

Rk

Φ

Length

Figure 22: The length of a curve.

To check if this is a sensical definition, we want that length
satisfies the following properties:

1. It should be independent of the chose parametrization.
Given ψ : [c, d] → [a, b] a C1-diffeomorphism, then we
should have

L(ϕ([a, b])) = L(ϕ ◦ ψ([c, d])).

As an exercise, we can check that this is indeed the case.

2. Invariance under euclidean isometries. I.e. for R or-
thogonal, b ∈ Rn, we should have

L(ϕ([a, b])) = L(Rϕ([a, b]) + b).

3. Additivity: If a < c < b, then

L(ϕ([a, b])) = L(ϕ([a, c])) + L(ϕ([c, b])).

4. Normalization: [0, 1]× {0} should have length 1.

Definition 5.41: d-volume on parametrized subman-
ifolds
Given V ⊂ Rd open and ϕ : V → Rn a parametrized
d-dimensional submanifold, and E ⊂ V Jordan mea-
surable with E ⊂ V , we define the d-volume as

vold(ϕ(E)) =

ˆ
E

√
det((Dϕ(x))TDϕ(x))dx.

Here, det((Dϕ(x))TDϕ(x)) is called the Gram de-
terminant.

The gram determinant is well-defined as if L is a n × d
matrix with d ≤ n and rank d, then LTL is a d×d matrix
of full rank.

For d = 2, we have the following lemma:

Lemma 5.42:
Given a 3 × 2 matrix (v, w), where v, w are column
vectors in R3, then√

det((v, w)T (v, w)) = |v × w| = |v|2|w|2 − (v · w)2.

In particular, if ϕ : V ⊂ R2 → R3 is a parametrized
surface, then

A(ϕ(E)) =

¨
E

|∂1ϕ(x)× ∂2ϕ(x)|dx1dx2.

Example 5.43: Area of the unit sphere
We can parametrize the unit sphere by

Ψ(φ, θ) =

cosφ cos θ
sinφ cos θ

sin θ

 .

Then A(Ψ((0, 2π)× (−π
2 ,

π
2 ))) is given by

A =

ˆ 2π

0

ˆ π
2

−π
2

√
det((DΨ)TDΨ)dθdφ

=

ˆ 2π

0

ˆ π
2

−π
2

cos θdθdφ = 4π.

Lec 25

The properties we have defined for the length of curves,
should also hold for the d-volume of d-dimensional sub-
manifolds.

Proposition 5.44:
The four properties of length of curves also hold for
the d-volume of d-dimensional submanifolds.

Proof. 1. Recall that for reparametrization, we haveˆ
A

√
det(DϕTDϕ)dx =

ˆ
ψ−1(A)

√
det((D(ϕ ◦ ψ)TD(ϕ ◦ ψ)dy.

Let ϕ1 and ϕ2 be two parametrizations of M so that ϕ1 : V1 →M and
ϕ2 : V2 →M bijective.

Define ψ = ϕ−1
2 ◦ ϕ1 : V1 → V2. Then, ψ is a C1-diffeomorphism.

Hence, ϕ1 = ϕ2 ◦ ψ is a reparametrization of ϕ2.

Thus, by chain rule, we have

D(ϕ ◦ ψ)(y) = Dϕ(ψ(y)) ·Dψ(y)

D(ϕ ◦ ψ)(x)T = Dψ(x)T ·Dϕ(ψ(x))T .

Notice, that Dψ(x) is a d × d matrix of rank d since ψ is a C1-
diffeomorphism. Thus, for the gram determinant, we have

det(D(ϕ ◦ ψ)TD(ϕ ◦ ψ))

= det(DψT︸ ︷︷ ︸
d×d

D(ϕ) ◦ ψTDϕ ◦ ψ︸ ︷︷ ︸
d×d

Dψ︸︷︷︸
d×d

)

= det(DψT ) det(D(ϕ ◦ ψ)TDϕ ◦ ψ) det(Dψ)

= det(Dψ)2 det
(
(Dϕ) ◦ ψT (Dϕ) ◦ ψ

)
.
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We now apply change of variables with x = ψ(y) to the LHS of the
reparametrization formula to getˆ
A

√
det(DϕTDϕ)dx =

ˆ
ψ−1(A)

√
detDϕTDϕ(ψ(y))|detDψ(y)|dy

=

ˆ
ψ−1(A)

√
detD(ϕ ◦ ψ)TD(ϕ ◦ ψ)(y)dy.

2. Given R orthogonal, then RTR = In. Hence, for the gram determi-
nant,

det((Rϕ)TRϕ)

= det(ϕTRTRϕ)

= det(ϕTϕ).

Thus, we have

vold(Rϕ(E) + b) =

ˆ
E

√
det(D(Rϕ)TD(Rϕ))dx

=

ˆ
E

√
det((Rϕ)TRϕ)dx

=

ˆ
E

√
det(ϕTϕ)dx = vold(ϕ(E)).

3. This follows immediately from the additivity of the integral.

4. Use the parametrization ϕ(x) = (x, 0, . . . , 0) and compute the gram
determinant. Then,

√
det((Dϕ(x))TDϕ(x)) = 1, so

vold(ϕ([0, 1]
d)) =

ˆ
[0,1]d

1dx = 1.

□

As a notation, given L a n×d matrix with rand d, we will
write

H = LRd = {Lx | x ∈ Rd}.
H is a d-dimensional subspace of Rn. For such matrices,

∃R orthogonal, such that RL =

(
A
0

)
, where A is a d× d

matrix of full rank.

Thus,√
det((RL)TRL) =

√
det(ATA) =

√
det(A)2.

From this we see that the Gram determinant is indeed in
R. Visually,√

det(A)2 = vold(A[0, 1]
d) = vold(L[0, 1]

d).

Definition 5.45: Support of a function
Given V ⊂ Rm open, let f : V → Rn be a continuous
function. We define the support of f as

spt(f) = {x ∈ V |f(x) ̸= 0} ⊂ V ⊂ Rm.

We say that the f has compact support if spt(f)
is compact (i.e. bounded)

Definition 5.46: Integral over parametrized subman-
ifolds
Given ϕ : V → Rn a parametrized submanifold and
f : ϕ(V ) → R is continuous such that spt(f ◦ ϕ) is
compact, and contained in V . Let M = ϕ(V ), then
we define the integral of f over ϕ(V ) as
ˆ
M

f(p)d volM (p) =

ˆ
V

(f ◦ ϕ)
√
det((Dϕ)TDϕ)dx.

Observe that the integral exists since f ◦ ϕ is continuous
and has compact support, so f ◦ ϕ is Riemann integrable. Lec 26

We want to analyze the gram determinant when ϕ(x′) =
(x′ + g(x′)). To this extent, let V ⊂ Rn−1 open. Then,

Dϕ =

(
In−1

Dg(x′)

)
.

Lemma 5.47:

Given L =

(
In−1

wT

)
, where w ∈ Rn−1, then

det(LTL) = 1 + |w|2.

Proof. Take R orthogonal such that Rw = e1|w|. Hence,

LRT =

(
RT

wTRT

)
.

Similarly,
RLT =

(
R Rw

)
.

Thus we can compute

RLTLRT =
(
R Rw

)( RT

wTRT

)
= In−1 + |w|2e1eT1 .

Hence, det(LTL) = det(RLTLRT ) = 1 + |w|2. □

With this lemma, we get that the gram determinant of ϕ
is given by√

det((Dϕ)TDϕ) =
√

1 + |∇g(x′)|2.

For the following, consider the following setup.

Let V ⊂ Rn−1 open, g : V → R C1 and let

Ω := Br(0) ∩ {(x′, xn) ∈ Rn−1 × R | xn < g(x′)}.

So Ω is the hypergraph intersected with a ball. Further-
more, let

∂Ω ⊂ ∂Br(0) ∪ {(x′, g(x′)) | xn = g(x′)}︸ ︷︷ ︸
M

.

Here we also require O ∈M . Given p ∈M ∩Br(0), put

ν(p) = ν(x′) :=
(−∇g(x′), 1)√
1 + |∇g(x′)|2

.

Lemma 5.48:
ν is perpendicular to M at p, |ν(p)| = 1 and ν is
"pointing outwards" of Ω. So p+ hν(p)
not ∈ Ω for h > 0 small enough.

Proof. Let Φ(x′) = (x′, g(x′)) be the parametrization of M . Then,
if p = Φ(x′), we have that the tangent space of M at p is spanned by
∂iΦ for i = 1, . . . , n− 1. We can compute

∂iΦ(x′) = ei + ∂ig(x
′)en.

