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1 Introduction

1.1 Fibonacci SequencesLec 1
Definition 1.1:
The fibonacci sequence is defined as follows:

an =


0, n = 0

1, n = 1

an−1 + an−2, n ≥ 2

.

The first few terms of the sequence are: 0, 1, 1, 2, 3, 5, 8,
13, . . .

Today we try to find a explicit formula for an.

From high school we know both the arithmetic and geo-
metric sequences:

Definition 1.2: Arithmetic Sequence
An arithmetic sequence is defined as follows:

an =

{
a, n = 0

an−1 + d, n ≥ 1
.

For an arithmetic sequence we have the explicit formula
an = a+ nd.

Definition 1.3: Geometric Sequence
A geometric sequence is defined as follows:

an =

{
a, n = 0

an−1 · q, n ≥ 1
.

In this case, we aswell have an explicit formula: an = a·qn.

However looking at the fibonacci sequence, we see that it
is diffrent from theese two. So we will do a mathematical
trick to solve it. This trick is generalizing.

Definition 1.4:
Let a0, a1 ∈ R we define an := an−1+an−2 for n ≥ 2.

Denote the sequence we get Fa0,a1 .

If S = (s0, s1, · · · ) is any sequence of numbers, we say that
S is Fibonacci if there exists a0, a1 ∈ R such that S =
Fa0,a1 . Denote by Fib the set of all Fibonacci sequences.

Fib has some algebraic structures.

Claim 1.5:
If F ′ = (a0, a1, · · · ) and F ′′ = (b0, b1, · · · ) are Fi-
bonacci then

F ′ + F ′′ := (a0 + b0, a1 + b1, · · · , an + bn, · · · )

is also Fibonacci.

Proof. Lets write c0 := a0 + b0, c1 := a1 + b1 and cn := an + bn.
Then F ′ +F ′′ = (c0, c1, · · · ). To show this is a fibonacci sequence we
need to show that cn = cn−1 + cn−2 for n ≥ 2.

Indeed,

cn−1 + cn−2 = (an−1 + bn−1) + (an−2 + bn−2)

= (an−1 + an−2) + (bn−1 + bn−2)

= an + bn

= cn.

□

This is somewhat special, as not every set of sequences is
closed under addition. In fact, we showed that

Fa0,a1 + Fb0,b1 = Fa0+b0,a1+b1 .

But there is more structure.

Claim 1.6:
Let A = (a0, a1, · · · ) be a Fibonacci sequence and let
α ∈ R. Define αA := (αa0, αa1, · · · ). Then αA is
also Fibonacci. In fact, αFa0,a1 = Fαa0,αa1 .

Proof. We need to check that αan = αan−1+αan−2 for n ≥ 2. But
this is "obviously" true, because we know that an = an−1 + an−2. □

Note: The sequence (0, 0, · · · ) is also Fibonacci, it is actu-
ally the sequence F0,0.

In fact, linear combinations of Fibonaccis are also Fi-
bonacci.

αFa0,a1 + βFb0,b1 = Fαa0+βb0,αa1+βb1 ,

for α, β ∈ R.

Corollary 1.7:
In order to find a formula for Fa0,a1 it is enough to
find a formula for F0,1 and F1,0.

Proof. This is because Fa0,a1 = a0F1,0 + a1F0,1.

□

Out of curiosity, could it be that for some, very special
a0, a1 ̸= (0, 0), the sequence Fa0,a1 is arithmetic or geo-
metric?

Since arithmetic sequences are characterized by a constant
difference an = an−1 + d, we would need an−1 + an−2 =
an−1 + d for n ≥ 2. This means that the sequence would
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need to be constant, i.e. an = d for all n ≥ 1. This cannot
happen for any a0, a1 except (0, 0).

Perhaps it could be geometric? Let’s try to see if (1, q, · · · )
is Fibonacci for some q ∈ R.

For such a sequence to be Fibonacci we need

qn = qn−1 + qn−2 for n ≥ 2.

As q ̸= 0 we get q2 = q + 1. This is a quadratic equation
with solutions

q =
1±

√
5

2
.

Denote φ := 1+
√
5

2 and ψ := 1−
√
5

2 .

We have found

F1,φ = (1, φ, φ2, φ3, · · · )
F1,ψ = (1, ψ, ψ2, ψ3, · · · )

Perhaps a linear combination of F1,φ and F1,ψ will give
us F0,1?

We need to find α, β ∈ R such that{
α · 1 + β · 1 = 0

αφ+ βψ = 1
.

Solving this system of equations gives

α =
1

φ− ψ
=

1√
5
, β =

1

ψ − φ
= − 1√

5
.

So we found

F0,1 =
1√
5
F1,φ − 1√

5
F1,ψ

=
1√
5

((
1 +

√
5

2

)n
−

(
1−

√
5

2

)n)
.

Lec 2

1.2 Logic and Math language
What is a mathematical/logical statement? A statement
that can be either true or false, but not both.

Example 1.8:
A: ”For every real number x, we have x2 ≥ 0”.

B: ”Every prime number p ≥ 3 must be odd”.

C: ”Every odd number p ≥ 3 must be prime”.

A is True, B is True, C is False.

Negation of a statement: If A is a statement, then the
statement ”A is NOT ture" is called the negation of A,
denoted by ¬A (”not A”).1

Such a statement can be represented in a truth table:

A ¬A
T F
F T

1Sometimes we write Ā instead of ¬A.

Definition 1.9: And operation
Let A,B be statements. Then the statement A∧B is
the statement ”A is true AND B is true”. Sometimes
we write A&B instead.

The corresponding truth table is:

A B A ∧B
T T T
T F F
F T F
F F F

Example 1.10:
For real numbers x, (”x2=1”) ∧ (”x ≥ 0”) is true.
This is equivalent to ”x = 1”.

Similarly we can define the ”or” operation.

Definition 1.11: Or operation
Let A,B be statements. Then the statement A∨B is
the statement ”A is true OR B is true”, i.e. "at least
one of the statements A or B are true". Sometimes
we write A|B instead.

Thus the corresponding truth table is:

A B A ∨B
T T T
T F T
F T T
F F F

Example 1.12:
(”x > 1”) ∨ (”x < 2”). We can draw a number line to
visualize this situation:

We see that this statement is true for all x ∈ R.

Example 1.13:
Consider the statement (”x < 1”) ∨ (”x > 2”). Again
looking at the number line, we see that this statement
is equivalent to ”¬(1 ≤ x ≤ 2)”.

Definition 1.14: Logical Implications
Let A,B be statements. We can form a new state-
ment A⇒ B (A implies B). The statement "A⇒ B"
is "If A is true, then B is also true".

Depicted in a truth table:

A B A⇒ B
T T T
T F F
F T T
F F T
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As an exercise: Convice yourself that the statement A ⇒
B is equivalent to (¬A ∨B).

Example 1.15:
("0 = 1") ⇒ ("Earth is Flat") is a true statement.
Notice that in logical terms, implies does not mean
because A is true, B is true, no matter if there is no
causality.

Similarly there is logical equivalence:

Definition 1.16: Logical Equivalence
A ⇔ B is the statement (A ⇒ B) ∧ (B ⇒ A). In
diffrent words: A holds if and only if (iff) B holds.

We say that A and B are equivalent statements if
A ⇔ B is true. This happens if A and B have the same
truth table.

Example 1.17:

x2 > 0 ⇔ x ̸= 0,

0 = 1 ⇔ Earth is flat.

Let A,B be statements. Then there is a statement A ⇒
B and ¬B ⇒ ¬A. These two statements are actually
equivalent. This can be shown by truth tables.

As an exercise, state in words, why

¬(¬A) = A

and
¬(A ∧B) = (¬A) ∨ (¬B)

.

Definition 1.18: Predicate
A predicate is a statement involving some variables
taken from a set.

P (x), P (x, y).

For example, P (n) =”n = n2”.

”for all integers n : n = n2”. This is definelty a false
statement. Meanwhile, ”There exists an integer n : n =
n2” is a true statement.

We denote ∀ for ”for all/all” and ∃ for ”there exists”. The
previous statements can be written as:

∀n ∈ Z, P (n) , ∃n ∈ Z, P (n).

The symbols ∀ and ∃ are called quantifiers.

∀n ∈ Z : n = n2 ⇒ (n = 0) ∨ (n = 1) is a true statement.

∀y ∈ R : (y ≥ 0) ⇒ (∃x ∈ R : x2 = y) is true.

In practice, the second statement would be written as:

∀0 ≤ y ∈ R, ∃x ∈ Rs.t.x2 = y.

Be careful about the order of quantifiers:

∀x ∈ X, ∃y ∈ Y : A(x, y),

is not the same as

∃y ∈ Y, ∀x ∈ X : A(x, y).

Example 1.19:
Let X be the set of students at ETH and Y the set of
all courses given in HS25. Let A(x, y) be the state-
ment ”student x attends course y”. Then the first
statement means ”For every student, there is at least
one course that the student attends”. Which is true,
whilst the second statement means ”There is a course
that every student attends”, which is false.

In practice, instead of writing ∃x ∈ X,∃y ∈ X, one rather
writes ∃x, y ∈ X, similarly for ∀.

When negating quantifiers, we have the following rules:

¬(∀x ∈ X : A(x)) ⇔ ∃x ∈ X :̸= A(x).

¬(∃x ∈ X : A(x)) ⇔ ∀x ∈ X : ¬A(x).

There is also a quantifier ”there exists a unique” denoted Lec 3
by ∃!.

∃!x ∈ X : A(x).

Example 1.20:
"∃!x ∈ R : x2 = 4". This is a false statement as there
exist two such x (namely 2 and −2).

"∃!x ∈ R : x ≥ 0 ∧ x2 = 4". This is a true statement
as there exists exactly one such x (namely 2).

1.3 Set theory
The fundamental object in set theory is the set.

Definition 1.21: Set
A set is a collection of different objects. These ob-
jects are called the elements of the set.

For example, M = {1, 3,unicorn} = {3, 1,unicorn} is a set
with three elements. As we can see, the order of elements
does not matter. Furthermore, repetition of elements does
not matter, i.e. {1, 1, 1} = {1}.

If x is an element of a set M , we write x ∈M . If it is not,
we write x /∈M .

Another way to write sets is by specifying a property that
the elements satisfy.

M = {x : A(x)} = {x | A(x)},

represents the set of all x such that A(x) holds.
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Example 1.22:

{x | x ∈ Z ∧ x2 ≤ 9} = {−3,−2,−1, 0, 1, 2, 3}.

Another important set is the empty set {}, which contains
no elements. It is denoted by ∅.

A set is allowed to contain other sets as elements one of
its elements. For example M = {1, {2, 3}} is a set with
two elements, 1 and {2, 3}. Similarly, {∅} is a set with
one element, the empty set.

Definition 1.23:
Let P,Q be sets.

1. We say that P is a subset of Q if x ∈ P ⇒
x ∈ Q We write P ⊆ Q (Also: P ⊂ Q).

2. P ⊊ Q means P ⊆ Q but P ̸= Q.

3. P ̸⊆ Q means ¬(P ⊆ Q).

Careful: Every set is a subset of itself. Furthermore, the
empty set ∅ ⊆M for every set M .

We define the following operations for sets.

P ∩Q := {x : x ∈ P ∧ x ∈ Q} (intersection)
P ∪Q := {x : x ∈ P ∨ x ∈ Q} (union)
P \Q := {x : x ∈ P ∧ x /∈ Q} (complement of Q in P )
P∆Q := (P ∪Q) \ (P ∩Q) (symmetric difference)

Figure 1: Set operations

Sometimes our sets will be subsets of some ambient/underlying
set X.

In this case we define the complement of P in X as

P c := X \ P = {x ∈ X : x /∈ P}.

Definition 1.24:
Let A be a family of sets, A ̸= ∅. We can look at
the union of the members of A:⋃

A∈A
A := {x | ∃A ∈ As.t.x ∈ A}.

Similarly, we can look at the intersection of the mem-
bers of A: ⋂

A∈A
A := {x | ∀A ∈ A : x ∈ A}.

When working with big unions and intersections, it is of-
ten useful to translate them into set statements involving
quantifiers, as this greatly improves intuition.

Example 1.25:
Let A = {2, 3, 4, · · · }.

Let An = {x | x ∈ Zx ≥ 1, n2|x}.

Then⋃
n∈A

An = {a ∈ Z | ∃k ≥ 2,∃r ∈ Zs.t.r ≥ 1∧a = k2r}

and ⋂
n∈A

An = {}.

Definition 1.26: Cartesian Product
Let X,Y be sets. The Cartesian product of X
and Y is the set of ordered pairs (x, y).

X × Y := {(x, y) | x ∈ X, y ∈ Y }.

Definition 1.27: n-Fold Cartesian Product
Let X be a set, n ≥ 1. The n-fold Cartesian
product of X is defined as

Xn := X ×X × · · · ×X︸ ︷︷ ︸
n times

.

An element of Xn = (x1, x2, · · · , xn) is called an n-
tuple.

The classic example is R2 = R×R – the Cartesian plane.

Definition 1.28: Power Set
Let X be a set. The power set of X is the set of
all subsets of X.

P(X) := {A | A ⊆ X}.

Sometimes the notation 2X is also used.

Example 1.29:
Let X = {1, 2, 3}. Then

P(X) = {∅, {1}, {2}, {3},
{1, 2}, {1, 3}, {2, 3},
{1, 2, 3}}

Notice that if X has n elements, then P(X) has 2n

elements.

The cardinality of a set X is the number of elements in
X. For example, if X = {1, 2, · · · , n}, then |X| = n. This
operation is only defined for finite sets at the moment.

1.4 Functions/Maps
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Definition 1.30: Maps
Let X,Y be sets. A map f : X → Y is an assignment
to every element x ∈ X a uniquely defined element
f(x) ∈ Y .

Roughly speaking, for an input x ∈ X, the map f produces
an output output f(x) ∈ Y .Lec 4

Given a map f : X → Y , The set of inputs of a map is
called the domain of definition of f , whilst Y is called
the target of f .

Given two functions f : X → Y and g : X ′ → Y ′, we say
that f and g are equal if X = X ′, Y = Y ′ and ∀x ∈ X :
f(x) = g(x).

Example 1.31:

f(x) := x2.

This is lacking some information. Much better would
be

X := {x ∈ R | 0 ≤ x}, f : X → R, f(x) := x2.

Here is another function:

Z := {x ∈ R | −12 ≤ x}, g : Z → R, g(x) := x2.

According to our definition, f ̸= g since X ̸= Z.

Functions can be described by a formula, but do not nec-
essarily have to be.

About notation: f : X → Y is the most standard notation.
Sometimes X ∋ x→ f(x) ∈ Y is used.

Definition 1.32:
Let f : X → Y be a map. The image of f is the set

f(X) := {y ∈ Y | ∃x ∈ X : f(x) = y}.

Sometimes it’s also written as image(f). It holds that
f(X) ⊆ Y .

Definition 1.33: Restriction
Let f : X → Y , Let A ⊆ X. We can define a new
map

f |A : A→ Y, f |A(a) = f(a) ∀a ∈ A

called the restriction of f to A.

A restriction restricts the domain of definition of a func-
tion.

Example 1.34: Characteristic Function
Let X be a set, A ⊆ X. The characteristic func-
tion of A is defined as

1A : X → {0, 1}, 1A(x) :=

{
1 x ∈ A

0 x /∈ A
.

Example 1.35: Projection Function
Let X,Y be sets. The projection function on X
is defined as

πX : X × Y → X, πX(x, y) := x.

Similarly, we can define πY : Y ×X → Y .

Functions can have diffrent properties.

Definition 1.36:
Let f : X → Y be a map.

• f is called injective if

∀x1, x2 ∈ X : f(x1) = f(x2) ⇒ x1 = x2.

Equivalently, if x1 ̸= x2, then f(x1) ̸= f(x2).

• f is called surjective if

∀y ∈ Y,∃x ∈ X : f(x) = y.

Equivalently, f(X) = Y .

• f is called bijective if it is both injective and
surjective. Equivalently,

∀y ∈ Y,∃!x ∈ X : f(x) = y.

Definition 1.37:
Let f : X → Y be a bijection. The inverse map
f−1 : Y → X is the map that assigns to every y ∈ Y
the unique x ∈ X such that f(x) = y.

An example would be the map f : R≥0 → R≥0, f(x) = x2.
Its inverse is f−1 : R≥0 → R≥0, f

−1(y) =
√
y.

Definition 1.38: Composition
Let f : X → Y, g : Y → Z be maps. We define
g ◦ f : X → Z as the composition of f and g:

g ◦ f(x) := g(f(x)).

Somtimes this is written as

X
f−−→ Y

g−−→ Z.

Example 1.39:
Let f : X → Y be a bijection and f−1 : Y → X its
inverse map. We have f ◦ f−1 = idY and f−1 ◦ f =
idX , where idX : X → X, idX(x) = x is the identity
map on X.

The order of composition is important. In general, f ◦ g
and g ◦ f are different maps. Even worse, one of them
might not even be defined.
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Lemma 1.40:
Let f : X → Y, g : Y → Z be maps.

1. If f, g are injective, then g ◦ f is injective.

2. If f, g are surjective, then g ◦ f is surjective.

3. If f, g are bijective, then g ◦ f is bijective and

(g ◦ f)−1 = f−1 ◦ g−1.

Proof.

1. Let x1, x2 ∈ X such that (g ◦ f)(x1) = (g ◦ f)(x2). Then
g(f(x1)) = g(f(x2)). Since g is injective, f(x1) = f(x2). Since
f is injective, x1 = x2. Thus g ◦ f is injective.

2. Let z ∈ Z. Since g is surjective, there exists y ∈ Y such that
g(y) = z. Since f is surjective, there exists x ∈ X such that
f(x) = y. Thus (g ◦ f)(x) = g(f(x)) = g(y) = z. Hence g ◦ f
is surjective.

3. Follows from 1. and 2.

□

This lemma is useful when showing a certain map is in-
jective/surjective/bijective, as it allows us to work with
simpler maps.

Definition 1.41: Image
Let f : X → Y be a map, A ⊆ X. Then

f(A) := {y ∈ Y | ∃x ∈ A : f(x) = y}

is called the image of A under f .

Definition 1.42: Inverse Image
Let B ⊆ Y . Define the inverse image of B under
f as

f−1(B) := {x ∈ X | f(x) ∈ B}.
Lec 5

1.4.1 Graphs

Consider the following.

Definition 1.43:
Let f : X → Y be a map. The graph of f is the
subset graph(f) ⊆ X × Y defined by

graph(f) := {(x, f(x)) | x ∈ X}.

Example 1.44:
If X ⊆ R and Y = R, then the graph can be visual-
ized in the Cartesian plane R2.

Figure 2: Graphs of some functions f : R → R.

Sometimes injectivity and surjectivity can be read off from
the graph.

2 Linear Systems of Equations

2.1 Fields
A field (Körper) is a set K with two operations + and
·. Together they form a commutative group (K,+) with
identity 0 and inverses −a for a ∈ K. The operation ·
is associative and commutative with identity 1 ̸= 0 and
inverses a−1 for a ∈ K \{0}. The operations are linked by
the distributive law

a · (b+ c) = a · b+ a · c.

Furthermore, we ask that 1 ̸= 0.

Example 2.1: Examples of fields

Q =
{
a | a =

m

n
,m, n ∈ Z, n ̸= 0

}
with the usual addition and multiplication is a field.

R = the real numbers.

F2 = {0, 1},

with the follwoing addition and multiplication tables:

+ 0 1
0 0 1
1 1 0

· 0 1
0 0 0
1 0 1

.

Similarly, we can define F3 = {0, 1, 2} and F5 =
{0, 1, 2, 3, 4}, where the operations are defined mod-
ulo 3 and 5, respectively.

2.2 Systems of Linear Equations
Consider the following{

x+ 3y + 4z = −1

2x− y + z = 5
.

To solve this, there exists a systematic method which is
called Elimination.{

x+ 3y + 4z = −1

2x− y + z = 5

−2E1+E2−−−−−−→
→E2

{
x+ 3y + 4z = −1

−7y − 7z = 7

− 1
7E2−−−−→

→E2

{
x+ 3y + 4z = −1

y + z = −1

−3E2+E1−−−−−−→
→E1

{
x+ z = 2

y + z = −1

Staring at this for a while, we can see that z is a free
variable. Thus, the set of solutions is given by:

choose z arbitrarily, z = c ∈ R

then y = −1− c and x = 2− c

(x, y, z) = (2− c,−1− c, c), c ∈ R ⊆ R3.
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A general system of many equations and matrix notation:

Fix a field F. A system of m equations in n unknowns
over F with unknowns x1, . . . , xn is of the form

a11x1 + a12x2 + . . .+ a1nxn = b1

a21x1 + a22x2 + . . .+ a2nxn = b2
...

...
am1x1 + am2x2 + . . .+ amnxn = bm

.

We call aij ∈ F the coefficients. Furthermore bi ∈ F. Such
a system is called linear because the unknowns appear
only to the first power and are not multiplied together.

We notice the objects can be written as matrices and vec-
tors.

A =


a11 a12 . . . a1n
a21 a22 . . . a2n
...

...
. . .

...
am1 am2 . . . amn

 .

This object is called an m× n matrix with entries in F.

Sometimes we write A = (aij)
1≤j≤n
1≤i≤m.

Further we organize

x =


x1
x2
...
xn

 , b =


b1
b2
...
bm

 .

These are n× 1 vectors.

The system can now be written as

(S) : A · x = b.

And the solution set as

L(S) = {(x1, x2, · · · ) | xi ∈ F∀1 ≤ i ≤ n ∧A · x = b}.

We define the matrix multiplication as follows:a11 . . . a1n
...

. . .
...

am1 . . . amn

 ·

x1...
xn

 =

 a11x1 + . . .+ a1nxn
...

am1x1 + . . .+ amnxn

 .

If we now have A · x = b, this is equivalent to the system
of equations. We call this the matrix notation.

Example 2.2:
The system from the beginning can be written as

(
1 3 4
2 −1 1

)
·

x1x2
x3

 =

(
−1
5

)
.

We can also write the extended matrix as

(A|b) =
(
1 3 4 | −1
2 −1 1 | 5

)
.

2.3 Elementary Row Operations
We define the following operations on matrices.

1. Choose c ̸= 0 ∈ F; multiply eq./row i by c.

(c ·Ri → Ri)

2. Choose c ∈ F, choose 1 ≤ i, j ≤ m, i ̸= j; replace
eq./row j by eq./row j + c· eq./row i.

(c ·Ri +Rj → Rj)

3. Interchange eq./row i and eq./row j.

(Ri ↔ Rj) Lec 6

Definition 2.3: Row-Equivalence
Let C and C ′ be r× s matrices with entries in F. We
say that C ′ is row-equivalent to C if C ′ can be
obtained from C by a finite sequence of elementary
row operations.

If we denote C = C0 → C1 → . . . → Ck = C ′, then the
following holds

Theorem 2.4:
Let A·x = b and A′ ·x = b′ be two systems of m linear
equations in n unknowns. Let’s call first system (S)
and second system (S’). Suppose the extended matrix
(A′|b′) is row-equivalent to (A|b). Then

L(S′) = L(S).

Proof. We begin with the follwoing claim:

Claim 1: If S′ is obtained form S by one elementary row operation,
then L(S) ⊆ L(S′).

Let (x1, · · · , xn) ∈ L(S). We need to show that (x1, · · · , xn) ∈ L(S′).

Operation 1: c(̸= 0) · Ri → Ri. In this case all the equations of S′

coincide with the equations of S except equation i.

ai1x1 + ai2x2 + . . .+ ainxn = bi

c·Ri→Ri−−−−−−→ cai1x1 + cai2x2 + . . .+ cainxn = cbi.

If (x1, · · · , xn) satisfies the first equation, it also satisfies the second
equation, since we can multiply both sides of the first equation by c.

Operation 2: Rj + c · Ri → Rj . Again, all equations of S and S′

coincide except equation j. We have

aj1x1 + · · ·+ ajnxn = bj

Rj+c·Ri→Rj−−−−−−−−−−→ (aj1 + cai1)x1 + · · ·+ (ajn + cain)xn = bj + cbi

⇒(aj1x1 + · · ·+ ajnxn) + c(ai1x1 + · · ·+ ainxn)

= bj + cbi.

So if (x1, · · · , xn) satisfies the first equation, it also satisfies the sec-
ond equation, since we can add c times the i-th equation to the j-th
equation.

Operation 3: Ri ↔ Rj . In this case, clearly we have that

(x1, · · · , xn) ∈ L(S) ⇒ (x1, · · · , xn) ∈ L(S′).

This concludes the proof of Claim 1.

Claim 2: If S′ is obtained from S by one elementary row operation,
then S can be obtained from S′ by one elementary row operation.

(1): If S
c·Ri→Ri−−−−−−→

c̸=0
S′, then S′

1
c
·Ri→Ri−−−−−−−→ S.

(2): If S
Rj+c·Ri→Rj−−−−−−−−−−→

i̸=j
S′, then S′ Rj−c·Ri→Rj−−−−−−−−−−→ S.
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(3): If S
Ri↔Rj−−−−−→ S′, then S′ Ri↔Rj−−−−−→ S.

This concludes the proof of Claim 2.

Claim 3: If S′ is obtained from S by one elementary row operation,
then L(S) = L(S′).

By Claim 1, we have L(S) ⊆ L(S′). By Claim 2, S is obtained by S′

by one elementary row operation. Hence by Claim 1 again (with the
roles of S and S′ interchanged), we have L(S′) ⊆ L(S).

It follows that L(S) = L(S′).

Proof of Theorem: We are now in position to prove the theorem. By
assumption, there is a finite sequence of elementary row operations

S = S0 → S1 → · · · → Sk = S′.

By Claim 3, we have L(S0) = L(S1) = · · · = L(Sk), i.e.

L(S) = L(S′).

□

Definition 2.5: Row-Reduced Matrix
A m × n matrix A is called row-reduced if the
following two conditions hold:

1. The first non-zero entry in each non-zero row
of A is 1. This entry is called the leading
entry/pivot of that row.

2. Each column of A which contains the leading
non-zero entry of some row has all its other
entries equal to 0.

Example 2.6:

A =

0 0 0 1 2
0 1 −3 0 1

2
0 0 0 0 0

 .

This matrix is row-reduced.

B =

1 0 0 0
0 1 −1 0
0 0 1 0

 .

This matrix is not row-reduced, because the second
condition is violated in column 3.

C =

0 2 1
1 0 −3
0 0 0

 .

This matrix is not row-reduced, because the first con-
dition is violated in row 1.

It might not be clear yet, why row-reduced matrices are
important, however, we will see this soon. However, we
will first prove the following theorem.

Theorem 2.7:
Every m × n matrix A is row-equivalent to a row-
reduced m× n matrix.

Proof. Let A = (aij)1≤i≤m, 1≤j≤n, with aij ∈ F.

If all entries in the 1st row of A are 0, the condition (1) is satisfied for
row 1.

If row 1 does have a non-zero entry, let k be the smallest index j for
which a1j ̸= 0. Multiply row 1 by a−1

1k to make the leading entry 1.
Now, condition (1) is satisfied for row 1.

For each row 2 ≤ i ≤ m add (−aik) times row 1 to row i. Formally

Ri + (−aik) ·R1 → Ri.

The result of these operations is a matrix A′ which looks like

0 · · · 0 1 · · ·
· · · · · · · · · 0 · · ·
...

. . .
...

...
...

ai1 · · · aik−1 0 · · ·
...

...
...

...
...


.

Notice that in row i of resulting matrix, the elements standing to the
right of entry k (which is now 0) are unchanged. This is because to the
left of the pivot in row 1, there are only 0s.

Summary: Condition (2) is now satisfied for the column of the pivot of
row 1. Lec 7

We now turn to row number 2. If all elements in row 2 are 0, we just
leave it as it is. In case not all elements are 0, we find the pivot in that
row, say at entry 2, k′.

Note that k′ ̸= k, because in column k of row 2, we have 0. Divide row
2 by the element lying at (2, k′) to make the pivot equal to 1.

Now we take row two and add suitable multiples of it to every other
zero. Notice that for the critical row 1, this operation does not change
the pivot, because (2, k) = 0. To proof that the pivot stays in row 1,
we distinguish two cases:

If k′ < k, the entry in the first row is already 0, so the multiple is c = 0.

If k′ > k, by definition of k′, all entries in row 2 to the left of k′ and
thus also k are 0. Thus they won’t change.

We can continue this process for rows 3, 4, . . . ,m. In the end, we arrive
at a row-reduced matrix. □

Tip 2.8:
Only divide by pivot elements at the end of the algo-
rithm, to avoid fractions.

Definition 2.9:
An m × n matrix is called row-reduced echelon
if the following holds:

(a) It is row-reduced.

(b) Every row which has only 0 entries appears be-
low every row which has a non-zero entry.

(c) If rows 1, . . . , r are the non-zero rows, and if
the pivot of row i occurs in column ki, then

k1 < k2 < · · · < kr.

A row-reduced echelon matrix looks as follows:
0 · · · 0 1 ∗ 0 ∗ 0 ∗
0 · · · 0 0 0 1 ∗ 0 ∗
0 · · · 0 0 0 0 0 1 ∗
0 · · · 0 0 0 0 0 0 0

 .

Theorem 2.10:
Everym×nmatrix is row equivalent to a row reduced
echelon matrix.

Proof. Apply the previous theorem + permutation between the rows.
□
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This is useful, for solving A·x = b. Take (A|b) and apply a
sequence of row operations to bring it to row-reduced ech-
elon form (A′|b′). Then L(A|b) = L(A′|b′).

Example 2.11:
We solve the following system of equations:

−9x2 + 3x3 + 4x4 = 9

x1 + 4x2 − x4 = 5

2x1 + 6x2 − x3 + 5x4 = −5.

We transform this into an extended matrix

(A|b) =

0 −9 3 4 | 9
1 4 0 −1 | 5
2 6 −1 5 | −5

 .

The corrseponding row reduced matrix is

(A′|b′) =

0 1 0 − 5
3 | 12

5
1 0 0 17

3 | −23
5

0 0 1 − 11
3 | 51

5

 .

Thus the row reduced echelon is1 0 0 17
3 | −23

5
0 1 0 − 5

3 | 12
5

0 0 1 − 11
3 | 51

5

 .

We can see that we can take x4 := a ∈ R as a free
variable. Then we have

x3 =
11

3
a+

51

5
, x2 =

5

3
a+

12

5
, x1 = −17

3
a− 23

5
.

It may happen that the system has a row with only zeros.
For example

0 = b3 − b2 + 2b1.

Then if b3 − b2 + 2b1 ̸= 0, the system has no solution.
Otherwise, the system is equivalent to the system without
that equation.

3 Vector Spaces
Vector spaces are essentially the playground of linear al-
gebra, the following definition is thus very central for the
subject.

Definition 3.1: Vector Space
A Vector Space over a field F (scalars) is a set V
(vecotrs) endowed with two operations:

+ : V × V → V, (v1, v2) 7→ v1 + v2

· : F× V → V, (λ, v) 7→ λ · v.

such that the following axioms are satisfied:

V1-4) (V,+) is an abelian group.

V5) ∀a, b ∈ F, ∀v ∈ V : a · (b · v) = (ab) · v

V6) ∀v ∈ V, 1 · v = v

V7) ∀a ∈ F, v1, v2 ∈ V : a · (v1 + v2) = a · v1 + a · v2
V8) ∀a1, a2 ∈ F, v ∈ V : (a1 + a2) · v = a1 · v+ a2 · v

Tip 3.2:
Vector spaces are essentially ordered lists with
component-wise operations.

Theese lists don’t have to be finite.

Example 3.3: Coordinate Space
The coordinate space Kn for n ∈ N0 then

Kn︸︷︷︸
K×K···×K

= {(a1, . . . , an) | ai ∈ K, 1 ≤ i ≤ n}.

We turn V = Kn into a vector space. Let v =
(a1, . . . , an), w = (b1, . . . , bn) ∈ V . Then

v + w = (a1 + b1, a2 + b2, . . . , an + bn) ∈ V.

Let a ∈ K, then

a · v := (a · a1, a · a2, . . . , a · an) ∈ V.

0 := (0, 0, . . . , 0) ∈ V.

As an exercise, show that Kn with theese operations
is a vector space.

Example 3.4: Matrix Space
Consider Mm×n. The elemnts are

a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

 aij ∈ K.

This is basiclly the same as Km·n.
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Lemma 3.5:
Let V be a vector space over K. Then:

(a) The zero vector is unique.

(b) Let v ∈ V . The element v′ ∈ V with v+ v′ = 0
is unique. It is denoted by −v.

(c) ∀v ∈ V : 0 · v = 0V

(d) ∀a ∈ K : a · 0V = 0V

(e) ∀v ∈ V : (−1) · v = −v

(f) ∀v ∈ V,−(−v) = v

(g) If a · v = 0 for some a ∈ K, v ∈ V , then either
a = 0 or v = 0V .

Proof. (a): Since (V,+) is an abelian group, there is an unique
identity element, which we denote by 0V .Lec 8

(b): Again, since (V,+) is an abelian group, every element has an
unique inverse.

(c): Let v ∈ V . We have to show that 0 · v = 0V . Indeed,

0 · v = (0 + 0) · v V8
= 0 · v + 0 · v.

Add (−0 · v) to both sides. This yields

0V = 0 · v + (0 · v + (−0 · v)) = 0 · v + 0V = 0 · v.

(g): Let a ∈ K, v ∈ V such that a · v = 0V . We need to prove that
either a = 0 or v = 0V . Indeed, assume that a ̸= 0. By the axioms of
a field, ∃ an element a−1 ∈ K such that a−1a = 1 = aa−1.

Now:

v
V6
= 1 · v = (a−1a) · v V5

= a−1 · (a · v) = a−1 · 0V
(d)
= 0V .