As such, we have

∂iΦ(x′) · ν(x′) =
ei + ∂ig(x

′)en√
1 + |∇g(x′)|2

· (−∇g(x′), 1)

=
−∂ig(x′) + ∂ig(x

′)√
1 + |∇g(x′)|2

= 0.
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So ν is perpendicular to M at p. Furthermore, we have

|ν(p)| =
√

|∇g(x′)|2 + 1√
1 + |∇g(x′)|2

= 1.

Finally, we want to check that ν is pointing outwards of Ω. To that
extent, let

q = (x′, g(x′)) + h(−∇g(x′), 1) = (x′ − h∇g(x′), g(x′) + h).

We claim that yn > g(y′). For this, we taylor expand g with respect to
h and get

g(y′) = g(x′ − h∇g(x′)) = g(x′)− h|∇g(x)|2 < g(x′) + h = yn.

□

Definition 5.49: Ck function on a set
Given A ⊂ Rn, we say that f : A → Rm is Ck if
there exists U ⊃ A open and f̃ : U → Rm Ck such
that f̃ |A = f .

Lemma 5.50: Divergence Theorem (miniboss)
In the setup above, let f : Ω → R be C1 and define
F = fen. Assume that spt(f) ⊂ Ω ∩Br(0). Then,

ˆ
Ω

∂nfdx =

ˆ
M

f(p)ν(p) · end volM (p).

Notice, that the vector field F is a vertical vector field
(pointing in en). Furthermore, the support of F is con-
tained in Ω∩Br(0), so F can be nonzero on M , but must
be zero on ∂Br(0) since the ball is open.
Proof. We haveˆ

M
f(p)ν(p) · end volM (p)

=

ˆ
V
f ◦ Φ ·

(−∇g(x′), 1)√
1 + |∇g(x′)|2

· en
√

1 + |∇g(x′)|2dx′

=

ˆ
V
f ◦ Φdx′ =

ˆ
V
f(x′, g(x′))dx′.

The left-hand side of the equation, since the function has compact
support, ˆ

Ω
∂nfdx

′ =

ˆ
{xn<g(x′)}

∂nf(x
′, xn).

By Fubini, we can write this as
ˆ
V
dx′
ˆ g(x′)
−∞

∂nf(x
′, xn)dxn.

But by the fundamental theorem of calculus, we have
ˆ
V

ˆ g(x′)
−∞

∂nf(x
′, xn)dxndx

′ =

ˆ
V
f(x′, g(x′))dx′.

□

Observe, that ∃ε > 0, s ∈ (0, r) such that ∀R orthogonal
n × n matrix, ∥R − In∥ < ε. Then RM ∩ Bs(0) is still a
graph (yn < g̃(y′)) and RΩ ∩Bs(0) ⊃ spt(f ◦RT ).Lec 27

Lemma 5.51:
In the setup above, let f : Ω → R be C1 with ∀w ∈
Rn we haveˆ

Ω

∂wfdx =

ˆ
M

f(p)w · ν(p)d volM (p).

Proof. Physicist variant: Let R be an orthogonal matrix such that
Ren = w. Then, we define

M̃ = {yn = g̃(y′)}

Ω̃ = {yn < g̃(y′)}

f̃(y) = f(Rx).

We thus can apply lemma 5.50 to M̃, Ω̃, f̃ and getˆ
Ω̃
∂yn f̃dy =

ˆ
M̃
f̃enν̃d volM̃ .

Letting w = wn, we getˆ
Ω
∂wfdx =

ˆ
M
f(p)w · ν(p)d volM (p).

Notice that since this holds ∀w such that |w − en| < ε, since the
gradient is linear in w, we find

∂aw+bvf = ∇f · (aw + bv) = a∂wf + b∂vf.

So this equation is actually true for all w ∈ Bε(en) ∩ Sn−1. But the
span of these vectors is Rn, so the equation is actually true for all
w ∈ Rn. □

Definition 5.52: Divergence
Given F = (F1, . . . , Fn) : Ω → Rn, we define the
divergence of F as

divF =

n∑
i=1

∂iFi.

Theorem 5.53: Divergence Theorem, Local Case
In the setup above, let F ∈ C1(Ω,Rn) such that
spt(F ) ⊂ Ω ∩Br(0). Then,

ˆ
Ω

divFdx =

ˆ
M

F · νd volM .

Proof. Using Lemma 5.51 with w = ei for i = 1, . . . , n and f = Fi,
we get ˆ

Ω
∂iFidx =

ˆ
M
Fi(p)ei · ν(p)d volM (p).

By linearity of the integral, we can sum over i to getˆ
Ω
divFdx =

ˆ
M
F (p) · ν(p)d volM (p).

□

We want to generalize the divergence theorem to more
general domains. We have seen, that
ˆ
Mp

fd volMp
=

ˆ
Br(0)

f ◦ Φ
√
det((DΦ)TDΦ)dx.

But how would we define
´
M
fd volM In general, there

might not be a single parametrization of M . However, we
can try and cut f into pieces, f =

∑
fl where each fl is

supported on a parametrized piece Mpl of M . Then, we
can define ˆ

M

fd volM =
∑
l

ˆ
Mpl

fld volMpl
.

We now want to see how we can decompose f into pieces.
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Lemma 5.54: Partition of Unity
Given K ⊂ Rn compact and Bpl(rl) for l = 1, . . . , N

open balls, such that K ⊂
⋃N
l=1Bpl(rl), then ∃U

open such that K ⊂ U , N functions η1, . . . , ηN :
Rn → [0,∞) and one background function η̃ : Rn →
[0,∞) all C∞ such that

1 =

N∑
l=1

ηl + η̃.

And

spt(ηl) ⊂ Bpl(rl), ∀l = 1, . . . , N, spt(η̃) ⊂ Rn \ U.

Proof. Define

ξ(x) =

{
e
− 1

1−|x|2 B1(0)

0 otherwise
, ξ̃(x) =

{
e
− 1

|x|2−1 Rn \B1(0)

0 otherwise
.

Both of these are C∞ functions. Furthermore, spt(ξ) = B1(0).

For r > 0, p ∈ Rn, define

ξp,r(x) := ξ

(
x− p

r

)
.

Thus, spt(ξp,r) = Br(p).

Since K is compact and K ⊂
⋃
θ∈(0,1)

⋃N
l=1Bθrl (pl), there exists θ

such that K ⊂
⋃N
l=1Bθrl (pl). Take

ξl(x) = ξ

(
x− pl

θ
1
2 rl

)
, ξ̃(x) = ξ̃

(
x− pl

θrl

)
.

Also, let

ξ̃0(x) =
N∏
i=1

ξ̃l(x).

Here, ξ̃0 is 0 in
⋃N
l=1Bθrl (pl) =: U .

Define S(x) :=
∑N
l=1 ξl(x) + ξ̃0(x). By construction, S(x) > 0 for all

x ∈ Rn.

Finally, take ηl(x) =
ξl(x)
S(x)

and η̃(x) = ξ̃0(x)
S(x)

. Then, ηl and η̃ are C∞

functions, and

1 =

∑N
l=1 ξl(x) + ξ̃0(x)

S(x)
=

N∑
l=1

ηl(x) + η̃(x).

Furthermore, spt(ηl) ⊂ Bpl (rl) and spt(η̃) ⊂ Rn \ U .

□Lec 28

Definition 5.55: Ck domain
Given k ≥ 1, we say that Ω ⊂ Rn open, bounded is
a Ck domain if ∀p ∈ ∂Ω, ∃r > 0 and F euclidean
isometry such that F (Br(p)) = Br(0) and F (Ω) ∩
Br(0) satisfies the assumptions of the setup above.

Theorem 5.56: Divergence Theorem
Let Ω ⊂ Rn be a bounded C1 domain and G ∈
C1(Ω,Rn). Then,

ˆ
Ω

divGdx =

ˆ
∂Ω

G · νd vol∂Ω .

Proof. By definition of C1 domain, ∀p ∈ ∂Ω, ∃rp > 0 and Fp
euclidean isometry such that F (Br(p)) = Br(0) and F (Ω) ∩ Br(0)

satisfies the assumptions of the setup above. Since the boundary ∂Ω is
compact (closed and bounded), ∃p1, . . . , pN such that

∂Ω ⊂
N⋃
l=1

Brl (pl).

Denote Fl(x) = Rlx+al the euclidean isometry associated to pl, where
Rl is orthogonal and al ∈ Rn = −pl.

Let ηl be the corresponding partition of unity as in lemma 5.54, with η̃
denoting the background function. Define

Gl := G · ηl G̃ =

{
G · η̃ in Ω

0 otherwise
.

Notice, that
∑
Gl + G̃ = G in Ω. Furthermore,

spt(Gl) ⊂ Brl (pl), spt(G̃) ⊂ Ω.

By construction, up to the isometry Fl, Ω ∩ Brl (pl) satisfies the as-
sumptions of the setup above. Hence, we can apply the local divergence
theorem (5.50) to Gl (actually to Gl ◦ F−1

l ) and thus
ˆ
Ω
divGldx =

ˆ
∂Ω

Gl · νd vol∂Ω .

Moreover, since G̃ ∈ C1(Ω,Rn) and spt(G̃) ⊂ Ω, we claim that
ˆ
Ω
divG̃dx = 0.

To show this, we will compute
´
Ω ∂iG̃idx for i = 1, . . . , n.

ˆ
Ω
G̃i(x+ tei)dx =

ˆ
Ω−tei

G̃i(x)dx ∀t ∈ (−ε, ε).

Thus, the function t 7→
´
Ω G̃i(x + tei)dx is constant in t. By using

differentiation under the integral sign, we get

d

dt

ˆ
Ω
G̃i(x+ tei)dx =

ˆ
Ω
∂iGi(x)dx = 0.

Summing over l, we get

N∑
l=1

ˆ
Ω
divGldx+

ˆ
Ω
divG̃ =

N∑
l=1

ˆ
∂Ω

Gl · νd vol∂Ω

ˆ
Ω
divGdx =

ˆ
∂Ω

G · νd vol∂Ω .

□

Let us look at some applications of the divergence theo-
rem.

Example 5.57: Archimedes principle
Given a body in water, the buoyant force is equal
to the weight of the water displaced by the body.
For this, we will use that the Force on some area A
is given F = A · p · ν⃗. Furthermore, the pressure
p at some depth z is given by p = ρgz, where ρ is
the density of the water and g is the gravitational
acceleration.

The force on the body is given by

F =

ˆ
∂Ω

pνd vol∂Ω = gρ

ˆ
∂Ω

zνd vol∂Ω .

From this, we get

F⃗ · e3 = ρg

ˆ
∂Ω

z(ν · e3)dS = ρg

ˆ
Ω

(ze3) · νdS.

Applying the divergence theorem, we get

F⃗ · e3 = ρg

ˆ
Ω

div(ze3)dx = ρg

ˆ
Ω

1dx = ρg vol(Ω).
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Example 5.58: Surface of the sphere
Consider B1 ⊂ Rn. We want to compute the surface
area of ∂B1. For this, since x = ν(x) we can apply
the divergence theorem

voln−1(∂B1) =

ˆ
∂B1

1d vol∂B1

=

ˆ
∂B1

x · νd vol∂B1

=

ˆ
B1

divxdx = n vol(B1).

Example 5.59: Continuity Equation
The continuity equation states the local conservation
of relevant quantities. For example, the density ρ.

The mass of fluid inside a controlled volume Ω is
given by

m(t) =

ˆ
Ω

ρ(t, x)dx.

The continuity equation states that the change of
mass in Ω is given by what flows in and out of Ω.
Hence,

d

dt

ˆ
Ω

ρdx =

ˆ
∂Ω

ρv · νdS.

Taking the derivative under the integral sign, and
applying the divergence theorem, we get

ˆ
Ω

∂tρdx =

ˆ
Ω

div(ρv)dx.

Since this holds for all Ω, we get the continuity equa-
tion

∂tρ = div(ρv).

Example 5.60: Green Theorem
In R2, given F ∈ C1(Ω,R2), ∂Ω is a curve. Then,

ˆ
∂Ω

F⃗ · τdL =

ˆ
Ω

rot(F⃗ )dx,

where rot(F⃗ ) = ∂2F1 − ∂1F2 is the rotation of F .

Proof. Let G = F⊥ = (−F2, F1). Then, divG = rotF . Furthermore,
applying the divergence theorem to G, we getˆ

∂Ω
G · νdL =

ˆ
Ω
divGdx.

Notice that G · ν = −F · τ . Hence, we getˆ
∂Ω

−F · τdL =

ˆ
Ω
−rotFdx.

□Lec 29

Exercise 5.61:
Show the following identity for h ∈ C1(Ω):

ˆ
Ω

∂ihdx =

ˆ
∂Ω

hνid voln−1 .

Exercise 5.62: Integration by parts
Show that for g, h ∈ C1(Ω),
ˆ
Ω

∂ighdx = −
ˆ
Ω

g∂ihdx+

ˆ
∂Ω

ghνid voln−1 .

Exercise 5.63:
Let f ∈ C1(Ω,Rn) and g ∈ C1(Ω). Show that
ˆ
Ω

divfg = −
ˆ
Ω

f · ∇gdx+

ˆ
∂Ω

fg · νd voln−1 .

Hint: Show that div(fg) = divfg + f · ∇g

Warning: The divergence theorem also holds true in
most "reasonable" domains. For example, a square
is not a C1 domain, but the divergence theorem still
holds.

Exercise 5.64:
Prove the divergence theorem for Ω = [a, b]× [c, d] ⊂
R2 or any box in Rn.

5.3 Differential Forms
Recall from linear algebra, that given a vector space V , we
defined the dual space V ∗ = {linear maps V → R}. For
us, V = Rn, so

Rn∗ = Rnrow = {row vectors}.

Elements from Rn are called vectors, while elements
from Rn∗ are called covectors.

Definition 5.65: 1-Form
Given U ⊂ Rn open, a map α assigning to each point
x ∈ U a covector

x 7→ (α1(x), . . . , αn(x)) = αx.

is called a 1-form. (Ck 1-form if αi ∈ Ck(U) ∀i)

Example 5.66:
F ∈ C1(U,Rn) is a (Ck) vector field. We can asso-
ciate to F a 1-Form α = αF by αx = F (x)T .

Example 5.67:
Given f ∈ C2(U,R), the map

x ∈ U 7→ Dfx.

is a 1-form.

Definition 5.68:
Given f ∈ C∞(U), we define

df : U → Rn∗, dfx = Dfx.
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Definition 5.69: Line integral
Given α : U → Rn∗, C1 is a 1-form, then we define
the integral of α over a curve γ : [a, b] → U as

ˆ
γ

α :=

ˆ b

a

αγ(t)(γ
′(t))dt =

ˆ b

a

α(γ(t)) · γ′(t)dt.

Lemma 5.70:
Givne ψ : [c, d] → [a, b] a C1 diffeomorphism, such
that ψ′ > 0. ˆ

γ

α =

ˆ
γ◦ψ

α.

Proof. We have ˆ
γ
α =

ˆ b
a
α(γ(t)) · γ′(t)dt.

On the other hand,
ˆ
γ◦ψ

α =

ˆ d
c
α(γ(ψ(t))) · (γ ◦ ψ)′(t)dt.

Applying the (1-dimensional) chain rule, (γ ◦ ψ)′(t) = γ′(ψ(t))ψ′(t),
we get

ˆ
γ◦ψ

α =

ˆ d
c
α(γ(ψ(t))) · γ′(ψ(t))ψ′(t)dt

=

ˆ d
c
α(γ(ψ(t))) · (γ′(ψ(s)))ψ′(s)ds

=

ˆ b
a
α(γ(t)) · γ′(t)dt.

□

We observe, that to each vector field F , associating α =
FT , we have

ˆ
γ

α =

ˆ
γ

FT =

ˆ b

a

F (γ(t)) · γ′(t)dt.

This is exactly the classic line integral from physics.

Definition 5.71: Conservative vector fields
Given U ⊂ Rn connected, open, we say that F : U →
Rn, C1 is conservative if ∃f : U → R, C2 such that
∇f = F . f is called the potential of F .

Equivalently, α : U → Rn∗, C1 is exact if ∃f : U →
R, C2 such that df = α.

Lemma 5.72:
If α is an exact 1-form, then

´
γ
α only depends on

the endpoints of γ. In particular, if α = df ,
ˆ
γ

α = f(γ(b))− f(γ(a)).

Proof. We compute
ˆ
γ
α =

ˆ b
a
αγ(t)(γ

′(t))dt =

ˆ b
a
dfγ(t)(γ

′(t))dt

=

ˆ b
a
Dfγ(t) · γ′(t)dt =

ˆ b
a
(f ◦ γ)′(t)dt

= f(γ(b))− f(γ(a)).

□

Lemma 5.73:
Given α : U → Rn∗ is exact, then setting αx =
(α1(x), . . . , αn(x)), we have

∂jαi = ∂iαj , ∀i, j = 1, . . . , n.

Proof. If α = df , then

α = (∂1f, . . . , ∂nf).

But then, by Schwarz’s theorem, we have

∂jαi = ∂j∂if = ∂i∂jf = ∂iαj .