□

Definition 3.6: Linear Subspace
Let V be a vector space over K. A subset W ⊆ V is
called a linear subspace (Unterraum) of V if the
following holds:

LSS1) W ̸= ∅,

LSS2) ∀w1, w2 ∈W : w1 + w2 ∈W ,

LSS3) ∀w ∈W,∀a ∈ K : a · w ∈W .

Lemma 3.7:
Let V be a vector space over K and W ⊆ V a sub-
space. Then W is a vector space on its own when
endowed with the operations coming from V .

Proof. From LSS2 and LSS3, it follows that the operations + and ·
from V indeed define such operations on W .

Now we have to check the axioms V1-V8. This can be done as an
exercise.

For example, for V2, Pick any w ∈W (Possible by LSS1). We have

0V
(c)
= 0K · w

LSS3
∈ W.

Thus 0V ∈W . Take now 0W := 0V . Clearly, ∀w ∈W we have

0W + w = 0V + w
V2
= w.

□

The above definition is often cumbersome to use. The
following lemma gives a more handy criterion to check if
a subset is a subspace.

Lemma 3.8: Criterion for Subspaces
Let V be a vector space ove K and W ⊆ V a subset.
Then W is a subspace of V iff the following holds:

(1) 0V ∈W ,

(2) ∀a1, a2 ∈ K,∀w1, w2 ∈W : a1 ·w1+a2 ·w2 ∈W .

Proof. ⇒: Assume that W is a subspace of V . This follow at once
from the fact that W is in itself a vector space.

⇐: Assume that (1) and (2) hold. We have to show that W is a
subspace. Clearly, LSS1 holds by (1). To show LSS2, pick w1, w2 ∈W .
Then by (2) (with a1 = a2 = 1), we have

w1 + w2 = 1 · w1 + 1 · w2 ∈W.

Similarly for LSS3, pick w ∈W,a ∈ K. Then by (2) (with a1 = a, a2 =
0, w1 = w,w2 = 0V ), we have

a · w = a · w + 0 · 0V ∈W.

□

Example 3.9: Trivial Subspace
Let V be a vector space over K. Then

{0V } ⊆ V,

is a subspace of V . It is called the zero subspace
of V .

Example 3.10:
Fix b ∈ K. Consider the subset

Ub := {(x1, x2, x3) ∈ K3 | x1 + x2 + x3 = b} ⊆ K3.

Claim: Ub is a subspace of K3 iff b = 0.

Proof. ⇒: Suppose Ub is a linear subspace of K3. If (x1, x2, x3) and
(y1, y2, y3) ∈ Ub, then

x1 + x2 + x3 = b = y1 + y2 + y3.

Since Ub is a linear subspace, we have

(x1 + y1, x2 + y2, x3 + y3) ∈ Ub.

And thus it follows that

(x1 + y1) + (x2 + y2) + (x3 + y3) = b.

But from before, we get that this sum is equal to 2b. Thus 2b = b,
which implies that b = 0.

The other direction is left as an exercise. □

Let A be an m × n matrix with entries in K. From now
on we abbreviate this with

A ∈ Matm×n(K) or A ∈Mm×n(K).

Fix b ∈ Km such that b =

 b1
...
bm

 is viewed as a column

vector. Consider the subset of Kn defined by

L := {x ∈ Kn|A · x = b}.
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Claim 3.11:
L ⊆ Kn is a linear subspace iff b = 0V .

For the proof we need preparations.

Lemma 3.12:
∀a ∈ K,u, v ∈ Kn we have

(1) A · (u+ v) = A · u+A · v,

(2) A · (a · u) = a · (A · u).

Proof. Write A = (aij)1≤i≤m,1≤j≤n,

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

 , u =


u1
u2
...
un

 , v =


v1
v2
...
vn

 .

A · u+A · v =
...

ai1u1 + ai2u2 + · · ·+ ainun
...

+


...

ai1v1 + ai2v2 + · · ·+ ainvn
...



=


...

ai1(u1 + v1) + ai2(u2 + v2) + · · ·+ ain(un + vn)
...



= A ·


u1 + v1
u2 + v2

...
un + vn


= A · (u+ v).

The second statement is left as an exercise. □

Proof. [Claim] ⇐: Assume b = 0, we want to show that L is a
subspace. Indeed 0 ∈ L because A · 0 = 0.Lec 9

If x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ L, then

A · (x+ y)
(1)
= A · x+A · y = 0 + 0 = 0.

Thus x+ y ∈ L.

Let x ∈ L, a ∈ K. Then

A · (a · x) (2)
= a · (A · x) = a · 0 = 0.

Thus a · x ∈ L.

Together theese three properties show that L ⊆ Kn is a subspace.

⇒: Assume that L is a subspace, and we we’ll show that b = 0.
Indeed since L ⊆ Kn is a subspace, 0V ∈ L. Thus A · 0V = b. But
A · 0V = 0V . Thus b = 0V .

□

Example 3.13:
Let K be a field. Define

K∞ := {(a1, a2, . . .) | ai ∈ K, i ∈ N}.

We turn K∞ into a vector space as follows:

(a1, a2, . . .) + (b1, b2, . . .) := (a1 + b1, a2 + b2, . . .)

c · (a1, a2, . . .) := (c · a1, c · a2, . . .)
.

Recalling the first lecture, taking K = R, we have

Fib := {(a1, a2, . . .) | ak = ak−1 + ak−2, k ≥ 3}.

As an exercise, show that Fib is a subspace of R∞. More
generally, fix α, β ∈ R. Then

Uα,β := {(a1, a2, . . .) ∈ R∞ | ak = αak−1 + βak−2, k ≥ 3},

is a subspace of R∞.

3.1 Spaces of Functions
Fix a field K and S is a non-empty set. Define

KS := {f : S → K}.

This denotes the set of all functions from S to K. We
define the following operations on KS :

(f + g)(s) := f(s) + g(s)

(a · f)(s) := a · (f(s)).

With these operations, KS is a vector space over K. (Ex-
ercise)

Exercise 3.14:
Let S = [0, 1]. Define C(S) := {f ∈ RS | f} such
that f is continuous. Then C(S) is a subspace of RS .

3.2 Polynomials
Let K be a field. Fix a letter called formal variable x.
A polynomial over K (or polynomial with coefficients in
K) is an expression of the form

f(x) = a0 + a1x+ a2x
2 + · · ·+ anx

n.

where n ∈ N0, ai ∈ K ∀0 ≤ i ≤ n. We allow to omit
0-terms like 0 · xi.

We call f(x) = 0 the zero polynomial.

We can add and multiply polynomials as follows: Consider
polynomials a and b we take r = max(n,m) and define

(a0 + a1x+ · · ·+ anx
n) + (b0 + b1x+ · · ·+ bmx

m) :=

(a0 + b0) + (a1 + b1)x+ · · ·+ (ar + br)x
r.

The multiplication is defined as

c · (a0 + a1x+ · · ·+ anx
n) :=

(c · a0) + (c · a1)x+ · · ·+ (c · an)xn.

We write K[x] for the set of all polynomials with coeffi-
cients in K.

Claim 3.15:
K[x] is a vector space over K with the above opera-
tions.

Every f(x) ∈ K[x] defines also a function f̃ : K → K. The
subset of KK which comes from polynomials is a subspace
of KK .

But: from f̃ we cannot always recover f .

11



Example 3.16:
Take K = F2 = {0, 1}. Consider f(x) = x and
g(x) = x2. Then theese are diffrent polynomials, but
f̃ = g̃.

Definition 3.17: Degree of a polynomial
Let f(x) = a0+a1x+ · · ·+anxn ∈ K[x] with an ̸= 0.
Then we define the degree of f as deg(f) = n. We
define deg(0) = −∞.

Fix d ∈ N0∪{−∞}. DefineK[x]d to be all the polynomials
of degree at most d. Then K[x]d is a subspace of K[x].

Question 3.18:
Is {f(x) ∈ k[x] | deg(f) = d} also a subspace of
K[x]?

Cosnider {p ∈ k[x]5 |
∑∞
n=0 an = 0}. Is this a sub-

space of K[x]5?

Spaces of matrices: Consider Mm×n(K) to be the set of
all m× n matrices with entries in K. Define + and · as

(aij) + (bij) := (aij + bij)

c · (aij) := (c · aij).

With theese operations, Mm×n(K) is a vector space over
K.

As a motivation for the next few lectures: Let V be a
vector space, let S ⊆ V be a subset. What is the smallest
subspace of V containing S?

3.3 SpanLec 10

Consider the following lemma

Lemma 3.19:
Let V be a vector space and let {Wi}i∈I be a family
of subspaces of V (i.e. Wi ⊆ V is a subspace for all
i ∈ I). Then the intersection

W :=
⋂
i∈I

Wi

is a subspace of V .

Proof. Note that 0V ∈Wi for all i ∈ I, thus 0V ∈W .

Let now a, b ∈ K, v,w ∈W . We’ll show that a · v + b · w ∈W .

Let j ∈ I be any index in I. Since v, w ∈W , they must also be in Wj .
Since Wj is a subspace of V , it follows that

a · v + b · w ∈Wj .

But this holds ∀j ∈ I, therefore,

a · v + b · w ∈
⋂
i∈I

Wi =W.

By a previous lemma, this shows that W is a subspace of V . □

Let S ⊆ V be a subset.

Definition 3.20: Span
Define the span of S as

Sp(S) :=
⋂
W∈N

W,

where

N := {W ⊆ V |W is a subspace of V, S ⊆W}.

Note that N ̸= ∅ since V ∈ N .

By the previous lemma, Sp(S) is a subspace of V . Some-
times, we also call it the subspace of V generated by S.

Lemma 3.21:
Among all subspaces of V that contain S, Sp(S) is
the smallest one, i.e.,

1. Sp(S) ⊆ V is a subspace of V .

2. If W ⊆ V is a subspace and W ⊇ S, then W ⊇
Sp(S).

Proof. 1. This was shown above.

2. Let W ⊆ V be a subspace with W ⊇ S. By definition of N , we
have W ∈ N . Thus by definition of Sp(S), we have

Sp(S) =
⋂

U∈N
U ⊆W.

□

3.3.1 Linear Combinations

This definition is good from a theoretical point of view, but
not very handy when we actually want to compute Sp(S).
We thus introduce the following concept.

Definition 3.22: Linear Combination
Let n ∈ Z≥1, a1, . . . , an ∈ K and v1, . . . , vn ∈ V . A
linear combination of the vectors v1, . . . , vn with
coefficients a1, . . . , an is the vector

a1 · v1 + a2 · v2 + · · ·+ an · vn.

We only look at finite linear combinations, i.e., n is
always finite.

Lemma 3.23:
Let ∅ ̸= S ⊆ V . Then

Sp(S) = {a1v1+· · ·+anvn | n ∈ Z≥1, vi ∈ S, ai ∈ K}.

i.e. Sp(S) is the subset of V obtained by taking all
possible linear combinations of vectors in S.

Proof. Denote S̃p(S) := {a1v1 + · · ·+ anvn | n ∈ Z≥1, vi ∈ S, ai ∈
K}. We will show that S̃p(S) = Sp(S).

We first show that 1) S ⊆ S̃p(S), 2) S̃p(S) is a subspace of V and 3)
∀ subspace W ⊆ V with S ⊆W we have S̃p(S) ⊆W .

Note that this is useful since 1)+2) would imply that Sp(S) ⊆ S̃p(S) by
the previous lemma, and 3) would imply S̃p(S) ⊆

⋂
W∈N W = Sp(S).

Together, this implies S̃p(S) = Sp(S).

12



It remains to prove 1), 2) and 3).

1) If v ∈ S, then v = 1 · v ∈ S̃p(S).

2) We’ll show that 0V ∈ S̃p(S) and that ∀α, β ∈ K, ∀v, w ∈ S̃p(S) :

α · v + β · w ∈ S̃p(S).

Clearly, 0V = 0 · v ∈ S̃p(S) for any v ∈ S.

Write v = a1v1 + · · ·+ anvn and w = b1w1 + · · ·+ bmwm. Then

α · v + β · w = α(a1v1 + · · ·+ anvn) + β(b1w1 + · · ·+ bmwm)

= (αa1)v1 + · · ·+ (αan)vn + (βb1)w1 + · · ·+ (βbm)wm.

This is a linear combination of vectors in S, thus α · v+ β ·w ∈ S̃p(S).

3) Let W ⊆ V be a subspace with S ⊆W . Let v be in S̃p(S). We need
to prove that v ∈W . Indeed, write v = a1v1+ · · ·+anvn with vi ∈ S.
By assumption, S ⊆ W , thus vi ∈ W . As W is a linear subspace, it
follows that v ∈W . □

We have shown that the span of a subset S of a vector
space V can be written in two ways. The first one is more
theoretical, the second one more practical.

The span of the empty set is {0V }. From now on, let’s
agree that linear combinations of elements of the empty
set is just 0V .

As a notation: Many times S = {v1, . . . , vn} is a finite
set. We write Sp{v1, . . . , vn} or Sp(v1, . . . , vn) instead of
Sp({v1, . . . , vn}).

Definition 3.24: Generating/Spanning Set
Let V be a vector space and S ⊆ V a subset. We say
that S generates or spans V if Sp(S) = V .

If W ⊆ V is a subspace, we say that S generates or
spans W if Sp(S) =W .

Definition 3.25: Finite Dimensional Vector Space
A vector space V is finite dimensional if there
exists a finite set S ⊆ V that generates V .

If such a finite S does not exist, then V is called
infinite dimensional.

Example 3.26: Subspaces of R2

Let V = R2,K = R. Some subspaces of V are:

1. {0R2} = {(0, 0)} = Sp(∅) = Sp{0R2}

2. Let 0 ̸= v = (a, b) ∈ R2. Then

Sp{v} = {α · (a, b) | α ∈ R} = {(αa, αb) | α ∈ R}.

Geometrically speaking, this is the line through the
origin and v.

3. Let 0 ̸= v1, w ∈ R2 If Sp{v} = Sp{w}, this is
equivalent to saying that ∃α ∈ R \ {0} such that
w = αv.

4. Let W ⊆ R2 be a subspace and assume that W =
Sp{v, w} where v ̸= 0, w /∈ Sp{v}. Then W = R2.

Together this tells us that there are only three types
of subspaces of R2: the zero subspace, lines through
the origin, and the whole space R2.

Question: Let v1, . . . , vn ∈ V and w ∈ Km. How can we
determine whether or not w ∈ Sp{v1, . . . , vn}?

e.g. let v1 = (1, 3), v2 = (7, 73) and w = (11, 137). In this
case yes, w ∈ Sp{v1, v2} as −3 · v1 + 2 · v2 = w. Lec 11

Solution: Take the column vectors v1, . . . , vn and make a
m× n matrix out of them:

A =

 | | |
v1 v2 · · · vn
| | |

 .

If x = (x1, . . . , xn) ∈ Kn, then

A · x = x1v1 + x2v2 + · · ·+ xnvn =

n∑
i=1

xivi.

Given w ∈ Km, the question is wheter or not the system
of equations A · x = w has a solution. If a solution exists,
then w ∈ Sp{v1, . . . , vn}. If a solution does not exist, then
w /∈ Sp{v1, . . . , vn}.

In the first case, any solution x will give us a choice of
coefficients x1, . . . , xn such that w =

∑n
i=1 xivi.

Example 3.27:
1) Let V = Kn. Denote by e1 := (1, 0, 0, . . . , 0), e2 :=
(0, 1, 0, . . . , 0), . . . , en := (0, 0, 0, . . . , 1). Then

Sp{e1, e2, . . . , en} = Kn.

2) Let W = k[x]d (polynomials in x of degree at most
d). Then

W = Sp{1, x, x2, . . . , xd}.

Similarly, take V = K[x]. Then

V = Sp{1, x, x2, x3, . . .} (infinite set) .

3) Let M = Mm×n(K) be the set of all m × n ma-
trices. For every 1 ≤ i ≤ m, 1 ≤ j ≤ n, define the
matrix

Eij :=



0 · · · 0 · · · 0
...

...
...

0 · · · 1 · · · 0
...

...
...

0 · · · 0 · · · 0

 .

i.e. the matrix with a 1 in the (i, j)-th position and
0 elsewhere.

Then

M = Sp{Eij | 1 ≤ i ≤ m, 1 ≤ j ≤ n}.

All of these examples are finite dimensional vector spaces
except K[x]. As an exercise, show that K[x] is infinite
dimensional.

3.4 Linear Independence
Let V be a vector space over K
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Definition 3.28:
Let v1, . . . , vn be a list of n vectors in V . We say
that that v1, . . . , vn are linearly independent if
the only linear combination of v1, . . . , vn that equals
0V is the one with all coefficients equal to zero.

If the vectors are not linearly independent, they are
called linearly dependent.

Alternatively, v1, . . . , vn are linearly independent iff

∀a1, . . . , an ∈ K for which a1v1 + · · · + anvn = 0V , we
must have a1 = a2 = · · · = an = 0.

Let’s agree that ∅ is linearly independent.

Remark 3.29:
1) 0V can always be written as a linear combination
of any list of vectors as 0V = 0 ·v1+0 ·v2+ · · ·+0 ·vn.
This is called the trivial linear combination.