□

Lemma 5.74:
Assume that U ⊂ Rn is convex and let α : U → Rn∗
satisfying integrability conditions. Then, ∃f : C2(U)
such that df = α.

Proof. We will do the proof for a box in R2. Let U = (a, b)× (c, d).
Fix (x0, y0) ∈ U . We will define f as

f(x, y) =

ˆ x
x0

α(t,y0) · e1dt+
ˆ y
y0

α(x,s) · e2ds

=

ˆ x
x0

α1(t, y0)dt+

ˆ y
y0

α2(x, s)ds.

We claim that Df = α or ∇f = αT . Indeed, by fundamental theorem
of calculus, and differentiation under the integral sign, we have

∂xf = α1(x, y0) +

ˆ y
y0

∂xα2(x, s)ds.

Similarly,

∂yf =

ˆ x
x0

∂yα1(t, y0)dt+ α2(x, y).

By integrability conditions, ∂xα2 = ∂yα1, so

∂xf = α1(x, y0) + α1(x, y)− α1(x, y0) = α1(x, y)

∂yf = α2(x, y).

□ Lec 30

How can we generalize line integrals to higher dimen-
sions? For this, we ask which quantities integrated over
parametrized submanifolds of dimension k are invariant
under orientation-preserving reparametrizations. So we
want to find αp(T ) = α(p;T ), where p ∈ U and T is a
n× k matrix.

Let Φ : V → Rn be a parametrized submanifold with
M = Φ(V ). We define

ˆ
M

α =

ˆ
V

αΦ(x)(DΦx)dx.

Here, the columns of T = DΦx are the tangent vectors to
M at Φ(x), and span the tangent space TΦ(x)M .

Properties we want to have:

α(p;TS) = α(p;T ) · detS.
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Definition 5.75: k form in Rn

A map p ∈ U ⊂ Rn assigns αp = αp(T ),

αp : Rn×k → R.

is called a k-form if αp satisfies the following prop-
erties:

1. αp(TS) = αp(T ) · detS

2. αp is multilinear (linear in each column of T )

Example 5.76:
If n = k, then α(p;T ) = f(p) ·detT for some f : U →
R is a n-form.

Fix A, k × n matrix. And let αA(T ) = det(AT ).
Then, αA(p;TS) = det(ATS) = det(AT ) · detS =
αA(p;T ) · detS is a k-form.

In fact, any map satisfying the properties is a linear
combination of maps of the form αA for some A.

One can show, that if α is a k-form, then

α(T ) =
∑

1<i1<···<ik<n
ci1, . . . , ik(p) · det(ETi1,...,ikT ).

To simplify notation, we will define

Ik = {(i1, . . . , ik) : 1 ≤ i1 < · · · < ik ≤ n}.

By combinatorics, |Ik| =
(
n
k

)
.

Proposition 5.77:
αp is invariant under orientation-preserving repara-
metrizations.

Proof. Let Ψ : W → V be a C1 diffeomorphism with detDΨ > 0.
Then, ˆ

W
α(Φ ◦Ψ(y);DΦΨ(y)DΨy)dy

=

ˆ
W
α(Φ ◦Ψ(y);DΦ(Ψ(y) ·DΨy)dy

=

ˆ
W
α(Φ ◦Ψ(y);DΦΨ(y)) · detDΨydy

.

By applying the change of variables formula, we getˆ
W
α(Φ ◦Ψ(y);DΦΨ(y)) · detDΨydy =

ˆ
V
α(Φ(x);DΦx)dx.

□

On k-forms, we can define the wedge product for fixed p
and p→ αp.

Definition 5.78: Wedge product
Let α be a k-form and β be a m-form. If k+m ≤ n,
and

α(T ) = det(AT ) β(S) = det(BS),

then we define for X ∈ Rn×(k+m),

α ∧ β(X) = det

((
A
B

)
X

)
.

For the general definition, we extend the definition in bi-
linear fashion.

Example 5.79:
Consider x 7→ αx = (0, x2, x3 − 2x1) and x 7→ βx =
(1, x3, cos(x2)). Then α ∧ β is a 2-form, and

(α ∧ β)x(T ) = det

(
0 x2 x3 − 2x1
1 x3 cos(x2)

)v11 v12
v21 v22
v31 v32

 .

Definition 5.80: Convention
0-Forms in U ⊂ Rn open are C∞ functions.

k-forms in U ⊂ Rn open are∑
I∈Ik

cI(x) det(e
T
I T ) = αx(T ).

k > n-forms are 0.

Notice that using this, T is essentially k vectors of Rn.
So, we can think of a k-form as a function that takes k
vectors and gives a number, and is linear in each vector,
and changes sign if we swap two vectors.

Definition 5.81: Differential
Let 0 ≤ k ≤ n and α ∈ Ωk(U) be a k-form such that

αx(T ) =
∑
I∈Ik

cI(x) det(e
T
I T )︸ ︷︷ ︸

:=wI

.

We define the differential of α as the (k+1)-form

β := dα, βx(S) =
∑
I

dcI(x) ∧ wI(S).

Remark 5.82:
In Rn, then coordinate functions f(x) = xi have dif-
ferentials

dxi = dfx = Dfx = eTi .

Since any k-form is of the form
∑
cI(x)wI , we can

write
ωi = dxi1 ∧ · · · ∧ dxik =: dxI .

So we can write α =
∑
cI(x)dxI .

Exercise 5.83:
Given Ψ : V → U a C∞ diffeomorphism, where Ψ =
(Ψ1, . . . ,Ψn)

T . Then, show that

dΨ1 ∧ · · · ∧ dΨn = detDΨ · dx1 ∧ · · · ∧ dxn.

Lemma 5.84:
∀α ∈ Ωk(U), d(dα) = 0 ∈ Ωk+2(U).

d2 = 0.
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Proof. dd(f(x)wI) = dfwI =
∑n
i=1 ∂ifdxi ∧ wI .

d(df) =

n∑
i=1

n∑
j=1

∂j∂ifdxj ∧ dxi = 0.

□Lec 31

We now want to see why differential forms are useful.

Lemma 5.85: Leibniz Rule
Given α ∈ Ωk(U) and β ∈ Ωl(U), then

d(α ∧ β) = dα ∧ β + (−1)kα ∧ dβ.

Proof. We denote e∗I (A) := det(eTI A). Then, we can write

α =
∑
I∈Ik

αIe
∗
I ..

Recall that αx(A) =
∑
I∈Ik

αI(x)e
∗
I (A). By definition:

dα =
∑
I∈Ik

dαI ∧ e∗I , dβ =
∑
J∈Il

dβJ ∧ e∗J .

Furthermore, by definition of wedge product, we have

α ∧ β =
∑
I∈Ik

∑
J∈Il

αIβJe
∗
I ∧ e

∗
J .

Now, we compute

d(α ∧ β) =
∑
I∈Ik

∑
J∈Il

d(αIβJ ) ∧ e∗I ∧ e
∗
J

=
∑
I∈Ik

∑
J∈Il

(dαIβJ + αIdβJ ) ∧ e∗I ∧ e
∗
J

=
∑
I∈Ik

∑
J∈Il

dαIβJe
∗
I ∧ e

∗
J +

∑
I∈Ik

∑
J∈Il

αIdβJe
∗
I ∧ e

∗
J

.

However, computing the other side, we get

dα ∧ β + α ∧ dβ =
∑
I,J

dαIβJe
∗
I ∧ e

∗
J + (−1)k

∑
I,J

αIdβJe
∗
I ∧ e

∗
J .

□

Corollary 5.86:
If α = df1 ∧ · · · ∧ dfk, where fi ∈ C∞(U), then

dα = 0.

Definition 5.87: Pull-back
Given α ∈ Ωk(U), U ⊂ Rn, V ⊂ Rm and a map
F : V → U,C∞; we define the pull-back of α by
F , denoted as F ∗(α) ∈ Ωk(V ) as follows:

(F ∗α)x(A) = αF (x)(DFxA).

Exercise 5.88:
Show that F ∗(α) is indeed a k-form on V .

Lemma 5.89:
If α = e∗I , for some I = (i1, . . . , ik) and F (y) =
(F1(y), . . . , Fn(y))

T , then F ∗(α) = dFi1 ∧ · · · ∧ dFik .

Proof. We compute

F ∗(α)(A) = αF (x)(DFxA) = e∗I (DF (x)A)

= det(ETI ·DF (x)A) = det

∂i1F1 . . . ∂i1Fm
...

...
∂ikF1 . . . ∂ikFm

 ·A

= det

∂i1F1 . . . ∂i1Fm
...

...
∂ikF1 . . . ∂ikFm

 · detA

= (dFi1 ∧ · · · ∧ dFik )(A).

□

Proposition 5.90: Pullback commutes with ∧ and d

Given U ⊂ Rn, V ⊂ Rm open and F : V → U,C∞,
then:

1. ∀α ∈ Ωk(U), β ∈ Ωl(U),

F ∗(α ∧ β) = F ∗(α) ∧ F ∗(β).

2. ∀α ∈ Ωk(U),

F ∗(dα) = dF ∗(α).

Proof. It is enough to show it for αx = f(x)e∗I and βx = g(x)e∗J .
Then, by definition of pull-back, we have

α ∧ β = f(x)g(x)e∗I ∧ e
∗
J

F ∗(α ∧ β)y(T ) = f(F (y))g(F (y))(e∗I ∧ e
∗
J )(DFyT )

.

Similarly,

F ∗α ∧ F ∗β = f(F (y))e∗I ∧ g(F (y))e∗J

(F ∗α ∧ F ∗β)y(T ) = f(F (y))g(F (y))(e∗I ∧ e
∗
J )(DFyT )

.

For the second part, we compute

F ∗(dα) = F ∗(df ∧ e∗I ) = F ∗(df) ∧ F ∗(e∗I )

= dF ∗f ∧ F ∗(e∗I ) = dF ∗f ∧ e∗I
= dF ∗(fe∗I ) = dF ∗(α).

□

Definition 5.91:
Let Φ : V → U be a k-dimensional parametrized
submanifold with M = Φ(V ). Let α be a k-form on
U . We define the integral of α over M as

ˆ
M

α :=

ˆ
V

αΦ(x)(DΦx)dx.

Definition 5.92: Orientability
A k-dimensional submanifold M ⊂ Rn is ori-
entable if it is covered by local parametrizations
with transition maps that have positive determinant.

In R3 a 2-dimensional submanifold M is orientable iff ∃ν :
M → R3 such that ν(x) is a normal vector to M at x and
is continuous. Lec 32

Proposition 5.93:
A (n − 1) dimensional submanifold M ⊂ Rn is ori-
entable iff ∃ν : M → Sn−1 such that ν(p) ⊥ TpM
and ν is continuous.
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Proof. Given some local parametrization Φ : V → M ∩ U , we can
define νΦ(Φ(y)) as the unique vector perpendicular to TpM such that

det(νΦ(Φ(y)), ∂1Φ(y), . . . , ∂n−1Φ(y)) > 0.

We need to check that whenever Φ(y) = Ψ(ỹ), then

νΦ(Φ(y)) = νΨ(Ψ(ỹ)).

But then, by chain rule, we have

(νΨ(Ψ(ỹ)), DΨỹ) =


1 0 . . . 0
0
... DΦy
0

 (νΦ(Φ(y)), DΦy).

So it follows that νΦ(Φ(y)) = νΨ(Ψ(ỹ)). Hence, we can define ν(p) =
νΦ(p) for any local parametrization Φ such that p ∈ Φ(V ).

Thus, given a system of transition maps with positive determinant, we
can define ν as above, and it is continuous.

Conversely, given ν continuous and ϕ̃j , maybe the transition maps are
not > 0. For each j look at

det(ν(ϕ̃j(y)), Dϕ̃j(y)).

If this is > 0, do nothing. If this is < 0, then we can replace ϕ̃j by
ϕ̃j ◦ ρ where rho flips two coordinates. □

Definition 5.94: Integration of k-forms over k-dim-
ensional submanifolds
Let M be compact, m-dim, and oriented and let Φi :
Vi →M ∩ Ui be a system of parametrizations where
Ui are Balles. Take ηi be the partition of unity such
that spt ηi ⊂ Ui. Then, we can define for α ∈ Ωm(U),

ˆ
M

α :=
∑
i

ˆ
Vi

α(DΦi)ηi(Φ(y))dy.

Using pull-back, we can write
ˆ
M

α =
∑
i

ˆ
Vi

Φ∗
i (αηi)(e1, . . . , em)dy.

Recall the divergence theorem: Given U ⊂ Rn a C1

bounded domain,
ˆ
U

divFdx =

ˆ
∂U

F · νd voln−1 .

We want to transform vector field terminology to differen-
tial forms. For this, recall that the transpose of a vector
field F is a 1-form. Now, how can we transform a vector
field F into a n− 1-form? For this, we can define

αx(T1, . . . , Tn−1) = det(F (x), T1, . . . , Tn−1).

If we go from F to α, then we can write

αF =

n∑
i=1

(−1)i−1Fi(x)dx1 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn.

Here the hat means that we omit the term. We can then
see that

dαF = divF · dx1 ∧ · · · ∧ dxn.

Theorem 5.95: Stokes Theorem
∀α ∈ Ωn−1(Rn), we have

ˆ
U

dα =

ˆ
∂U

α,

where ∂U is oriented according to the exterior unit
normal.

Proof. Exercise. □

Definition 5.96: Parametrized bounded submanifold
with boundary
Given U ⊂ V ⊂ Rm, and Φ : V → Rn a parametrized
submanifold with Φ(V ) = M . We call Φ(U) a
parametrized bounded submanifold with bou-
ndary.

The boundary ∂M := Φ(∂U) is a parametrized sub-
manifold of dimension m− 1.

Notice, that ∂topΦ(U) = Φ(U).

Theorem 5.97: Generalized Stokes Theorem
Given M,∂M as above, and α ∈ Ωm−1(Rn), we have

ˆ
∂M

α =

ˆ
M

dα,

where the orientation of ∂M is induced by the exte-
rior unit normal to M .

Proof.ˆ
∂M

α =

ˆ
∂U

Φ∗(α) =

ˆ
U
dΦ∗(α) =

ˆ
U
Φ∗(dα) =

ˆ
M

dα.

□

In the special setup of n = 3, m = 2, this is equivalent
to

Corollary 5.98:
Given Σ ⊂ R3 a smoothly bounded 2 dimensional
surface, and F ∈ C∞(R3,R3) a vector field, then

ˆ
Σ

rotF · νds =
ˆ
∂Σ

F · dL,

where rotF = (∂x, ∂y, ∂z) ∧ F is the curl of F .
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6 Ordinary Differential Equations
Lec 33

We will beginn with constant coefficient linear ODEs. The
setup is given by a function y = y(t) such that

y(m) + am−1y
(m−1) + · · ·+ a1y

′ + a0y = f ∀t ∈ I. (6.1)

The unknown is the function y : I → R/C, where I ⊂ R is
an interval. And given data f : I → R is C0. Furthermore,
a0, . . . , am−1 ∈ R/C are constants. We call m the order
of the ODE.

Now, what does it mean that y(t) solves the ODE?. y ∈
Cm(I) and the equation holds for all t ∈ I. We want to
see how we can find such a function y.

Definition 6.1: Characteristic polynomial
Given an ODE as in equation (6.1), we define the
characteristic polynomial as

p(x) =

m∑
k=0

akx
k.

Thus we can write our ODE compactly as

Ly = f, L = p

(
d

dt

)
.

Let us first find some solutions where f = 0.

Definition 6.2: Homogeneous ODE
The equation Lz = 0, where z : I → C is called the
homogeneous ODE associated to L.

The solutions of the homogeneous ODE form a vector
space, since if z, w solve Lz = 0 and Lw = 0, then for
any α, β ∈ C, we have

L(αz + βw) = αLz + βLw = 0.

Define
V = {z : I → C, Cm | Lz = 0}.

To find solutions, try Ansatz z(t) = exp(αt) for some
α ∈ C. Then, we compute(

d

dt

)k
z(t) = αkz(t) ⇒ Lz = p(α)z(t).

If α is a root of p, then z(t) = exp(αt) is a solution of
the homogeneous ODE. So for a typical p with m distinct
roots

dimV ≥ m,

because we have m linearly independent solutions.

What do we do when roots have multiplicity? Then, for
k ≥ 2, (

d

dt
− α

)k
(tk−1eαt) = 0.

This can be shown by induction.

Lemma 6.3:
If α is a root of p with multiplicity m, then the func-
tions

p(x) =

k∏
j=1

(x− αj)
mj .

where α1, . . . , αk are the distinct roots of p, and mj

is the multiplicity of αj , then the functions

p(
d

dt
)(tk exp(αjt)) = 0,∀k = 0, . . . ,mj − 1.

Proof. We compute for fixed j, 0 ≤ k < mj ,

p(
d

dt
) =

∏
l̸=j

(
d

dt
− αl

)ml

︸ ︷︷ ︸
:=Qj(

d
dt

)

·
(

d

dt
− αj

)mj

.

We can write

p(
d

dt
)(tkeαjt) = Qj(

d

dt
) ·
(

d

dt
− αj

)mj

(tkeαjt).