2) Suppose that in our list there is a repetition, say
vi = vj for some i ̸= j. Then the list is linearly
dependent, since

0V = 1 · vi + (−1) · vj + 0 · v1 + · · ·+ 0 · vn.

3) The order of the elements in the list does not mat-
ter.

4) If 0 is one of the elements in the list, then this list
cannot be linearly independent.

As a generalization for families of vectors consider the fol-
lowing definition.

Definition 3.30:
Let F = {vi}i∈I be a family of vectors in V . We say
that F is linearly independent if ∀n ∈ Z≥1 and
any sequence of distinct indices i1, . . . , in ∈ I, the
list of vectors vi1 , . . . , vin is linearly independent.

Let ∅ ̸= S ⊆ V be a subset. We say that S is linearly
independent if every finite list of distinct vectors in
S is linearly independent.

Lemma 3.31:
If ∅ ̸= S ⊆ V , is linearly independent, then every
subset of it is also linearly independent.

Proof. Assume ∃a1, . . . , an ∈ K and v1, . . . , vn ∈ W ⊆ S such that
a1v1 + · · · + anvn = 0V with not all ai equal to zero. Since W ⊆ S,
this contradicts the linear independence of S. □

Example 3.32:
1) e1, . . . , en ∈ Kn are linearly independent.
Solution. Suppose a1e1 + · · ·+ anen = 0. This means that

a1


1
0
...
0

+ a2


0
1
...
0

+ · · ·+ an


0
0
...
1

 =


0
0
...
0

 .

But since we are working component-wise, this means that
a1
a2
...
an

 =


0
0
...
0

 .

In particular, ai = 0 for all 1 ≤ i ≤ n.

2) The set {e1, e2, · · · } ⊆ K∞ is linearly independent.

3) The set {1, x, x2, x3, . . . , xd} ⊆ K[x]d is linearly
independent.

4) The set {1, x, x2, x3, . . .} ⊆ K[x] is linearly inde-
pendent.

5) Let V be a vector space, let v ∈ V . Show that {v}
is linearly independent iff v ̸= 0V .

3.5 Basis
The following is one of the most central definitions in linear
algebra.

Definition 3.33: Basis
A subset S ⊆ V is called a basis of V if the following
holds:

1) S is linearly independent.

2) S spans V , i.e. Sp(S) = V .

Proposition 3.34:
A subset S ⊆ V is a basis of V iff every v ∈ V can
be written in a unique way as a linear combination
of vectors from S.

Lec 12

The meaning of "unique" in the above proposition is the
following: suppose v ∈ V is written as v = linear com-
bination #1 with vectors from S, and also as v = linear
combination #2 with vectors from S.

Define C1 to be all the vectors that appear in linear com-
bination #1 without zero coefficient. Similarly, define C2.

Then C1 = C2 and ∀u ∈ C1, the coefficient of u in #1
equals the coefficient of u in #2.

In case, S is a finite set, say S = {u1, . . . , un}, then unique-
ness means that if v = a1u1+· · ·+anun = b1u1+· · ·+bnun,
then ai = bi for all 1 ≤ i ≤ n.
Proof. [of proposition] For simplicity assume that S is finite. (The
general case is an exercise.)

⇐ Assume every v ∈ V can be written in a unique way. Because every
v ∈ V can be written, this implies that Sp(S) = V . We’ll show now
that S is linearly independent.

14



Write S = {v1, . . . , vn}. Consider the 0V . Clearly, 0 = 0·v1+· · ·+0·vn.
But by assumption, there is a unique linear combination of v1, . . . , vn
that equals 0V . It follows that if

a1v1 + · · ·+ anvn = 0V .

Then all ai must be zero. Thus, S is linearly independent. Thus, S is
a basis of V .

⇒ Assume S is a basis of V . Therefore, Sp(S) = V . This implies that
every v ∈ V can be written as a linear combination of vectors from S.
It remains to show uniqueness.

Assume by contradiction that ∃v ∈ V can be written as

v = a1v1 + · · ·+ anvn = b1v1 + · · ·+ bnvn.

Where ak ̸= bk for some 1 ≤ k ≤ n.

Now, subtracting both expressions, we get

0V = (a1 − b1)v1 + · · ·+ (ak − bk)︸ ︷︷ ︸
̸=0

vk + · · ·+ (an − bn)vn.

Thus 0V can be written as a non-trivial linear combination of vectors
from S. Thus S is not linearly independent, which contradicts our
assumption that S is a basis. □

Example 3.35:
1) The set {e1, . . . , en} is a basis of Kn.

2) The set {1, x, x2, . . . , xd} is a basis of K[x]d.

3) The set {Eij | 1 ≤ i ≤ m, 1 ≤ j ≤ n} is a basis of
Mm×n(K).

In case of Kn, we call the basis {e1, . . . , en} the standard
basis or canonical basis of Kn.

Lemma 3.36:
Let v1, . . . , vm ∈ V be a list of linearly dependent
vectors. Then ∃1 ≤ j ≤ m such that

1) vj ∈ Sp(v1, . . . , vj−1)

2) Sp(v1, . . . , vm) = Sp(v1, . . . , vj−1, vj+1, . . . , vm)

Proof. Since the list is linearly dependent, ∃a1, . . . , am ∈ K not all
of them zero, such that

a1v1 + · · ·+ amvm = 0V .

Define j := max{i | ai ̸= 0} (i.e. aj ̸= 0 and aj+1 = · · · = am = 0).

Then a1v1 + · · ·+ aj−1vj−1 + ajvj = 0V . Since aj ̸= 0, we can solve
for vj :

vj = −
a1

aj
v1 − · · · −

aj−1

aj
vj−1. (3.1)

This implies vj ∈ Sp(v1, . . . , vj−1).

To prove 2), let v ∈ Sp(v1, . . . , vm). Then

v = c1v1 + · · ·+ cmvm.

Substituting (3.1) into this expression, we obtain, that v is a linear
combination of v1, . . . , vj−1, vj+1, . . . , vm. Hence,

Sp(v1, . . . , vm) ⊆ Sp(v1, . . . , vj−1, vj+1, . . . , vm).

But clearly, we also have the other inclusion, thus

Sp(v1, . . . , vm) = Sp(v1, . . . , vj−1, vj+1, . . . , vm).

□

Lemma 3.37:
Let v1, . . . , vm be a list of linearly dependent vectors
such that v1, · · · , vk are linearly independent for some
1 ≤ k < m. Then j from Lemma 3.36 satisfies k < j.

Proof. Assume by contradiction that j ≤ k. We have:

vj = a1v1 + · · ·+ aj−1vj−1,

for some a1, . . . , aj−1 ∈ K.

But this implies that

0 = a1v1 + · · ·+ aj−1vj−1 − 1 · vj .

Since there is a −1 coefficient, this is a non-trivial linear combination
of v1, . . . , vk that equals 0V . This contradicts the linear independence
of v1, . . . , vk. □

Lemma 3.38:
Let w1, . . . , wn ∈ V such that Sp(w1, . . . , wn) = V
and let v ∈ V . Then the list v, w1, . . . , wn is linearly
dependent.

Proof. Write v = a1w1+ · · ·+anwn for some a1, . . . , an ∈ K. Then

0V = (−1) · v + a1w1 + · · ·+ anwn.

This is a non-trivial linear combination of v, w1, . . . , wn that equals 0V .
Thus, the list is linearly dependent. □

Lemma 3.39:
Let v1, . . . , vn ∈ V such that Sp(v1, . . . , vn) = V . Let
u1, . . . , um be a list of linearly independent vectors in
V . Then m ≤ n.

Proof. The proof will have m steps.

Step 1: We will replace u1 by one of the vectors v1, . . . , vn. How?
Consider the list u1, v1, . . . , vn. By Lemma 3.38, this list is linearly
dependent. By Lemma 3.36, one of the vectors in this list is in the span
of the vectors that appear before it, and if we drop this vector from
the list, the overall span does not change. By Lemma 3.37, this vector
cannot be u1 (because u1 is linearly independent).

We now drop that vector and get a list of n vectors that still span V
and the first vector is u1.

Step j (2 ≤ j ≤ m): From step j−1, we should have a list of n vectors
that span V and the first j − 1 vectors are u1, . . . , uj−1 and the other
rest n− (j − 1) of vectors are taken from the list v1, . . . , vn.

Let’s write this list of n vectors as u1, . . . , uj−1, w1, . . . , wn−(j−1).
Consider now the list u1, . . . , uj−1, uj , w1, . . . , wn−(j−1). Lec 13

This list with n+ 1 vectors spans V as the span cannot be reduced by
adding more vectors. By Lemma 3.38, we know that this list is linearly
dependent. By Lemma 3.36, one of the vectors in this list is in the span
of the vectors that appear before it, and if we drop this vector from the
list, the overall span does not change. By Lemma 3.37, this vector can
be not of u1, . . . , uj−1 (because they are linearly independent). Thus,
the vector that we drop is in the set {w1, . . . , wn−(j−1)}.

So, the new list is u1, . . . , uj , w1, . . . , wn−j and it still spans V .

Assume now, by contradiction, that m > n. Then, we can perform the
steps j = 1, . . . , j = n and obtain at step j = n a list that looks like

u1, u2, . . . , un, un.

This list spans V as we have shows. But there are more u’s which are
not in the list, in particular un+1. If we now add this vecotr to the list,
by lemma 3.38, the list is linearly dependent. But this contradicts the
linear independence of u1, . . . , un+1. □

In fact, we proved a bit more than Lemma 3.39, namely:
We can remove m vectors from the list v1, . . . , vn such
that the remaining n−m vectors vi1 , . . . , vin−m

when put
together with u1, . . . , um still span V .

In particular, if m = n, then Sp(u1, . . . , un) = V .

15



Theorem 3.40:
Let V be a finite dimensional vector space over K.
Then V has a finite basis. Moreover, every basis of
V is finite and has the same number of elements.

Lemma 3.41:
Let w1, . . . , wl ∈ V and assume ∀1 ≤ j ≤ l, wj /∈
Sp(w1, . . . , wj−1). Then w1, . . . , wl are linearly inde-
pendent.

Proof. If w1, . . . , wl were linearly dependent, then by Lemma 3.36,
∃1 ≤ j ≤ l such that wj ∈ Sp(w1, . . . , wj−1), contradicting our as-
sumption. □

Lemma 3.42:
Assume Sp(v1, . . . , vn) = V . Then ∃ a subset of
{v1, . . . , vn} that is a basis of V .

Proof. We’ll have n steps, and each step we’ll have consider one of
the vectors form v1, . . . , vn and decide wether or not to drop it.

Step 1: If v1 = 0V , we drop it. If not, we keep it.

Step 2 ≤ j ≤ n: If vj ∈ Sp(v1, . . . , vj−1), we drop it. Otherwise, we
keep it. After performing n steps as above, we get a possibly shorter
list vi1 , . . . , vim with

1 ≤ i1 < i2 < · · · < im ≤ n.

We claim that Sp(vi1 , . . . , vim ) = V . Indeed, in any of the steps
1 ≤ j ≤ n, we dropped the vector vj only if vj ∈ Sp(v1, . . . , vj−1).
From this it follows that dropping vj does not change the overall span.

Sp(vi1 , . . . , vim ) = Sp(v1, . . . , vn) = V.

We now claim, that vi1 , . . . , vim are linearly independent. Indeed, ∀1 ≤
k ≤ m we have vik /∈ Sp(vi1 , . . . , vik−1). Thus in particular,

vik /∈ Sp(vi1 , . . . , vik−1
).

By Lemma 3.41 applied to the list vi1 , . . . , vim , we deduce that they
are linearly independent. So vi1 , . . . , vim is a basis of V . □

At last, we can prove Theorem 3.40:
Proof. [of Theorem 3.40] We need to prove three things:

1) V has a finite basis. Take any finite set S ⊆ V , such that Sp(S) = V
(this is possible by definition of finite dimensional). By Lemma 3.42,
there is a subset of S′ of S that is a basis of V .

2) Every basis of V has finitely many elements. Let C be any basis for
V . We’ll show that C is a finite set. Suppose by contradiction that
C is infinite. Also, take any finite basis, say S, for V (we know such
a basis exists by 1), say S = {v1, . . . , vn}. Choose n + 2025 vectors,
u1, . . . , un+2025 ∈ C. By Lemma 3.39, we have that

n+ 2025 ≤ n.

This is a contradiction. Thus, every basis of V is finite.

3) Any two bases A,B of V have the same number of elements. By
statement 2), both A and B are finite sets. Now Sp(B) = V and A is
linearly independent. By Lemma 3.39, we have that

|A| ≤ |B|.

But interchanging the roles of A and B, we also have that

|B| ≤ |A|.

Thus, |A| = |B|. □

This inspires the following definition:

Definition 3.43: Dimension
Let V be a finite dimensional vector space over K.
We define the dimension of V to be the unique num-
ber n ∈ Z≥0 of elements in any basis of V . We write

dim(V ) = n.

Sometimes, people also write dimK(V ) to emphasize the
field K.

Example 3.44:
1) dim{0V } = 0.

2) dim(Kn) = n.

3) dim(K[x]d) = d+ 1.

4) dim(Mm×n(K)) = m · n.

As a summary of the algorithm we developped, we have:
Let V be a finite dimensional vector space over K. Then:

1) Every finite list of vectors that spans V will contain a
sublist which is a basis of V .

2) Every linearly independent list of vectors in V can be
extended to get a basis of V . Lec 14

Theorem 3.45:
Let V be a finite dimensional vector space of di-
mension n := dim(V ). The follwoing statements are
equivalent:

1. v1, . . . , vn ∈ V are linearly independent.

2. v1, . . . , vn span V .

3. v1, . . . , vn form a basis of V .

Proof. 1 ⇒ 3: By what was done last time, we can extend the list
v1, . . . , vn and get a basis for V . But this list has already n vectors in
it. So there is no extension needed. Thus, v1, . . . , vn is a basis of V .

3 ⇒ 1&2: By definition of basis.

2 ⇒ 3: By again, what we did last time, we can possibly drop some
vectors from the list v1, . . . , vn and get a basis for V . But the length
of the list v1, . . . , vn is already n. So dropping is impossible. Thus
v1, . . . , vn was a basis already from the beginning. □

Theorem 3.46:
Suppose V is finite dimensional and n = dim(V ). Let
v1, . . . , vk ∈ V be a list. Then:

1. If k < n then v1, . . . , vk do not span V .

2. If k > n then v1, . . . , vk are linearly dependent.

Proof. 1) Assume k < n. Suppose by contradiction that this list spans
V . As we have seen, we can thin this list to a sublist which is a basis
of V . But any basis of V has n elements. So we have a contradiction.

2) Assume k > n. Assume by contradiction that v1, . . . , vk are linearly
independent. By what we did last time, we can extend this list to a basis
of V . But any basis of V has n elements. So we have a contradiction.
□
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Proposition 3.47:
Let V be a finite dimensional vector space. Then
every subspace U ⊆ V is also finite dimensional and
we have

dim(U) ≤ dim(V ).

Moreover, dim(U) = dim(V ) ⇔ U = V .

Proof. Let n = dim(V ). We’ll show first that U is finite dimensional.

If U = {0V }, then dim(U) = 0 and we are done. Assume now, that
U ̸= {0V }. Take any vector v1 ∈ U \ {0V }. If U = Sp(v1), then
dim(U) = 1 and we are done.

If U ̸= Sp(v1), take v2 ∈ U \Sp(v1). By lemma 3.41, v1, v2 are linearly
independent.

We continue this process and after j steps, we obtain a list v1, . . . , vj ∈
U that are linearly independent.

However, this process must stop after at most n steps, since other-
wise we would have a list of n + 1 linearly independent vectors in V ,
contradicting the fact that dim(V ) = n.

For the equality case, conversly suppose k = n. Thus the list of vectors
v1, . . . , vn is a basis for U , hence these are linearly independent vectors.
They continue to be linearly independent even when viewed as vectors
in V . By the above theorem, v1, . . . , vn also span V . Thus U =
Sp(v1, . . . , vn) = V . □

3.6 Row and Column Spaces
Consider Km. Let v1, . . . , vn ∈ Km. The follwoing ques-
tions arise:

1. Let w ∈ Km. How to determine whether or not
w ∈ Sp(v1, . . . , vn)?

2. How do we describe Sp(v1, . . . , vn)?

3. How to determine if v1, . . . , vn are linearly indepen-
dent?

Let us start with question 1).

For w ∈ Sp(v1, . . . , vn), this is equivalent to the existence
of a1, . . . , an ∈ K such that

w = a1v1 + · · ·+ anvn.

We can write this as | | · · · |
v1 v2 · · · vn
| | · · · |



a1
a2
...
an

 =

 |
w
|

 . (3.2)

So the question is, wether or not the system of equations
(3.2) with the unknowns a1, . . . , an has a solution.

For the second question, apply answer 1) to a general b =
w. So do elimination to the augmented matrix (A|b), untill
we get a reduced row echelon matrix (A′|b′). And A′x = b′

has a solution iff Ax = b has a solution.

In case A′ does not have any 0-rows (i.e each row of A′ has
a pivot). In this case, A′x = b′ will always have a solution,
which implies that Sp(v1, . . . , vn) = Km.