Since the second part is 0, we get p( d
dt

)(tkeαjt) = 0.

We conclude, that in any case, dimV ≥ deg p = m. □

Proposition 6.4:
Let L = p( d

dt ) with p as above and let t0 ∈ I. Con-
sider the initial value problem{

Lz(t) = 0 ∀t ∈ I

z(k)(t0) = wk ∀k = 0, . . . ,m− 1
.

Then, given wi ∈ C, there is a unique solution.

Lemma 6.5: Zero-In, Zero-Out
In the setup of the proposition, wi = 0 ∀i and z :
I → C solves the initial value problem, then z = 0.

Lemma 6.6: Gronwall’s inequality
If u ∈ C1([a, b]) satisfies

u′(t) ≤ β(t)u(t)∀t ∈ [a, b], where β ∈ C0([a, b]).

Then

u(t) ≤ u(a) exp

(ˆ t

a

β(s)ds

)
∀t ∈ [a, b].

Proof. Define v(t) := exp
(´ t
a β(s)ds

)
∈ C1. Notice, that v > 0 and

v′(t) = β(t)v(t).

Take u
v
= ϕ(t), so ϕ has derivative

ϕ′(t) =
u′(t)v(t)− u(t)v′(t)

v(t)2
≤
β(t)u(t)v(t)− u(t)β(t)v(t)

v(t)2
= 0.

So ϕ is non-increasing, and thus ϕ(t) ≤ ϕ(a)∀t ∈ [a, b]. Hence, by
mean value theorem, we have

ϕ(t)− ϕ(a) = ϕ′(ξ)(t− a) ≤ 0.

Plugging in the definitions of ϕ and v, we get

u(t) ≤ u(a) exp

(ˆ t
a
β(s)ds

)
∀t ∈ [a, b].

□
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Proof. [Lemma 6.5] Consider u(t) :=
∑m−1
i=0 (w(i)(t))2. Then,

u′(t) =
m−2∑
i=0

2w(i)(t)w(i+1)(t) + 2w(m−1)(t)w(m)(t).

So w(m)(t) = −
∑m−1
i=0 aiw

(i)(t), and thus

|w(m)(t)| ≤ C ·
m−1∑
i=0

|w(i)(t)|.

Using the inequality 2ab ≤ a2 + b2, we get

u′(t) ≤
m−2∑
i=0

w(i)(t)2 +

m−2∑
i=0

w(i+1)(t)2 + 2C

(
m−1∑
i=0

w(i)(t)

)2

≤ 2u(t) + 2Cm · u(t) = 2(1 + cm)︸ ︷︷ ︸
:=c

u(t).

Applying Gronwall’s inequality (Lemma 6.6), we get

0 ≤ u(t) ≤ u(t0) exp(c(t− t0)) = 0∀t ∈ I.

□

Proof. [Proposition 6.4] Let T : V → Rm be the map

z(t) 7→ (z(t0), z
′(t0), . . . , z

(m−1)(t0)).

This map is a homomorphism. By lemma 6.5, kerT = {0}, so by
rank-nullity, dimV ≤ m. Since we already know dimV ≥ m, we get
dimV = m and T is an isomorphism. Hence, given wi ∈ C, there is a
unique solution to the initial value problem. □Lec 34

We will quickly show that our polynomial exponential
functions are indeed linearly independent.

Proof. The set {pj(t)eαj(t)} is linearly independent. Indeed assume
by contradiction,

N∑
j=1

qj(t)e
αjt = 0 ∀t ∈ I.

Choose a linear combination as this with N minimal.

We multiply our polynomial by xe−αN t, and we get

N−1∑
j=1

qj(t)e
(αj−αN )t + qN (t) = 0 ∀t ∈ I.

Differentiating deg qN + 1 times, we get

N−1∑
j=1

q̃j(t)e
(αj−αN )t = 0 ∀t ∈ I.

If we now divide by eαN t, we get

N−1∑
j=1

q̃j(t)e
αjt = 0 ∀t ∈ I.

Which contradicts the minimality of N . □

We now want to solve the inhomogeneous equation

Ly(x) = f(x). (6.2)

If y1, y2 are solutions of (6.2), then

L(y1 − y2) = Ly1 − Ly2 = f − f = 0.

Thus the set of functions solving the inhomogeneous equa-
tion is the affine space

{ypart + z|z ∈ V },

where ypart is any particular solution of (6.2). Now how
do we find a particular solution?

If f(t) = q(t)eωt, with deg(q) = m there is the following
algorithm.

If ω is not a root of p, we can try the Ansatz

y(t) = Q(t)eωt with deg(Q) = m.

If ω is a root of p with multiplicity k, we can try the Ansatz

y(t) = Q(t)tkeωt with deg(Q) = m.

If f(t) is a general poly-exp function, apply the superpo-
sition principle.

If y1, y2 solve Lyi = fi with y(k)i = wi,k, then a1y1 + a2y2
with a1, a2 ∈ C solves L(y1 + y2) = f1 + f2 with initial
conditions

(a1y1 + a2y2)
(k) = a1w1,k + a2w2,k.

Example 6.7: Pumped harmonic oscillator
Consider the ODE{

y′′ + ky = sin(ωt)

y(0) = 0, y′(0) = 0
.

Where k > 0 and ω ∈ R.

Solution. The corresponding homogeneous ODE is y′′ + ky = 0,
which has characteristic polynomial p(x) = x2 + k. This polynomial
has complex roots

α1 = i
√
k, α2 = −i

√
k.

So we find our fundamental system of solutions to the homogeneous
ODE as

V = Sp{exp(
√
kit), exp(−

√
kit)}.

By definition sin(t) =
exp(it)−exp(−it)

2i
, cos(t) =

exp(it)+exp(−it)
2

. So
we can write

V = Sp{cos(
√
kt), sin(

√
kt)}.

So we get the solution to the homogeneous ODE as

y(t) = A sin(
√
k · t) +B cos(

√
k · t) + ypart(t).

Notice, that f(t) = sin(ωt) =
exp(iωt)−exp(−iωt)

2i
is a poly-exp func-

tion. In the approach above, we have ω̃ = ±iω. We have seen that the
roots of p are ±i

√
k. So if ω ̸=

√
k, we can try the Ansatz

ypart(t) = C̃eiωt + D̃e−iωt = C sin(ωt) +D cos(ωt).

We now compute Lypart where L = d2

dt
+ k and we get

Lypart = (k − ω2)(C sin(ωt) +D cos(ωt))
!
= sin(ωt).

Solving this in the basis {sin(ωt), cos(ωt)}, we get

C =
1

k − ω2
, D = 0.

So our solution is

y(t) = A sin(
√
k · t) +B cos(

√
k · t) +

sin(ωt)

k − ω2
.

Imposing the initial conditions, we get B = 0 and A = −ω√
k(k−ω2)

.
Hence,

y(t) =
−ω

√
k(k − ω2)

sin(
√
k · t) +

sin(ωt)

k − ω2
.

Exercise 6.8:
Compute the limit, when ω →

√
k, of the solution

y(t) for fixed t.
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Definition 6.9: Pulse at 0
Lz = 0

z(k)(0) = 0∀k = 0, . . . ,m− 2

z(m−1)(0) = 1

.

We denote the unique solution z(t) to this IVP P (t)
and call it pulse at 0 for L.

6.1 Duhemel Principle
Suppose we want to solve Ly(t) = f(t), where f : I → C
continuous given, with initial conditions y(k)(0) = 0 for
k = 0, . . . ,m− 1. Then, the solution is given by

y(t) =

ˆ t

t0

f(s)P (t− s)ds.

For example, if f(t) = δS(t), then by Zero-In, Zero-Out,
we have y(t) = 0 before the pulse, and y(t) = P (t) after
the pulse.Lec 35

The solution to the exercise from the last lecture is given
by

y(t) =
1

2
√
k
cos(

√
kt)t+

1

2k
sin(

√
kt).

10 20 30 40

−20
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Theorem 6.10: Duhamels’ Principle
Given the ODE{

Ly(t) = f(t)

y(t0) = y′(t0) = · · · = y(m−1)(t0) = 0
.

Then, the solution is given by

y(t) =

ˆ t

t0

f(s)P (t− s)ds.

Where P is a pulse at 0.

Proof. Let y as in the theorem. We want to compute y′. In gen-
eral, given F (t1, t2) :=

´ t1
0 h(s, t2)ds, we have assuming h, ∂t2h are

continuous, then

∂t1F (t1, t2) = h(t1, t2), ∂t2F (t1, t2) =

ˆ t1
0

∂t2h(s, t2)ds.

Hence, by chain rule,

y′(t) =

ˆ t
t0

f(s)P ′(t− s)ds.

Applying the same argument, we get

y′′(t) =

ˆ t
t0

f(s)P ′′(t− s)ds.

Inductively, we get

y(m)(t) = f(t)p(m−1)(t− t) +

ˆ t
t0

f(s)P (m)(t− s)ds.

Since P is a pulse at 0, we have P (m−1)(0) = 1 and thus, y(m)(t) =
f(t).

Summing our identities, we get

Ly(t) =
m∑
i=0

aiy
(i)(t)

=

m∑
i=0

ai

ˆ t
t0

f(s)P (i)(t− s)ds+ f(t)

=

ˆ t
t0

f(s)

m∑
i=0

aiP
(i)(t− s)ds+ f(t)

=

ˆ t
t0

f(s)LP (t− s)ds+ f(t) = f(t).

□

6.2 Systems of ODEs
Given I ⊂ R an interval with nonempty interior and U ⊂
I × Rn open, we are given F : U → Rn, continuous. We
are interested in the equation

u′(t) = F (t, u(t)). (6.3)

We will solve it with some initial conditions u(t0) = x0.
Solving this equation means finding a interval Ĩ ⊂ I with
and u : Ĩ → Rn such that u(t) ∈ U is differentiable and
satisfies (6.3).

For ODEs of order m > 1 the corresponding system of
ODEs is given by

y(m)(t) = F (t, y(m−1)(t), . . . , y(t)).

This equation can be transformed into 1st order system of
ODEs by setting

u : R −→ (Rn)m

t 7−→ u(t) =


y(t)
y′(t)

...
y(m−1)(t)

 .

Then, we can write

u′(t) = F̃ (t, u(t)).

Furthermore we enforce, that y(i)
′

= y(i+1) for i =
0, . . . ,m− 2, and y(m−1)′ = F (t, y(m−1), . . . , y).

As such, we only focus on solving 1st order systems of
ODEs. If we understand this case, we can understand the
general case. We begin with the simplest case of (6.3) that
corresponds to that of constant coefficients. I.e.

F (t, u(t)) = Au(t) A ∈Mn×n(R).
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Notice, if n = 1, then A is just a number, and the solution
is given by u(t) = eA(t−t0)u(t0).

To replicate this solution for n > 1, we need to define the
matrix exponential.

Definition 6.11: Matrix exponential
Given A ∈Mn×n(R), we define

exp(A) =

∞∑
k=0

Ak

k!
.

This definition is well-defined since∥∥∥∥∥
N∑
i=0

Aj

j!

∥∥∥∥∥
2

≤
N∑
j=0

∥A∥j2
j!

≤ e∥A∥2 .

Observe, that if A,B commute, then exp(A + B) =
exp(A) exp(B). Furthermore, if S is invertible, then
exp(SAS−1) = S exp(A)S−1. In particular, if D is di-
agonal, then exp(D) is the diagonal matrix with entries
exp(Dii). As such given a matrix A we can compute the
Jordan normal form of A, and then compute the exponen-
tial of the Jordan normal form, and then conjugate back
to get exp(A).

Proposition 6.12:
The unique solution of{

u′(t) = Au(t)

u(t0) = x0
,

is given by

u(t) = exp(A(t− t0))x0.

Proof. Define v(t) = exp(At). Then

v′(0) = lim
t→0

exp(At)− I

t
= A.

Thus,
u(t+ h) = v(h)u(t) = exp(A(t− t0)) exp(Ah).

From this it follows, that

u′(t) = lim
h→0

u(t+ h)− u(t)

h
= Au(t).

This shows that u is indeed a solution. To show uniqueness, we can
consider z(t) = exp(−A(t − t0))u(t). Computing z′, we get z′ = 0.
Hence, z(t) = z(t0) = x0. Thus, u(t) = exp(A(t− t0))x0. □Lec 36

Example 6.13:
Consider the system of ODEs(

y′1
y′2

)
=

(
0 −1
1 0

)(
y1
y2

)
.

So
y′ = F (t, y) = F (y) =

(
−y2
y1

)
.

We find the characteristic polynomial of A is given
by λ2+1. Hence, the eigenvalues are ±i. The Jordan
normal form of A is given by

J =

(
i 0
0 −i

)
.

So, we can compute exp(Jt) as

eJt =

(
eit 0
0 e−it

)
=

(
cos t+ i sin t 0

0 cos t− i sin t

)
Hence, we can compute exp(At) as

exp(At) = SeJtS−1 =

(
− cos t +sin t
− sin t − cos t

)
.

Example 6.14:
Solve the system of ODEs y′ = By, where

B =

(
1 −1
1 1

)
.

Notice, that B = A + I, where A is the matrix
from the previous example. Hence, we can compute
exp(Bt) = et exp(At).

We now want to solve a general ODE of the form y′ =
F (t, y). The trick for this is to rewrite the ODE in an
integral form assuming y ∈ C1

y(t) =

ˆ t

t0

F (s, y(s))ds+ x0. (6.4)

Notice, that this integral is meant component-wise. So we
have y(t) = Ty(t), where T is a function such that

Ty(t) =

ˆ t

t0

F (s, y(s))ds+ x0. (6.5)

The idea is, that this map will be T : X → X a contraction
from a suitable space X to itself, and then we can apply
Banach’s fixed point theorem to get a unique fixed point
of T , which will be the solution to our ODE.

Definition 6.15:
If (Y, d) is a metric space, we define

Cb(Y,Rn) := {f : Y → Rn : f cont. and bdd.}.

This space is a normed vector space with the norm

∥f∥∞ = sup
y∈Y

|f(y)|.
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Definition 6.16: Uniform Convergence
Given f, fk : Y → Rn continuous we say that

fk
unif.−−−→ f,

if ∥fk − f∥∞ → 0 as k → ∞.

Proposition 6.17:
Cb(Y,Rn) is a complete metric space.

Lemma 6.18:
The uniform limit of continuous functions is contin-
uous.

Proof. Assume fk
unif.−−−−→ f . Let ε > 0. Then, there exists N such

that for all k ≥ N , ∥fk − f∥∞ < ε/3. In particular, for all y ∈ Y ,
we have |fk(y) − f(y)| < ε/3. Since fN is continuous, there exists
δ > 0 such that if d(y, y′) < δ, then |fN (y) − fN (y′)| < ε/3. Hence,
if d(y, y′) < δ, then

|f(y)−f(y′)| ≤ |f(y)−fN (y)|+|fN (y)−fN (y′)|+|fN (y′)−f(y′)| < ε.

□

Lemma 6.19:
A cauchy sequence in Cb(Y,Rn) converges uniformly.

Proof. Let fk be a cauchy sequence in Cb(Y,Rn). Then, for all ε > 0,
there exists N such that for all k, l ≥ N , ∥fk − fl∥∞ < ε.

In particular, for all y ∈ Y , we have |fk(y) − fl(y)| < ε. Hence, for
all y ∈ Y , the sequence fk(y) is a cauchy sequence in Rn, and thus
converges to some point f(y) ∈ Rn.

f is bounded since we can apply ∥fk−fl∥∞ < ε for ε = 1. So |fk(y)| ≤
1+ |fN (y)| for all k ≥ N . Letting k → ∞, we get |f(y)| ≤ 1+ |fN (y)|
for all y ∈ Y .

Recall, that fk → f if ∥fk−f∥∞ → 0. We have seen that ∥fk−fl∥∞ <
ε for all k, l ≥ N . Hence, sending k to infinity, we get ∥fl − f∥∞ ≤ ε
for all l ≥ N . Hence, ∥fk − f∥∞ → 0 as k → ∞. □

Proof. [of Proposition 6.17] By Lemma 6.19, every Cauchy sequence
converges uniformly to a bounded function, which by lemma 6.18 is
continuous. Hence, Cb(Y,Rn) is complete. □

So now we can define the space X as Cb([t0−δ, t0+δ],Rn)
for some δ > 0. We define x̃0(t) = x0 for all t and thus
X = Br(x̃0). In other words

X = {y = y(t) | ∥y − x̃0∥∞ < r}.

If y ∈ X, we define

Cb([t0 − δ, t0 + δ],Rn) ∋ Ty(t) =

ˆ t

t0

F (s, y(s))ds+ x0.
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Proposition 6.20: Local Existance of solutions
In the setup above, assume C = [t0 − r, t0 + r] ×
Br(x0) ⊂ U for some r > 0, and F is bounded by C
and Lipshitz in the second variable, i.e.

|F (t, y)− F (t, y′)| ≤ L|y − y′|∀(t, y), (t, y′) ∈ C.