If A′ does have some 0-rows, then the entries in b′ corre-
sponding to these 0-rows must also be 0 for A′x = b′ to
have a solution. Thus

b ∈ Sp(v1, . . . , vn) ⇔ b′r+1 = b′r+2 = · · · = b′m = 0.

Example 3.48:
Take the following in R3:

v1 =

1
1
1

 , v2 =

 1
0
−1

 .

The span of v1, v2 is given by all vectors b ∈ R3 such
that1 1 b1

1 0 b2
1 −1 b3

→

1 1 b1
0 1 b1 − b2
0 0 b1 − 2b2 + b3

 .

From this, we see that for Sp(v1, v2), we must have

Sp(v1, v2) =


b1b2
b3

 ∈ R3 | b1 − 2b2 + b3 = 0

 .

For question three, we see that v1, . . . , vn are linearly in-
dependent iff the system of equations | | · · · |

v1 v2 · · · vn
| | · · · |



a1
a2
...
an

 =

 |
0V
|

 .

Has only the trivial solution a1 = a2 = · · · = an = 0. So
Take A = (v1 · · · vn), do elimination and get A′. Lec 15

In other words, v1, . . . , vn are linearly independent iff the
reduced row echelon form A′ of A has percisely n pivots
(i.e no zero rows). So the matrix is of the form

A′ =



1 ∗ ∗ · · · ∗
0 1 ∗ · · · ∗
...

...
...

. . .
...

0 0 0 · · · 1
0 0 0 · · · 0
...

...
...

. . .
...


.

Let us revisit theorem 3.46. Take a list v1, . . . , vn ∈ Km,
where n < m. Form the matrix

A =

 | | · · · |
v1 v2 · · · vn
| | · · · |

 .

We can have at most n pivots but m > n. When trying
to solve Ax = b, we will get at least one zero row in the
reduced row echelon form of A. Now, the span is given by

Sp(v1, . . . , vn) = {b ∈ Km | b′n+1 = b′n+2 = · · · = b′m = 0}.

Assume now that n > m. Why is v1, . . . , vn linearly de-
pendent? Well, we need to check if the system | | · · · |

v1 v2 · · · vn
| | · · · |



x1
x2
...
xn

 =

 |
0V
|


has non-trivial solutions. After elimination, we get A′x =
0 and A′ can at most have m pivots, since there are only
m rows. But n > m, so there are at least n − m free
variables. Thus, there are non-trivial solutions.
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Definition 3.49: Row and Column Spaces
Let A ∈Mm×n(K). Denote by u1, . . . , um ∈ Kn the
rows of A and by v1, . . . , vn ∈ Km the columns of A.

A =


− u1 −
− u2 −

...
− um −

 =

 | | |
v1 v2 · · · vn
| | |

 .

Define two spaces:

RowS(A) := Sp(u1, . . . , um) ⊆ Kn

ColS(A) := Sp(v1, . . . , vn) ⊆ Km.

Where we call RowS(A) the row space of A and
ColS(A) the column space of A.

Lemma 3.50:
If A,B ∈Mm×n(K) are row equivalent, then

RowS(A) = RowS(B).

Notice that it is not true that ColS(A) = ColS(B)

Proof. Let M ∈Mm×m(K).

1) When we exchange two rows of M , the span of the rows does not
change. So RowS(M) does not change under this operation.

2) The operation λRi → Ri for λ ∈ K \ {0}. Here too, the span of
the rows does not change. So RowS(M) does not change under this
operation.

3) The operation Ri + λRj → Ri for λ ∈ K, i ̸= j. We need to show
Sp(R1, . . . , Rm) = Sp(R1, . . . , Ri + λRj , . . . , Rm).

Indeed, Sp(R1, . . . , Ri + λRj , . . . , Rm) ⊆ Sp(R1, . . . , Rm) since Ri +
λRj ∈ Sp(R1, . . . , Rm).

We also have Sp(R1, . . . , Rm) ⊆ Sp(R1, . . . , Ri + λRj , . . . , Rm). In-
deed, Ri = (Ri + λRj) − λRj , and since i ̸= j, Rj is in the span on
the right hand side.

So we conclude that after one elementary row operation on M , the
RowS(M) is unchanged.

If A and B are row equivalent, then ∃ a finite sequence of matrices
A = A0, A1, . . . , Ak = B such that each Ai+1 is obtained from Ai by
an elementary row operation. By the above,

RowS(A0) = RowS(A1) = · · · = RowS(Ak) = RowS(B).

□

Definition 3.51:
Let A ∈ Mm×n(K). The row-rank of A is defined
as

row-rank(A) := dim(RowS(A))

col-rank(A) := dim(ColS(A)).

Lemma 3.52:
Let B ∈ Mm×n(K) which is in row reduced echelon
form. Then the rows of B that are not totally 0 form
a basis of RowS(B). In particular, row-rank(B) is
equal to the number of pivots in B.

Also the pivot columns of B form a basis of ColS(B).
In particular, for matrices B that are in row reduced
echelon form, we have

col-rank(B) = row-rank(B).

Proof. Consider the following matrix:

Denote by j1 < · · · < jr the column numbers of the pivots. Denote
by u1, . . . , ur the non-zero rows of B. We claim that u1, . . . , ur are
linearly independent.

Indeed, assume that λ1u1 + · · · + λrur = 0. This is a vector in Kn.
Entry number jk in this vector is precisely λk, since uk has a pivot in
column jk. But if we assume that λ1u1 + · · · + λrur = 0, then all
entries of this vector are 0. In particular, λk = 0 for all k = 1, . . . , r.
Thus, u1, . . . , ur are linearly independent. This shows our claim.

But RowS(B) = Sp(u1, . . . , ur) by definition.

By Thm 3.45, u1, . . . , ur form a basis of RowS(B). Also we get that
row-rank(B) = r.

For the column space, clearly

ColS(B) ⊆ {x ∈ Km | xr+1 = . . . xm = 0} = Kr × {0}m−r.

At the same time, the pivot columns of B are of the form

0
...
0
1
0
...
∗


.

So e1, . . . , er form a basis for Kr × {0}. Hence we have, Kr × {0} =
Sp(e1, . . . , er) ⊆ ColS(B).

Thus, ColS(B) = Kr × {0} and the pivot columns of B form a basis
of ColS(B). In particular, col-rank(B) = r = row-rank(B).

□ Lec 16

We thus have found an algorithm to find a basis for the
span of a list of vectors u1, . . . , um ∈ Kn, viewed as rows.
Just put them as rows of a matrix A ∈ Mm×n(K), row
reduce A to B, and take the non-zero rows of B as a basis
of Sp(u1, . . . , um).

A =


− u1 −
− u2 −

...
− um −

 .
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Remark 3.53:
The number of pivots one gets after elimination does
not depend on the specific elimination process be-
cause the number of pivots is equal to the dimension
of the row space, which is an invariant of the matrix.

3.6.1 Transpose of a Matrix

Sometimes its useful to switch between rows and columns
of a matrix.

Definition 3.54: Transposed Matrix
Let A = (aij) ∈ Mm×n(K). The transposed Ma-
trix of A, is

AT := (bij) ∈Mn×m(K) with bij = aji.

Sometimes also At is written.

Example 3.55:
Let

A =

1 2
3 4
5 6

 .

Then
AT =

(
1 3 5
2 4 6

)
.

Simple properties of the transpose: ∀A,B ∈ Mm×n(K)
and λ ∈ K:

1. (A+B)T = AT +BT

2. (λA)T = λAT

3. (AT )T = A

4. RowS(AT ) = ColS(A) and ColS(AT ) = RowS(A)

3.7 Sums of Vector Spaces
Let V be a vector space over K.

Definition 3.56: Sum of Subspaces
Let U,W ⊆ V be subspaces. We define the sum as

U +W := {u+ w | u ∈ U,w ∈W} ⊆ V.

In similar fashion, we can also take sums of more
subspaces.

Proposition 3.57:
Let U,W ⊆ V be subspaces. Then

1. U +W = Sp(U ∪W ). In particular, U +W is
a subspace of V .

2. Suppose U,W are finite-dimensional. Then U+
W is also finite-dimensional and one can write
a basis for U +W as follows:

• Choose a basis p1, . . . , pk for U ∩W where
k = dim(U ∩W ).

• Extend this to a basis p1, . . . , u1, . . . , ul−k
of U , where l = dim(U).

• Extend p1, . . . , pk to a basis of W say
p1, . . . , pk, w1, . . . , wm−k, where we have
m = dim(W ).

• p1, . . . , pk, u1, . . . , ul−k, w1, . . . , wm−k are
a basis of U +W .

3. In particular

dim(U+W ) = dim(U)+dim(W )−dim(U∩W ).

Proof. 1) Clearly, U+W ⊆ Sp(U∪W ). We’ll show that Sp(U∪W ) ⊆
U +W .

Indeed, let v ∈ Sp(U ∪W ). Then v =
∑s

i=1 aiui+
∑r

j=1 bjwj , where
ai, bj ∈ K, ui ∈ U and wj ∈ W . But the first sum belongs to U and
the second to W because U,W are subspaces. Thus, v ∈ U +W .

Together this shows U +W = Sp(U ∪W ).

2) We first show that

S := {p1, . . . , pk, u1, . . . , ul−k, w1, . . . , wm−k}

are linearly independent. Indeed, if

k∑
i=1

aipi +

l−k∑
j=1

bjuj +

m−k∑
t=1

ctwt = 0V .

Write v := c1w1 + . . . cm−kwk ∈W . Note that

v = −(

k∑
i=1

aipi +

l−k∑
j=1

bjuj) ∈ U.

So v ∈ U ∩W . Since p1 . . . , pk is a basis of U ∩W , ∃ coefficients
α1, . . . , αk ∈ K such that

v =

k∑
i=1

αipi.

Furthermore, since p1, . . . , pk, w1, . . . , wm−k is a basis of W , Thus,

k∑
i=1

αipi −
m−k∑
t=1

ctwt = 0V

⇒ α1 = α2 = · · · = αk = 0

.

But p1, . . . , pk, u1, . . . , ul−k is a basis of U , so

a1 = · · · = ak = b1 = · · · = bl−k = 0.

This shows that the p vectors with the u and w vectors are linearly
independent. It remains to show that they span U +W .

Indeed let z ∈ U +W . Write z = u+ w. We can write

u = α1p1 + · · ·+ αkpk + a1u1 + · · ·+ al−kul−k

w = β1p1 + · · ·+ βkpk + b1w1 + · · ·+ bm−kwm−k.
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Then,

z = (α1 + β1)p1 + · · ·+ (αk + βk)pk

+ a1u1 + · · ·+ al−kul−k

+ b1w1 + · · ·+ bm−kwm−k.

But this definetly belongs to Sp(S). Thus S is a basis of U +W .

3) We know

dim(U +W ) = k + (l − k) + (m− k)

= l +m− k

= dim(U) + dim(W )− dim(U ∩W ).

□

Corollary 3.58:
Let U,W ⊆ V be finite-dimensional subspaces. Then
the following are equivalent:

1. dim(U +W ) = dim(U) + dim(W )

2. dim(U ∩W ) = 0

3. U ∩W = {0V }

4. Every v ∈ U +W can be written uniquely as
v = u+ w with u ∈ U and w ∈W .

5. If u+ w = 0V , then u = 0V and w = 0V .

Proof. 1 ⇔ 2: Follows from the dimesion formula in Proposition 3.57.

2 ⇔ 3: Again using proposition 3.57 and the fact that there is only one
space of dimension 0, namely {0V }.

3 ⇒ 4: By the definition 3.56, every v ∈ U + W can be written
as v = u + w with u ∈ U and w ∈ W . We need to show now
the uniqueness. Assume v = u + w = u′ + w′ with u, u′ ∈ U and
w,w′ ∈ W . Then u − u′ = w′ − w. But the left hand side belongs
to U and the right hand side to W . Thus, u − u′ ∈ U ∩W . By 3),
u− u′ = 0V , so u = u′. Consequently, w = w′.

4 ⇒ 5: 0 = 0 + 0, so if 0 = u+ v and 4 holds, then u = 0 and v = 0.

5 ⇒ 3: Let v ∈ U ∩W . Clearly 0 = v + (−v) with v ∈ U , −v ∈ W .
By 5), v = 0V . □

Definition 3.59: Complement of a Subspace
Let U ⊆ V be a subspace. A subspace W ⊆ V is
called a complement of U in V if

U +W = V and U ∩W = {0V }.
Lec 17

Notice there are in general many complements of a given
subspace. There is not a canonical choice.

Proposition 3.60:
Let V be a finite-dimensional vector space over K
and U ⊆ V a subspace. Then there exists a subspace
W ⊆ V which is a complement of U in V .

Proof. Choose a basis u1, . . . , ul of U , where l = dim(U). Extend
this list to a basis of V , say

u1, . . . , ul, w1, . . . , wm.

So l+m = dim(V ). Take W := Sp(w1, . . . , wm). Clearly, U+W = V
because U +W = Sp(u1, . . . , ul, w1, . . . , wm) = V .

Also U ∩W = {0V } because if
∑l

i=1 aiui =
∑m

j=1 bjwj , then

l∑
i=1

aiui −
m∑

j=1

bjwj = 0V .

But since u1, . . . , ul, w1, . . . , wm is a basis of V , they are linearly inde-
pendent, so all coefficients are 0.

Alternatively, by corollary 3.58, we can compute

dim(U∩W ) = dim(U)+dim(W )−dim(U+W ) = l+m−(l+m) = 0.

□
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4 Linear Maps
Let V,W be vector spaces over a field K.

A linear map is a function between vector spaces that re-
spects the structure of the vector spaces. Other names
include, linear transformations or homomorphisms of vec-
tor spaces.

Definition 4.1: Linear Map
A map T : V →W is called linear if

1. ∀u, v ∈ V : T (u+ v) = T (u) + T (v)

2. ∀v ∈ V, ∀a ∈ K : T (a · v) = a · T (v)

The set of all linear maps T : V → W is denoted by
Hom(V,W ) or HomK(V,W ).

Sometimes, we write Tv = T (v). The reason, V and W
are over the same field K is that the definition would not
make sense otherwise.

Exercise 4.2:
Show that T : V →W is linear iff

T (au+ bv) = aT (u) + bT (v) ∀u, v ∈ V,∀a, b ∈ K.

Example 4.3:
1) id : V → V is a linear map.

2) 0 : V →W, v 7→ 0W is a linear map.

3) D : K[x] → K[x], the (formal) derivative, i.e.

D(a0+a1x+ · · ·+anxn) = a1+2a2x+ · · ·+nanxn−1

is a linear map as

D(ap(x) + bq(x)) = ap′(x) + bq′(x)

= aD(p(x)) + bD(q(x)).

4) Let C([a, b]) be the vector space of continuous
functions f : [a, b] → R. Then the map

T : C([a, b]) → R, f 7→
ˆ b

a

f(x) dx,

is linear.

5) S : K∞ → K∞, (a1, a2, . . . ) 7→ (a2, a3, . . . ) called
the shift map is linear.

Example 4.4: Important Example
Let A ∈Mm×n(K). Define

TA : Kn
col → Km

col, x 7→ Ax.

We showed that A · (a ·x) = a · (Ax) and A · (x+y) =
Ax+Ay. Thus, TA is linear.

Proposition 4.5:
Let T : V →W be a linear map. Then:

1. ∀n ∈ Z≥0, ∀v1, . . . , vn ∈ V, ∀a1, . . . , an ∈ K:

T

(
n∑
i=1

aivi

)
=

n∑
i=1

aiT (vi).

2. T (0V ) = 0W

Proof. 1) We prove this by induction on n.

Base case: n = 2: This is just the definition 4.1. Induction step:
Assume true for n. We show for n+ 1:

T

(
n+1∑
i=1

aivi

)
= T

(
n∑

i=1

aivi + an+1vn+1

)

= T

(
n∑

i=1

aivi

)
+ T (an+1vn+1)

=
n∑

i=1

aiT (vi) + an+1T (vn+1)

=

n+1∑
i=1

aiT (vi).

2) Note that

T (0V ) = T (0 · v) = 0 · T (v) = 0W .

□

Theorem 4.6:
Let V be finite-dimensional, and let v1, . . . , vn be a
basis of V . Then ∀w1, . . . , wn ∈ W , ∃! linear map
T : V →W such that T (vi) = wi.

In other words, we can define a linear map by defining
where the basis vectors go.
Proof. Existence of T : Let v ∈ V . We want to define T (v). Since
v1, . . . , vn is a basis of V , ∃ a1, . . . , an ∈ K such that

v = a1v1 + a2v2 + · · ·+ anvn. (4.1)

Define T (v) := a1w1+a2w2+ · · ·+anwn. Note that T is well-defined
because ∀v ∈ V , the coefficients ai are unique. We claim that T is
linear.

Indeed, let u, v ∈ V . Then ∃ai, bi ∈ K such that

u =

n∑
i=1

aivi, v =

n∑
i=1

bivi.

Now,

u+ v =
n∑

i=1

(ai + bi)vi.

But also by definition of T by (4.1):

T (u+ v) =

n∑
i=1

(ai + bi)wi

=
n∑

i=1

aiwi +

n∑
i=1

biwi

= T (u) + T (v).

Let now α ∈ K, v ∈ V with v =
∑n

i=1 aivi. Then,

T (αv) = T

(
n∑

i=1

αaivi

)
(4.1)
=

n∑
i=1

αaiwi

= α
n∑

i=1

aiwi = αT (v).
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This proves that T is linear. Note that by definition, T (vi) = wi. We
now have to show uniqueness of T .

Suppose T, S : V →W are linear maps such that T (vi) = S(vi) = wi.
We’ll show that T = S. Let v ∈ V . Write v =

∑n
i=1 aivi. Then,

T (v) = T

(
n∑

i=1

aivi

)
Prop. 4.5

=

n∑
i=1

aiT (vi)

=
n∑

i=1

aiwi

=

n∑
i=1

aiS(vi)
Prop. 4.5

= S

(
n∑

i=1

aivi

)
= S(v).

□

Example 4.7:
Consider Kn with the standard basis e1, . . . , en. Let
w1, . . . , wn ∈ Km be n arbitrary vectors. By The-
orem 4.6, ∃! linear map T : Kn → Km such that
T (ei) = wi. We can describe T as T = TA where

A =

 | | |
w1 w2 · · · wn
| | |

 .

Recall that TA : Kn → Km is linear. Indeed, for ei,

TA(ei) = A · ei = wi.

So we have constructed a linear map TA such that
TA(ei) = wi. By uniqueness in Theorem 4.6, T = TA.

Lemma 4.8:
∀ linear map T : Kn → Km, ∃!A ∈ Mm×n(K) such
that T = TA.

In fact,

A =

 | | |
T (e1) T (e2) · · · T (en)

| | |

 .

4.1 Kernel and ImageLec 18

Let T : V →W be a linear map.

Definition 4.9: Kernel and Image
The set

Ker(T ) := {v ∈ V | T (v) = 0W } ⊆ V

is called the kernel of T .

The set
Im(T ) := {Tv | v ∈ V } ⊆W

is called the image of T .

bWith the notation from set theory, we have

Ker(T ) = T−1({0W }) and Im(T ) = T (V ).

Proposition 4.10:
The kernel Ker(T ) is a subspace of V and the image
Im(T ) is a subspace of W .

Proof. 1) Let a, b ∈ K and u, v ∈ Ker(T ). Then

T (av + bu) = aT (v) + bT (u) = a · 0W + b · 0W = 0W .

Hence, av+bu ∈ Ker(T ) and since 0V ∈ Ker(T ), Ker(T ) is a subspace
of V .

2) Let a, b ∈ K and w1, w2 ∈ Im(T ). Then ∃v1, v2 ∈ V such that

T (v1) = w1, T (v2) = w2.

Now T (av1+bv2) = aT (v1)+bT (v2) = aw1+bw2. Thus aw1+bw2 ∈
Im(T ). Also 0W = T (0V ) ∈ Im(T ). Hence, Im(T ) is a subspace of
W . □

Example 4.11:
Let A ∈ Mm×n(K) and TA : Kn → Km be a linear
map TA(x) = Ax. Then Ker(TA) = {x ∈ Kn | Ax =
0} is the solution space of the homogeneous system
of linear equations associated to A.

Proposition 4.12:
The following are equivalent for a linear map T : V →
W :

1. T is injective ⇔ Ker(t) = {0V }

2. T is surjective ⇔ Im(T ) =W

Proof. 2) This is true by definition of surjectivity and image. 1) ⇒:
Clearly 0V ∈ Ker(T ). So {0V } ⊆ T−1({0W }). Since T is injective,
T−1({0W }) contains at most one element. Thus, Ker(T ) = {0V }.

⇐: Let u, v ∈ V such that T (u) = T (v). Then we have

T (u)− T (v) = 0W ⇒ T (u− v) = 0W ⇒ u− v ∈ Ker(T ).

But by assumption, Ker(T ) = {0V }, so u − v = 0V ⇒ u = v which
shows the injectivity. □

Exercise 4.13:
Show that

1. If V ′ ⊆ V is a subspace, then T (V ′) ⊆ W is a
subspace.

2. If W ′ ⊆ W is a subspace, then T−1(W ′) ⊆ V
is a subspace.

3. Explain why 1 & 2 are generalisations of Propo-
sition 4.10.

Recall that f : X → Y is called bijective if it is both
injective and surjective. In this case, ∃! inverse map

g : Y → X such that g ◦ f = idX , f ◦ g = idY .

The other direction of this also holds: If ∃g : Y → X such
that g ◦ f = idX and f ◦ g = idY , then f is bijective.
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Definition 4.14: Isomorphism
A linear map T : V → W is called an isomorphism
if ∃ a linear map S :W → V such that

S ◦ T = idV , T ◦ S = idW .

We say that V is isomorphic to W if ∃ an isomor-
phism T : V →W and write V ∼=W .

Any isomorphism is obviously bijective. The other direc-
tion also holds:

Lemma 4.15:
Let T : V → W be a linear map. Then T is an
isomorphism iff T is bijective.

Proof. Let a, b ∈ K,w1, w2 ∈ W . Put v1 = T−1(w1) and v2 =
T−1(w2). Since T is linear we get

T (av1 + bv2) = aT (v1) + bT (v2) = aw1 + bw2.

But then

T−1(aw1 + bw2) = av1 + bv2 = aT−1(w1) + bT−1(w2).

Hence, T−1 is linear and thus T is an isomorphism. □

In short, for linear maps, isomorphism = bijection.

Lemma 4.16:
Let T : V → W,S : W → U be linear maps. Then
the composition

S ◦ T : V → U, v 7→ S(T (v))

is also a linear map.

Proof. Let a, b ∈ K,u, v ∈ V . Then

S ◦ T (au+ bv) = S(T (au+ bv))

= S(aT (u) + bT (v))

= aS(T (u)) + bS(T (v))

= a(S ◦ T )(u) + b(S ◦ T )(v).

□

Exercise 4.17:
Show that ∼= defines an equivalence relation on the
set of vector spaces over K.

Definition 4.18: Endomorphism and Automorphism
A linear map T : V → V (both domain and target
are V ) is called an endomorphism of V .

We denote the set of all endomorphisms of V by

End(V ) := Hom(V, V ).

A linear map T : V → V which is an isomorphism is
called an automorphism of V .

Sometimes, if T is injective, we call it a monomorphism,
and if T is surjective, we call it an epimorphism.

Lemma 4.19:
Let v1, . . . , vn be a basis of V . Then Im(T ) =
Sp(T (v1), . . . , T (vn)).

Proof. We first show Im(T ) ⊇ Sp(T (v1), . . . , T (vn)). Let
a1, . . . , an ∈ K. Then

n∑
i=1

aiT (vi) = T

(
n∑

i=1

aivi

)
∈ ℑ(T ).

Thus Sp(T (v1), . . . , T (vn)) ⊆ ℑ(T ).

For the other inclusion, let w ∈ ℑ(T ). Then ∃v ∈ V such that T (v) =
w. Since v1, . . . , vn is a basis of V , ∃a1, . . . , an ∈ K

v =

n∑
i=1

aivi ⇒ w = T (v) = T

(
n∑

i=1

aivi

)
=

n∑
i=1

aiT (vi).

Thus w ∈ Sp(T (v1), . . . , T (vn)) and hence this inclusion holds as well.
□

Theorem 4.20: Rank Theorem
Let V be finite-dimensional and T : V →W a linear
map. Then

dim(V ) = dim(Ker(T )) + dim(Im(T )).

Proof. Let n := dimV Let u1, . . . , uk be a basis of Ker(T ), where
k = dim(Ker(T )). Extend this to a basis of V (Since the kernel is a
subspace of V its also finite-dimensional). We extend it to a basis of
V :

u1, . . . , uk, v1, . . . , vn−k.

By Lemma 4.19, we have

Im(T ) = Sp(T (u1)︸ ︷︷ ︸
=0

, . . . , T (uk)︸ ︷︷ ︸
=0

, T (v1), . . . , T (vn−k))

= Sp(T (v1), . . . , T (vn−k)).

We claim that T (v1), . . . , T (vn−k) form a basis for Im(T ). Indeed
we just proved that theese vectors span Im(T ). We now show linear
independence.

Let a1, . . . , an−k ∈ K and assume
∑n−k

i=1 aiT (vi) = 0. Since T is
linear,

T (

n−k∑
i=1

aivi) =

n−k∑
i=1

aiT (vi) = 0.

Thus,
∑n−k

i=1 aivi ∈ Ker(T ). But u1, . . . , uk is a basis of Ker(T ), so
∃b1, . . . , bk ∈ K such that

a1v1 + · · ·+ an−kvn−k = b1u1 + · · ·+ bkuk

⇒ a1v1 + · · ·+ an−kvn−k − b1u1 − · · · − bkuk = 0.

But since u1, . . . , uk, v1, . . . , vn−k is a basis of V , they must be
linearly independent. Thus, all coefficients are 0, which proves that
T (v1), . . . , T (vn−k) are linearly independent.

We can see that dim(Im(T )) = n−k = dim(V )−dim(Ker(T )). which
proves the theorem. □ Lec 19

Corollary 4.21:
Let T : V → W be a linear map between finite-
dimensional vector spaces. Then the following holds

• If dimW < dimV , then T is not injective.

• If dimV < dimW , then T is not surjective.

• If dimV = dimW , then

T injective ⇔ T surjective ⇔ T bijective.

Proof. 1) Since Im(T ) ⊆W , we have

dim(Im(T )) ≤ dim(W ) < dim(V ).
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By the rank theorem (Theorem 4.20),

dim(Ker(T )) = dim(V )− dim(Im(T )) > 0.

But this means that Ker(T ) ̸= {0V }, so by Proposition 4.12, T is not
injective.

2) Again by the rank theorem,

dim(Im(T )) = dim(V )− dim(Ker(T )) ≤ dim(V ) < dim(W ).

Since the image has strictly smaller dimension than W , we have
Im(T ) ⊊W and thus T is not surjective.

3) T is injective ⇔ dim(Ker(T )) = 0. But this is equivalent
to dim(Ker(T )) = 0. By the rank theorem, this is equivalent to
dim(Im(T )) = dim(W ), which is equivalent to T being surjective.

□

Corollary 4.22:
Two finite-dimensional vector spaces V and W are
isomorphic iff dim(V ) = dim(W ).

Proof. ⇒: Suppose T : V → W is an isomorphism. Then T is
bijective, so by Proposition 4.12,

Ker(T ) = {0V } ⇒ dim(Ker(T )) = 0,

and
Im(T ) =W ⇒ dim(Im(T )) = dim(W ).

By the rank theorem, we have

dim(W ) = dim(V )− dim(Ker(T )) = dim(V )− 0 = dim(V ).

⇐: Assume dim(V ) = dim(W ). Denote by n their common dimension.

Let v1, . . . , vn be a basis for V and w1, . . . , wn be a basis for W .

Define a linear map T : V → W by T (vi) = wi for i = 1, . . . , n. By
Theorem 4.6, such a linear map exists and is unique. By Lemma 4.19,
we have

Im(T ) = Sp(T (v1), . . . , T (vn)) = Sp(w1, . . . , wn) =W.

Hence, T is surjective. By Corollary 4.21, we have that T is also injec-
tive, and thus bijective, i.e. isomorphic. □

Theorem 4.23:
Let T be an isomorphism. Let S be a set of vectors
from V . Write

T (s) := {T (v) | v ∈ S}.

Then

1) S is linearly independent iff T (S) is linearly inde-
pendent.

2) S spans V iff T (S) spans W .

3) S is a basis of V iff T (S) is a basis of W .

Given V ∼= W , then V and W have the same algebraic
properties. We can think of V and W as the same space
represented in two different ways. For all practical pur-
poses, V and W are identical.

Now, unfortunately, there is no canonical isomorphism be-
tween two vector spaces and none is preferred over another
in general. Since this is the case, it is therefore better to
look at all of them.

So for example, K[x]3 ∼= K4, but there is no preferred
isomorphism between them. A more extreme example is
the vector space{(

a11 a12
a21 a22

)
| a11 + a22 = 0

}
.

This is a 3-dimensional vector space overK, so it is isomor-
phic to K3, but there is no obvious isomorphism between
them.

Definition 4.24: Rank of a Linear Map
We define the rank of a linear map T : V →W as

rank(T ) := dim(Im(T )).

Exercise 4.25:
Let T : V → W , S : W → U be linear maps where
U, V,W are finite-dimensional. Show that

1. rank(S ◦ T ) ≤ min(rank(S), rank(T )).

2. If S is injective, then rank(S ◦ T ) = rank(T ).

3. If T is surjective, then rank(S ◦ T ) = rank(S).

4.2 Linear Maps and coordinates
In this section, we will always assume that all vector spaces
are finite-dimensional. We will write a basis as an ordered
tuple B = (v1, . . . , vn).

Definition 4.26: Coordinate Vector
Let V be a vector space over K and B = (v1, . . . , vn)
a basis for V . Let v ∈ V . Define the coordinate
vector of v with respect to the basis B as

[v]B :=


a1
a2
...
an

 ∈ Kn.

Where a1, . . . , an ∈ K are the unique scalars such
that

v = a1v1 + a2v2 + · · ·+ anvn.

Define a map ΦB : V → Kn by

ΦB(v) = [v]B ∀v ∈ V.

Proposition 4.27:
The map ΦB : V → Kn is an isomorphism.

Proof. Linearity of ΦB. Let a, b ∈ K and u, v ∈ V . Now write v and
u as a linear combination of the basis vectors:

v =

n∑
i=1

aivi, ai ∈ K ⇒ [v]B =


a1
a2
...
an


u =

n∑
i=1

bivi, bi ∈ K.
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Now it holds that

av + bu = a

n∑
i=1

aivi + b

n∑
i=1

bivi

=
n∑

i=1

(aai + bbi)vi

⇒ [av + bu]B =


aa1 + bb1
aa2 + bb2

...
aan + bbn

 = a


a1
a2
...
an

+ b


b1
b2
...
bn


= a[v]B + b[u]B.

Now in the ΦB definition, we have

ΦB(av + bu) = [av + bu]B = a[v]B + b[u]B = aΦB(v) + bΦB(u).

This shows linearity. We now show that ΦB is an isomorphism.

ΦB is a map between two vector spaces of the same dimension n. Hence,
we will show that Ker(ΦB) = {0V } to prove injectivity.

Indeed, if v ∈ Ker(ΦB), then

[v]B =


0
0
...
0

 .

But this means that v = 0V . Thus, Ker(ΦB) = {0V } which implies
injectivity. By Corollary 4.21, ΦB is also surjective, and thus an isomor-
phism. □Lec 20

Remark 4.28:
The inverse Φ−1

B : Kn → V of ΦB can be written as:

Φ−1
B


a1
a2
...
an

 = a1v1 + a2v2 + · · ·+ anvn.

Example 4.29:

Consider V = R2 and let ξ =

((
1
0

)
,

(
0
1

))
be the

standard basis of R2. Let B =

((
1
1

)
,

(
1
−1

))
be

another basis. Let v =

(
x
y

)
∈ R2. Then

[v]ξ =

(
x
y

)
, [v]B =

(
x+y
2

x−y
2

)
.

But how can we do the second equality quickly? We
can consider the first the basis vectors of ξ as linear
combinations of the basis vectors of B: Write [v1]B =(
a1
a2

)
Hence, by a system of equations, we have

a1

(
1
1

)
+ a2

(
1
−1

)
=

(
1
0

)
⇒ a1 =

1

2
, a2 =

1

2
.

Similarly, for v2 we have

b1

(
1
1

)
+ b2

(
1
−1

)
=

(
0
1

)
⇒ b1 =

1

2
, b2 = −1

2
.

Since the map is linear, we find the desired result.

Let V,W be finite-dimensional vector spaces over K. Let
n := dimV,m := dimW . Let T be a linear map from V
to W . Fix a basis B for V and a basis C for W .

V W

Kn Km

T

ΦCΦ−1
B

ΦC ·T ·Φ−1
B

Since it does not matter which path we take from Kn to
W , we say that the diagram commutes.

Recall that composition of linear maps is linear. Hence,
ΦC · T · Φ−1

B : Kn → Km is a linear map.

By previous knowledge (4.7), ∃!A ∈Mm×n(K) such that

ΦC · T · Φ−1
B (x) = TA.

Where TA : Kn → Km is the linear map defined by TAx :=
A · x.

The matrix A is called the representation of T with
respect to the bases B and C. It is denoted by [T ]BC .

Now, how do we calculate [T ]BC ? PutA := [T ]BC .

V W

Kn Km

T

ΦCΦ−1
B

TA

Let now ei ∈ Kn then under the map Φ−1
B , it becomes

vi, the i-th basis vector of B. Applying T to vi gives
T (vi) ∈W . Under ΦB, this becomes [T (vi)]C ∈ Km.

In other words,

A = [T ]BC =

 | |
[T (v1)]C · · · [T (vn)]C

| |

 .