Then, putting I = (t0 − δ, t0 + δ), where 0 < δ ≤
min{r, r

2C ,
1
2L}, the equation equations (6.3) and

(6.4) are equivalent, and there exists a unique solu-
tion u : I → Br(x0).

Proof. Let T be defined as before. Let us specify the domain.

V := {v : I → Br(x0) ∈ C0 | |v(t)− x0| ≤ r∀t ∈ I}.

Note, that T : V → Cb(I,Rn), we claim T (V ) ⊂ V . Indeed,

|(Tv)(t)− x0| =
∣∣∣∣ˆ t
t0

F (s, v(s))ds

∣∣∣∣
≤ |t− t0| · C t ∈ I

≤ δC ≤
r

2
< r.

so indeed T : V → V . Furthermore V is a closed subset of the complete
space Cb(I,Rn), and thus is complete.

Let us now show T is a contraction. Let u, v ∈ V . Then,

∥Tu1(t)− Tu2(t)∥ =

∣∣∣∣ˆ F
t0

(s, u1(s))− F (s, u2(s))ds

∣∣∣∣
≤
ˆ t
t0

|F (s, u1(s))− F (s, u2(s))|ds

≤ L

ˆ t
t0

|u1(s)− u2(s)|ds

≤ δL∥u1 − u2∥∞ ≤
1

2
∥u1 − u2∥∞.

Since this holds for all t ∈ I, we get ∥Tu1 − Tu2∥∞ ≤ 1
2
∥u1 − u2∥∞.

Hence, T is a contraction.

Applying Banach’s fixed point theorem, we get that T has a unique
fixed point u ∈ V . This shows that there exists a unique C0 solution
to (6.4). But then, if u : I → Br(x0) were some C1 solution of (6.3),
then u would also be a solution to (6.4). Hence, u is the unique solution
to (6.3). □

Example 6.21:
We want to show why the Lipshitz condition is nec-
essary.

Consider the ODE{
u(t) = tγ

u′(t) = γtγ−1 = γ(tγ)
γ−1
γ

.

Where γ > 1.

Solution. We can write

u′(t) = F (u(t)) F (s) = γ(s)
γ−1
γ .

Let us enforce u(0) = 0. Then we have two solutions to this ODE,
u(t) = 0 and u(t) = tγ .

Definition 6.22: Maximal Interval
An interval I is a maximal interval for the solution
u of an ODE if u is a solution on I, and if u is a
solution on some interval I ′, then I ′ ⊂ I.

Theorem 6.23: Cauchy-Lipshitz
Given U ⊂ R × Rn open, F : U → Rn C0 in t and
C1 in x (F = F (t, x)). Let (t0, x0) ∈ U . Then, there
exists a maximal interval I = (a, b) ∋ t0 and a unique
u : I → Rn such that (t, u(t)) ⊂ U∀t ∈ I and u ∈ C1

satisfies {
u′(t) = F (t, u(t)) ∀t ∈ I

u(t0) = x0
.

Consider the set of all pairs I, uI where I is an open inter-
val containing t0 and uI : I → Rn satisfies (t, uI(t)) ∈ U
for all t ∈ I and uI is a C1 solution to the ODE on I. The
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key observation is that if (I, uI) and (J, uJ) are two pairs
in this set, then uI and uJ coincide on I ∩ J .
Proof. Let I ∩ J be an open, connected interval. Let A ⊂ I ∩ J be
the set of points, where uI and uJ coincide. Then I ∩ J \ A is open,
and thus A is closed.

Furthermore, A is open. Indeed, let t1 ∈ A, x1 = uI(t1) = uJ (t1).
Since (t1, x1) ∈ U , there exists a cylinder C = t1 − δ, t1 + δ×Bε(x1) ⊂
U . Applying the local existence and uniqueness theorem (Prop. 6.20),
∃δ > 0 such that there is a unique solution u to the ODE on (t1 −
δ, t1 + δ) with u(t1) = x1. Since uI and uJ are both solutions to the
ODE on (t1 − δ, t1 + δ) with the same initial condition, we get that uI
and uJ coincide on (t1 − δ, t1 + δ).

Hence, A is open. Since A is nonempty, open and closed in the con-
nected set I ∩ J , we get A = I ∩ J . Hence, uI and uJ coincide on
I ∩ J . □

We define Imax =
⋃
I and u(t) := uI(t). By construction,

u is a solution to the ODE on Imax. To show that u is
unique everywhere, we can just apply the same argument
as before to show that if u′ is another solution on some
interval I ′, then u and u′ coincide on I ′ ∩ Imax. Hence, u
is the unique solution on Imax.Lec 38

Theorem 6.24: Ascoli-Arzelà
Let K ⊂ Rn be compact and fk : K → Rm be a
sequence of functions in Cb(K,Rm), that is:

• bounded: supK ∥fk∥∞ <∞.

• equicontinuous: ∀ε > 0∃δ > 0 such that
∀k, ∀x ∈ K, f(Bδ(x) ∩K) ⊂ Bε(f(x)),

then, it has a convergent subsequence in Cb(K,Rm).

Proof. 1. Take some countable set Y = {yl | l ∈ N} ⊂ K that is
dense.

2. Since K is compact, ∀δ > 0,∃N = N(δ) such that

K ⊂
N⋃
l=1

Bδ(yl).

3. Given x ∈ K, notice that fk(x) ⊂ Rm is a bounded sequence thus,
∃ a subsequence fkj ⊂ fk such that fkj (x) converges as j → ∞.

4. By the cantor diagonal argument, we can find a subsequence fkj
such that fkj (yl) converges for all l ∈ N.

We now want to show that fkj is Cauchy in Cb(K,Rm). Given x ∈ K,
for j, j′ very large we have∣∣∣fkj − fk′j

∣∣∣
≤
∣∣∣fkj (x)− fkj (yl)

∣∣∣+ ∣∣∣fkj (yl)− fk′j
(yl)

∣∣∣+ ∣∣∣fk′j (yl)− fk′j
(x)
∣∣∣ .

By equicontinuity, given ε > 0, ∃δ > 0 such that
∣∣∣fkj (x)− fkj (yl)

∣∣∣ <
ε/3 and

∣∣∣fk′j (yl)− fk′j
(x)
∣∣∣ < ε/3 for all j, j′. Lastly, since fkj (yl) con-

verges, we can choose j, j′ large enough such that
∣∣∣fkj (yl)− fk′j

(yl)
∣∣∣ <

ε/3. Hence,
∥fkj − fk′j

∥∞ < ε.

So fkj is Cauchy in Cb(K,Rm), and thus converges to some f ∈
Cb(K,Rm) since Cb(K,Rm) is complete. □
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Cavalieri’s principle, 26
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characteristic polynomial, 38
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continuous, 4
contraction, 4
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covectors, 33
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critical point, 15
curve, 6, 29

d-dimensional submanifold, 20
diffeomorphism, 19
differentiable, 9
differential, 9, 35
dimension, 1
directional derivative, 9
dissconnected, 6
divergence, 31
dyadic cube, 21
dyadic step function, 24
dyadic subset, 21

endpoint, 6
euclidean distance, 1
euclidean norm, 1
euclidean structure, 1
exact, 34

fixed point, 4

gradient, 11
Gram determinant, 29

Hessian Matrix, 16
Hilbert-Schmidt norm, 8
homogeneous, 38

indefinite, 16
indicator function, 24
initial value problem, 38
inner product, 8
inner volume, 21

integral, 24, 30
interior, 3

Jacobi matrix, 11
Jordan measurable, 21

Lagrange multipliers, 15
Laplacian, 16
length, 29
limit, 2
Lipschitz constant, 4
Lipschitz continuous, 4
local Extremum, 15
local maximum, 15
local minimum, 15
locally Lipschitz, 12
loop, 6

Manhattan metric, 1
matrix exponential, 41
maximal interval, 42
metric space, 1
multi-index, 13

negative definite, 16
non-negative definite, 16
non-positive definite, 16
nonnegative definite, 16
norm, 7
normal, 20
null, 23

open, 3
open ball, 3
open cover, 5
order, 38
orientable, 36
outer volume, 21

parametrized bounded submanifold with boundary, 37
partial derivative, 10
path, 6
permutation of coordinates, 20
pixel size, 21
positive definite, 16
potential, 34
pull-back, 36
pulse at 0, 40

Riemann integrable, 25

scalar product, 1
sequence, 2
sequentially compact, 5
slices, 27
starting point, 6
strict local minimum, 15
subcover, 5
submanifold chart, 20
subsequence, 2
support, 30
supremum norm, 8
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tangent, 20
topologically compact, 5

uniformly continuous, 4

vectors, 33
volume, 21
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