Another way to describe this [T ]BC is the following: Write
[T ]BC = (aij). The entries aij are uniquely defined by:

T (vj) =

m∑
i=1

aijwi for j = 1, . . . , n.

(Here, C = (w1, . . . , wm).)

Proposition 4.30:
Let T : V → W be a linear map and let B, C be
bases for V and W , respectively. Put A = [T ]BC .
Then ∀v ∈ V ,

[T (v)]C = A · [v]B.

Equivalently: [Tv]C = [T ]BC · [v]B.

Proof.

V W

Kn Km

T

ΦB ΦC

TA
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This diagram commutes again. Going around the top right gives us

ΦC(T (v)) = [T (v)]C .

Which is equal to

[T (v)]C = TA([v]B) = A · [v]B.

□

Example 4.31:
Let V = Kn,W = Km, T : V → W be a linear map
with T = TQ. Take B and C to be the standard bases
of Kn and Km, then [T ]BC = Q.

Example 4.32:
Let V = K[x]3, W = K[x]2 and let D : V → W
with D(f) = f ′ be the differentiation map. Take
B = (1, x, x2, x3) and C = (1, x, x2) as bases of V and
W , respectively. We now want to find [D]BC .

We have

D(1) = 0 = 0 · 1 + 0 · x+ 0 · x2

D(x) = 1 = 1 · 1 + 0 · x+ 0 · x2

D(x2) = 2x = 0 · 1 + 2 · x+ 0 · x2

D(x3) = 3x2 = 0 · 1 + 0 · x+ 3 · x2.

Hence we find

[D]BC =

0 1 0 0
0 0 2 0
0 0 0 3

 .

4.3 Matrices
Let T : V → W and S : W → U be linear maps between
finite-dimensional vector spaces. Let A = (v1, . . . , vn) be
a basis for V , B = (w1, . . . , wm) a basis for W and C =
(u1, . . . , up) a basis for U .

Consider S ◦ T : V → U . We want to find the relation
between [S ◦ T ]AC , [T ]AB and [S]BC .

Write [T ]AB = A = (aij) and [S]BC = B = (bij). Further-
more, write [S ◦ T ]AC = C = (cij).

We know that

T (vj) = a1jw1 + a2jw2 + · · ·+ amjwm.

Furthermore

S(wj) = b1ju1 + b2ju2 + · · ·+ bpjup.

Lastly,

S ◦ T (vj) = c1ju1 + c2ju2 + · · ·+ cpjup.

But (S ◦ T )(vj) = S(T (vj)), so we have

S(T (vj)) = S

(
m∑
i=1

aijwi

)
=

m∑
i=1

aijS(wi)

=

m∑
i=1

aij

(
p∑
k=1

bkiuk

)
=

p∑
k=1

(
m∑
i=1

bkiaij

)
uk.

So the coefficient ckj =
∑m
i=1 bkiaij .Lec 21

So

[S ◦ T ]AC =


· · · c1j · · ·
· · · c2j · · ·

...
· · · cpj · · ·

 .

If we write the matrices A and B we get

[S ◦ T ]AC =

· · · · · · · · ·
bi1 · · · bim
· · · · · · · · ·



· · · a1j · · ·
· · · a2j · · ·

...
· · · amj · · ·

 .

Definition 4.33: Matrix Multiplication
Let A ∈ Mm×n(K) and B ∈ Mn×p(K). Write A =
(aij) and B = (bij). Define a new matrix C ∈
Mm×p(K) with entries (cij), where

cij =

n∑
k=1

aikbkj .

We denote this new matrix C by A ·B and call it the
multiplication or product of A and B.

It is important that the number of columns of A equals
the number of rows of B.

Another way to describe A ·B is the following:

(
A
)
·

 | · · · |
z1 · · · zp
| · · · |

 =

 | · · · |
Az1 · · · Azp
| · · · |

 .

Example 4.34:
Compute (

3 2 1
1 0 2

)
·

1 2
0 1
4 0

 .

We have
A ·B =

(
7 8
9 2

)
.

In this example, we can also compute the other way
around and get:

B ·A =

 5 2 5
1 0 2
12 8 4

 .

This example tells us that in general, matrix multiplica-
tion is not commutative, i.e. A ·B ̸= B ·A in general.

Let A ∈ Mn×n(K). Let v ∈ Kn
col. We define Av previ-

ously. Vieving v as a n× 1 matrix, we can see that this is
just a special case of matrix multiplication.

Using the same idea, we can define multiplication of a
1 × n matrix with a n × n matrix. Let w ∈ K1×n and
A ∈Mn×n(K). Then we define

w ·A =
(∑n

k=1 w1kak1 · · ·
∑n
k=1 w1kakn

)
.

which is a 1× n matrix.
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So matrix multiplication can also be described like· · · · · · · · ·
− vi −
· · · · · · · · ·

 ·
(
B
)
=

· · · · · · · · ·
− vi ·B −
· · · · · · · · ·

 .

Conclusion: [S ◦ T ]AC = [S]BC · [T ]AB .

As a notation, let I be an index set. ∀i, j ∈ I, define

δij :=

{
1 i = j

0 i ̸= j
.

This is called the Kronecker delta.

Define the identity matrix In ∈Mn×n(K) as

In = (δij) =


1 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1

 .

Remark 4.35:
Let v be a finite dimensional vector space with di-
mension n. Let B be any basis of V . Consider
idV : V → V . Then [idV ]

B
B = In.

Proposition 4.36:
1) ∀A ∈ Mm×n(K), B ∈ Mn×p(K), C ∈ Mp×q(K),
we have

A · (B · C) = (A ·B) · C.

Hence, there is a meaning to write A ·B · C without
parentheses.

2) ∀A,B ∈Mm×n, C ∈Mn×p, C
′ ∈Mq×m, we have

(A+B) · C = A · C +B · C
C ′ · (A+B) = C ′ ·A+ C ′ ·B.

3) ∀A ∈Mm×n(K), we have

Im ·A = A = A · In.

4) ∀α ∈ K,A ∈Mm×n(K), B ∈Mn×p(K), we have

(αA) ·B = α(A ·B) = A · (αB).

Proof. 1) Let TA : Kn → Km, TB : Kp → Kn and TC : Kq → Kp

be the linear maps defined by A,B and C, respectively. ∀l, denote by
El the standard basis for Kl.

[TA]En
Em

= A, [TB ]
Ep

En
= B, [TC ]

Eq

Ep
= C.

We have

(TA ◦ TB) ◦ TC = TA ◦ (TB ◦ TC),

since composition of functions is associative. Hence

[(TA ◦ TB) ◦ TC ]
Eq

Em
= [TA ◦ (TB ◦ TC)]

Eq

Em
.

By what we did earlier,

[TA ◦ TB ]
Eq

Em
· [TC ]

Eq

Ep
= [TA]En

Em
· [TB ◦ TC ]

Eq

En
.

But we can expand this further:

([TA]En
Em

· [TB ]
Ep

En
) · [TC ]

Eq

Ep
= [TA]En

Em
· ([TB ]

Ep

En
· [TC ]

Eq

Ep
).

But this is exactly what we wanted to prove.

2) If T, S : V →W are linear maps, B is a basis for V and C is a basis
for W , then

[T + S]BC = [T ]BC + [S]BC .

From this, the result follows directly. 3) Look at the definition of In in
the standard basis. From this, the result follows directly.

4) The outline of the proof is to let A = (aij) and B = (bij) and
compute both sides. □ Lec 22

Remark 4.37:
Let V be a vector space, take α ∈ K. And let Q(v) =
αv. Then

[Q]BB =


α 0 · · · 0
0 α · · · 0
...

...
. . .

...
0 0 · · · α

 .

Definition 4.38: Invertible Matrix
Let An be a n×n matrix. We say that A is invert-
ible if ∃Bn such that

A ·B = InB ·A.

Remark 4.39:
If A is invertible, then B st. A · B = B · A = In is
unique.

Proof. Assume that B,C are both inverses of A. Then

B = B · In = B · (A · C) = (B ·A) · C = In · C = C.

□

Definition 4.40:
Let A be an invertible matrix. We denote by A−1

the unique matrix such that

A ·A−1 = A−1 ·A = In.

A−1 is called the inverse of A.

We denote by GLn(K) the set of all invertible n× n ma-
trices over K. It is called the general linear group of
degree n over K.

Notice that GLn(K) ̸= ∅ since In ∈ GLn(K). Also, 0n /∈
GLn(K). Hence, GLn(K) ⊊Mn×n(K).

Proposition 4.41:
Let A,B ∈ GLn(K). Then A ·B ∈ GLn(K) and also
A−1 ∈ GLn(K). Moreover, (A · B)−1 = B−1 · A−1

and (A−1)−1 = A.

Proof. It holds that

(B−1 ·A−1) · (A ·B) = B−1 · (A−1 ·A) ·B = B−1 · In ·B = In.

Also

(A ·B) · (B−1 ·A−1) = A · (B ·B−1) ·A−1 = A · In ·A−1 = In.

Also
A ·A−1 = In = A−1 ·A.

So A is the inverse of A−1. □
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Corollary 4.42:
Let A ∈ GLn(K). Then ∀b ∈ Kn, the linear system
of equations Ax = b has a unique solution x ∈ Kn,
which is given by x = A−1b.

Proof. If Ax = b, then multiplying both sides by A−1 gives

A−1Ax = A−1b⇒ Inx = A−1b⇒ x = A−1b.

Also, if x = A−1b, then Ax = A(A−1b) = (AA−1)b = Inb = b. □

Proposition 4.43:
Let A ∈Mn×n(K). A is invertible if and only if TA :
Kn → Kn is an isomorphism. Moreover, (TA)−1 =
TA−1 .

Proof. Assume first that A is invertible. We claim that TA−1 ◦ TA =
idKn and same for the other way around. This will show that TA is an
isomorphism with inverse TA−1 .

Indeed, ∀v ∈ Kn, TA−1 (TA(v)) = TA−1 (Av) = A−1(Av) =
(A−1A)v = Inv = v. Hence, TA−1 ◦ TA = idKn . Similarly,
TA ◦ TA−1 = idKn .

Conversely, assume that TA is an isomorphism. Denote S := (TA)−1.
S is a linear map from Kn to Kn. Recall that ∀F : Kn → Kn linear,
∃!M ∈ Mn×n(K) such that F = TM . So, ∃B ∈ Mn×n(K) such that
S = TB . Now ∀v ∈ Kn we have:

v = S ◦ TA(v) = TB(TA(v)) = TB(Av) = B(Av) = (BA)v.

Applying this to v = e1, v = e2, . . . , v = en shows that BA = In. In a
similar way, we show that AB = In. Hence, A is invertible with inverse
B. □

Proposition 4.44:
1) Let A ∈Mm×n(K), B ∈Mn×p(K). Then

(A ·B)T = BT ·AT .

2) If A ∈ GLn(K), then AT ∈ GLn(K) and

(AT )−1 = (A−1)T .

Definition 4.45: Triangular and Diagonal Matrices
A matrix A ∈Mn×n(K) is called:

• upper triangular if aij = 0 for all i > j.

• lower triangular if aij = 0 for all i < j.

• diagonal if aij = 0 for all i ̸= j.

Lemma 4.46:
Let A,B ∈ Mn×n(K) be upper triangular(or lower
triangular or diagonal) matrices. Then A · B is also
upper triangular(or lower triangular or diagonal, re-
spectively).

We can ask ourselves how [T ]BC depends on the choice of
bases B and C.

Corollary 4.47:
Let V,W be finite-dimensional vector spaces over K
of dimensions n and m, respectively. Let B,B′ be
bases for V and C, C′ be bases for W . Let T : V →W
be a linear map. Then

[T ]B
′

C′ = [idW ]CC′ · [T ]BC · [idV ]B
′

B .

Proof. T = idW ◦T ◦ idV . But this we can write as

idW ◦(T ◦ idV ).

This implies that

[T ]B
′

C′ = [idW ]CC′ · [T ◦ idV ]B
′

C = [idW ]CC′ · [T ]BC · [idV ]B
′

B .

□

Corollary 4.48:
Furthermore [idV ]

B′

B ∈ GLn(K) and [idW ]CC′ ∈
GLm(K) and

([idV ]
B′

B )−1 = [idV ]
B
B′ , ([idW ]CC′)−1 = [idW ]C

′

C .

Proof. We know that idV = idV ◦ idV . Hence,

In = [idV ]BB = [idV ]B
′

B · [idV ]BB′ .

Similarly,
In = [idV ]B

′
B′ = [idV ]BB′ · [idV ]B

′
B .

Hence, [idV ]BB′ is invertible with inverse [idV ]B
′

B . □ Lec 23

Definition 4.49: Change of Basis Matrix
Let V be a finite-dimensional vector space with di-
mension n. Let B,B′ be bases for V . The matrix
[idV ]

B
B′ ∈ GLn(K) is called the change of basis

matrix between B and B′, or the transition ma-
trix between B and B′.

If B = (v1, . . . , vn) and B′ = (v′1, . . . , v
′
n), then

[idV ]
B
B′ =

 | |
[v1]B′ · · · [vn]B′

| |

 .

Proposition 4.50:
Let T : V → W be an isomorphism between finite-
dimensional vector spaces. Let B, C be bases for V
and W , respectively. Then [T ]BC ∈ GLn(K) and(

[T ]BC
)−1

=
[
T−1

]C
B .

Proof. Let n := dimV = dimW . We have

[T−1]CB · [T ]BC = [T−1 ◦ T ]BB = [idV ]BB = In.

Similarly,

[T ]BC · [T−1]CB = [T ◦ T−1]CC = [idW ]CC = In.

□

Consider now T : V → V . Let B,B′ be bases for V .
The question is, what’s the relation between [T ]BB and
[T ]B

′

B′?

Corollary 4.51:
Let T : V → V be a linear map and let B,B′ be bases
for V . Then

[T ]B
′

B′ = [idV ]
B
B′ · [T ]BB · [idV ]B

′

B .

where [idV ]
B
B′ = ([idV ]

B′

B )−1.
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Definition 4.52: Matrix Equivalence
1) Let A,B ∈ Mm×n(K). We say that A and B are
equivalent if ∃P ∈ GLm(K) and Q ∈ GLn(K) such
that

B = P ·A ·Q.

2) Let A,B ∈ Mn×n(K). We say that A and B are
similar if ∃P ∈ GLn(K) such that

B = P−1 ·A · P.

Equivalence between matrices is an equivalence relation
on the set of all m× n matrices over K.

Furthermore, A,B ∈Mn×n(K) are equivalent if and only
if ∃ two vector spaces V,W of dimension n,m, and bases
B,B′ of V and C, C′ of W and a linear map T : V → W
such that

A = [T ]BC , B = [T ]B
′

C′ .

Similarity enjoys the same properties, with V =W .

As a notation, the zero p× q matrix is denoted by 0p,q.

Proposition 4.53:
Let V,W be finite-dimensional vector spaces over K
of dimensions n and m, respectively. Let T : V →W
be a linear map with rank(T ) = r. Then ∃ bases B
of V and C of W such that

[T ]BC =

 Ir
... 0r,n−r

0m−r,r
... 0m−r,n−r

 ∈Mm×n(K).

Proof. Put l = dim(ker(T )). By the rank theorem (4.20), we have
r = n− l. Let v1, . . . , vl be a basis for ker(T ). We can extend it to a
basis (v1, . . . , vn) of V . We’ll take

B = (vl+1, . . . , vn, v1, . . . , vl).

In the proof of the rank theorem, we saw that

(T (vl+1), . . . , T (vn))

is a basis for Im(T ). Define wi := T (vl+i) for i = 1, . . . , r. (note that
l + r = n). We can extend (w1, . . . , wr) to a basis

C = (w1, . . . , wr, wr+1, . . . , wm)

of W .

So now, we can construct the matrix [T ]BC .

[T ]BC =

 | | | |
[T (vl+1)]C · · · [T (vn)]C [T (v1)]C · · · [T (vl)]C

| | | |

 .

Now [T (vi)]C = 0 for i = 1, . . . , l since vi ∈ ker(T ). Also, for j =
1, . . . , r, we have

T (vl+j) = wj = 1 · wj + 0 · wr+1 + · · ·+ 0 · wm.

So we can write [T (vl+j)]C as desired. □

Corollary 4.54:
Let A ∈ Mm×n(K). Then ∃P ∈ GLm(K) and Q ∈
GLn(K) such that

P ·A ·Q =

Ir ... 0

0
... 0

 .

where r = col-rank(A).

Proof. Consier TA : Kn → Km. Then r := col-rank(A). From the
definition of column rank, we have

ColS(A) = Im(TA).

So also r = rank(TA). By 4.53, ∃ bases B of Kn and C of Km such
that

[TA]BC =

Ir ... 0

0
... 0

 .

We also know that

[TA]BC = [idKm ]Em
C ·A · [idKn ]BEn

.

If we now call P := [idKm ]Em
C ∈ GLm(K) and Q := [idKn ]BEn

∈
GLn(K), we are done. □

A consequence for this corollary is that col-rank(A) ≤
min(m,n). This is because r = col-rank(A) and A is
m× n.

Corollary 4.55:
Let A,B ∈Mm×n(K). Then A and B are equivalent
if and only if col-rank(A) = col-rank(B).

Proof. Assume col-rank(A) = col-rank(B) = r. By 4.54,

A ∼

Ir ... 0

0
... 0

 ∼ B.

By transitivity of equivalence, we have A ∼ B.

Assume now that A ∼ B. Then ∃P ∈ GLm(K) and Q ∈ GLn(K)
such that B = P ·A ·Q. Hence TB = TP ◦ TA ◦ TQ. Then

Im(TB) = TB(Kn) = TP (TA(TQ(Kn)))

= TP (TA(Kn)) = TP (Im(TA))

= Im(TA).

Hence, rank(TB) = rank(TA), so col-rank(B) = col-rank(A). □

Theorem 4.56: Row Rank = Column Rank
Let A ∈Mm×n(K). Then

row-rank(A) = col-rank(A).

This common number is denoted by rank(A) and is
called the rank of A.

Lec 24

To show this, we need some preparation.

Lemma 4.57:
Let T : V → W be a linear map and let S : W → U
be an isomorphism and L : P → V also an isomor-
phism. Then

1) rank(S ◦ T ) = rank(T ).

2) rank(T ◦ L) = rank(T ).
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Proof. 1) We have

rank(S ◦ T ) = dim(Im(S ◦ T )) = dim(S(Im(T ))).

Since S is an isomorphism, it is bijective. Hence,

dim(S(Im(T ))) = dim(Im(T )) = rank(T ).

2) We have

rank(T ◦ L) = dim(Im(T ◦ L)) = dim(T (L(P ))).

Since L is an isomorphism, it is bijective. Hence,

dim(T (L(P ))) = dim(T (V )) = rank(T ).

□

Lemma 4.58:
Let A ∈ Mn×n(K). Then A is invertible iff TA :
Kn → Kn is an isomorphism. Moreover, TA−1 =
T−1
A .

Proof. This is exactly Proposition 4.43. □

Lemma 4.59:
Let A,B ∈ Mm×n(K). Let P ∈ GLm(K) and Q ∈
GLn(K). Then:

1) col-rank(A) = col-rank(PAQ).

2) row-rank(A) = row-rank(PAQ).

In other words, if B ∼ A, then col-rank(B) = col-rank(A)
and row-rank(B) = row-rank(A).
Proof. Put B := PAQ. Then TB = TP ◦ TA ◦ TQ. Since P and Q
are invertible, by lemma 4.58, TP and TQ are isomorphisms.

By lemma 4.57, rank(TB) = rank(TA). Hence, col-rank(B) =
col-rank(A).

For the row rank, we have

BT = (PAQ)T = QTATPT .

Since P,Q are invertible, so are PT , QT . By the same argument
as before, col-rank(BT ) = col-rank(AT ). Hence, row-rank(B) =
row-rank(A). □

Proof. [Theorem 4.56] By Corrollary 4.54, ∃P ∈ GLm(K) and Q ∈
GLn(K) such that

PAQ =

Ir ... 0

0
... 0

 ,

for some r ≥ 0. Denote by B the matrix on the right-hand side.

Clearly, col-rank(B) = r and row-rank(B) = r. By lemma 4.59,

col-rank(A) = col-rank(B) = r.

Similarly,
row-rank(A) = row-rank(B) = r.

Thus, col-rank(A) = row-rank(A). □

Notice that Im(TA) = ColS(A). Hence, also

rank(A) = dim(ColS(A)) = rank(TA).

Remark 4.60:
Suppose A′ is a row reduced echelon matrix which
is row-equivalent to A. We know that RowS(A) =
RowS(A′). Hence, rank(A) = rank(A′) which is ex-
actly the number of pivots in A′.

Let A ∈ Mm×n(K). Consider the system of equa-
tions Ax = b, where b ∈ Km. Denote by Sol(A, b) =
x ∈ Kn|Ax = b the set of solutions.

We know that for b = 0, Sol(A, 0) is a subspace of
Kn.

Claim 4.61:
It holds that

dimSol(A, 0) = n− rank(A).

Proof. This is because Sol(A, 0) = ker(TA). By the rank theorem,

dim(ker(TA)) = n− dim(Im(TA)) = n− rank(A).

□

Let A′ be a row reduced echelon matrix which is row-
equivalent to A. The number n − rank(A) is called the
number of free variables of the system Ax = b.

Denote by xi1, . . . , xil the free variables of the system
Ax = b where 1 ≤ i1 < · · · < il ≤ n and l = n− rank(A).
Denote by xj1, . . . , xjr the pivot variables where 1 ≤ j1 <
· · · < jr ≤ n and r = rank(A).

For each choice of values for the free variables, the pivot
variables are uniquely determined. In other words, we
have a linear map

Φ : Kl → Sol(A, 0).

To be more particular, Φ(λ1, . . . , λl) is the unique solution
on Ax = 0 such that xi1 = λ1, . . . , xil = λl.

Proposition 4.62:
The map Φ is linear. Moreover, it is an isomorphism.

Proof. Consider row number k of A′ and of A′x = 0. If 1 ≤ k ≤ r,
then it looks like xjk+ (linear combination of free variables that come
after jk) = 0.

So, xjk = −
∑

{q|1≤q≤l,iq>jk} a
′
k,iq

xiq .

Hence, the pivots depend linearly on the free variables. Thus, Φ is
linear.

To show that Φ is an isomorphism, we show that Ker(Φ) = {0} and
that Φ is surjective.

If Φ(λ1, . . . , λl) = 0, then by definition, λ1 = · · · = λl = 0.

But Φ : Kl → Sol(A, 0) and dimSol(A, 0) = n− rank(A) = l. Hence,
Φ is surjective, which concludes the proof. □

Notice that from this proposition, we also have

Φ−1 : Sol(A, 0) → Kl,

which maps each solution x ∈ Sol(A, 0) to the correspond-
ing values of the free variables.

Corollary 4.63:
Let b ∈ Km, A ∈Mm×n(K). Then

1) Sol(A, b) ̸= ∅ iff b ∈ ColS(A). 2) If Sol(A, b) ̸= ∅
and y ∈ Sol(A, b), then

Sol(A, b) = y + Sol(A, 0) = {y + x|x ∈ Sol(A, 0)}.

Proof. Exc with hints.

30



1) If A =
(
v1 · · · vn

)
, x =

x1...
xn

, then Ax = x1v1 + · · ·+ xnvn.

2) If x ∈ Sol(A, 0), then A(y + x) = Ay +Ax = b+ 0 = b.

If z ∈ Sol(A, b), then A(z − y) = Az −Ay = b− b = 0. □

Proposition 4.64:
Let A ∈Mm×n(K) and b ∈ Km. Then the following
statements are equivalent:

1) rank(A|b) = rank(A),

2) The system of equations Ax = b has a solution,

Proof. Write A =
(
v1 · · · vn

)
. Then statement 1) is equivalent

to
col-rank(A|b) = col-rank(A).

This is the same as saying that Sp(v1, . . . , vn, b) = Sp(v1, . . . , vn),
which is equivalent to b ∈ Sp(v1, . . . , vn) = ColS(A). But this is
equivalent to statement 2) by Corollary 4.63. □

Proposition 4.65:
Let A ∈Mm×n(K) and b ∈ Km. Then the following
statements are equivalent:

1) rank(A) = rank(A|b) = n,

2) The system of equations Ax = b has a unique
solution.

Proof. [outline] rank(A) = n ⇔ dimSp(v1, . . . , vn) = n ⇔
(v1, . . . , vn) form a basis of Km.

□

4.4 Elementary Row OperationsLec 25

The main point of this section is to show that elementary
row operations can be written by matrix multiplication.
As notation, let n ∈ Z≥1 and let 1 ≤ i, j ≤ n. Denote by
Eij ∈Mn×n(K) the matrix with 1 at position (i, j) and 0
elsewhere.

Eij =



column j
0 · · · 0 · · · 0
...

...
...

0 · · · 1 · · · 0 ⇐ row i
...

...
...

0 · · · 0 · · · 0


.

We’ll define now three other types of matrices.

Type 1: Let i ̸= j and let α ∈ K. Define Qij(α) to be the
matrix obtained from In by adding α times row j to row
i. We have

Qij(α) = In + αEij .

Type 2: Define Pij to be the matrix obtained from In by
swapping rows i and j. We have

Pij = In − Eii − Ejj + Eij + Eji.

Type 3: Let α ∈ K,α ̸= 0. Define Si(α) to be the matrix
obtained from In by multiplying row i by α. We have

Si(α) = In + (α− 1)Eii.

Example 4.66:
In M3x3(K), we have

Q1,3(α) =

1 0 α
0 1 0
0 0 1


P1,2 =

0 1 0
1 0 0
0 0 1


S2(α) =

1 0 0
0 α 0
0 0 1

 .

Lemma 4.67:
Let A ∈Mn×p(K). Then:

1) Multiplying A from the left by Qij(α) results in
applying the row-operation Ri + αRj → Ri to A.

2) Multiplying A from the left by Pij results in ap-
plying the row-operation Ri ↔ Rj to A.

3) Multiplying A from the left by Si(α) results in
applying the row-operation αRi → Ri to A.

Proof. [Outline] Can be done by explicit straightforward calculation.
For example, for 1):

Qij(α)A = (In + αEij)A = A+ αEijA.

□

Similarly to elementary row operations, we can define ele-
mentary column operations. They are defined as follows:

Type 1’: Multiply A from the rigth by Qij(α) results in
the operation Cj + αCi → Cj .

Type 2’: Multiplying A from the right by Pij results in
the operation Ci ↔ Cj .

Type 3’: Multiplying A from the right by Si(α) results in
the operation αCi → Ci.

To prove that these operations work as intended, one can
use the fact that

(AB)T = BTAT .

Lemma 4.68:
Every elementary matirx is invertible and the inverse
of each of them is also an elementary matrix. In fact

Qij(α)
−1 = Qij(−α)

P−1
ij = Pji

Si(α)
−1 = Si

(
α−1

)
.

Proof. [Outline] We can check this by using the definition. For example,
Qij(α)Qij(−α) is the same as applying the row operation Ri+αRj →
Ri followed by Ri−αRj → Ri, which results in the identity operation.
Similarly one shows Qij(−α)Qij(α) = In.

The other proofs are similar. □
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Theorem 4.69:
For every A ∈ GLn(K), there exist k ≥ 1 and ele-
mentary matrices T1, . . . , Tk such that

TkTk−1 · · ·T1A = In.

Furthermore, A = T−1
1 T−1

2 · · ·T−1
k and

A−1 = TkTk−1 · · ·T1.

Proof. We proved that every matrix A ∈ Mn×n(K) can be brought
to a row reduced echelon form by a finite number of elementary row
operations.

Since A is invertible, rank(A) = n. Hence, the row reduced echelon
form of A is In.

But A′ is obtained from A by a sequence of elementary row operations,
hence ∃ elementary matrices T1, . . . , Tk such that

TkTk−1 · · ·T1A = In.

The rest follows by straightforward manipulation using the invertibility
of the elementary matrices. □

Theorem 4.70:
Let A ∈ Mn×n(K). Place A together with the iden-
tity matrix on the right to A as augmented matrix
(A|In).

Then, A is invertible iff the matrix (A|In) can be
brought to the form (In|B) by a finite number of
elementary row operations. In this case, B = A−1.

To prove this, we need the following lemma.

Lemma 4.71:
Let B,C,D be n× n matrices. Then

B(C|D) = (BC|BD).

Proof. Exercise. (by direct calculation) □

Proof. [of Theorem 4.70] Assume A is invertible. By theorem 4.69,
there exist elementary matrices T1, . . . , Tk such that

TkTk−1 · · ·T1A = In.

By lemma 4.71, we have

TkTk−1 · · ·T1(A|In) = (In|TkTk−1 · · ·T1).

By theorem 4.69, TkTk−1 · · ·T1 = A−1.

Conversely, assume that (A|In) can be brought to (In|B) by elementary
row operations. Then, A itself can be brought to In by the same row
operations. Hence, A is row-equivalent to In. By theorem 4.69,A is
invertible. □

Example 4.72: Matrix inversion

Invert the matrix A =

(
1 2
3 4

)
over Q.

Solution.(
1 2 | 1 0
3 4 | 0 1

)
→
(
1 2 | 1 0
0 −2 | −3 1

)
→
(
1 0 | −2 1
0 1 | 3

2
− 1

2

)
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Given V,W as vector spaces, Hom(V,W ) is also a vector
space. If V andW are finite-dimensional, then Hom(V,W )
is also finite-dimensional and

dim(Hom(V,W )) = dim(V ) · dim(W ).

Proposition 4.73: The Hom Space is a Vector Space
Hom(V,W ) has the structure of a vector space over
K with the following operations

(T1 + T2)(v) := T1(v) + T2(v)

(αT )(v) := α(T (v)).

Proof. We know that the set of all functions from V to W is a vector
space with the above operations. We need to show that Hom(V,W ) is
a subspace of this vector space.

First off all, the zero map 0 : V → W defined by 0(v) = 0W for all
v ∈ V is linear. Hence, 0 ∈ Hom(V,W ).

We claim that T1 + T2 is linear. Indeed, for v1, v2 ∈ V and α, β ∈ K,
we have

(T1 + T2)(αv1 + βv2) = T1(αv1 + βv2) + T2(αv1 + βv2)

= αT1(v1) + βT1(v2) + αT2(v1) + βT2(v2)

= α(T1(v1) + T2(v1)) + β(T1(v2) + T2(v2))

= α(T1 + T2)(v1) + β(T1 + T2)(v2).

So indeed T1 + T2 ∈ Hom(V,W ).

Next, one shows that αT is linear for α ∈ K and T ∈ Hom(V,W ).
The proof is similar to the one above.

Hence, Hom(V,W ) is closed under addition and scalar multiplication.
Therefore, Hom(V,W ) is a subspace of the vector space of all functions
from V to W . Hence, Hom(V,W ) is a vector space. □

The neutral element of Hom(V,W ) is the zero map 0 :
V →W defined by 0(v) = 0W for all v ∈ V .

Theorem 4.74:
Let V,W be finite-dimensional vector spaces and B a
basis for V and C a basis for W . Define

ΨB
C : Hom(V,W ) →Mm×n(K)

T 7→ [T ]BC .

Then, ΨB
C is an isomorphism.

Proof. Let T ∈ Hom(V,W ) and M := [T ]BC ∈ Mm×n(K). Recall

the following
V W

Kn Km

T

ΦC
TM

Φ−1
B

where

ΦB(v) := [v]B

ΦC(w) := [w]C .

We have seen that then Φ−1
B

a1...
an

 =
∑n

i=1 aivi where we used the

basis B = (v1, . . . , vn).

We first claim, that ΨB
C is bijective. To do this, define

Θ :Mm×n(K) −→ Hom(V,W )

A 7−→ Θ(A) = Φ−1
C ◦ TA ◦ ΦB.
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The corresponding commutative diagram is
V W

Kn Km

Θ(A)

ΦB
TA

Φ−1
C

. Con-

sider now,
ΨB
C ◦Θ :Mm×n(K) →Mm×n(K).

Let A ∈Mm×n(K). Then

ΨB
C ◦Θ(A) = ΨB

C

(
Φ−1

C ◦ TA ◦ ΦB
)
= [Φ−1

C ◦TA◦ΦB]
B
C = TAΦB = A.

The last step follows from the definition of TA and the fact that

[ΦB(vj)]B = [vj ]B = ej .

Hence, ΨB
C ◦Θ = idMm×n(K). Consider now Θ ◦ ΨB

C : Hom(V,W ) →
Hom(V,W ) applied to T ∈ Hom(V,W ).

Θ ◦ ΨB
C (T ) = Θ([T ]BC ) = Φ−1

C ◦ T[T ]BC
◦ ΦB = T.

Hence, Θ ◦ ΨB
C = idHom(V,W ). Therefore, ΨB

C is bijective with inverse
Θ.

It remains to show that ΨB
C is linear. Indeed, let α ∈ K, and T ∈

Hom(V,W ). Then

ΨB
C (αT ) =

 | · · · |
[αT (v1)]C · · · [αT (vn)]C

| · · · |


= α

 | · · · |
[T (v1)]C · · · [T (vn)]C

| · · · |

 = αΨB
C (T ).

Similarly, one shows that

ΨB
C (T1 + T2) = ΨB

C (T1) + ΨB
C (T2).

□

Corollary 4.75: Dimension of the Hom Space
If V,W are finite-dimensional vector spaces, then so
is Hom(V,W ) and

dim(Hom(V,W )) = dim(V ) · dim(W ).

Proof. Let dim(V ) = n and dim(W ) = m. By theorem 4.74,
Hom(V,W ) ∼=Mm×n(K). But dim(Mm×n(K)) = mn. Hence,

dim(Hom(V,W )) = dim(Mm×n(K)) = mn = dim(V ) · dim(W ).

□

Definition 4.76: Ring
A ring has the same axioms as a field, except that
multiplication need not be commutative and that
multiplicative inverses need not exist for every non-
zero element.

In a ring, the element 1 is called the unity of R. If a ring
is commutative, we say that it is a commutative ring.

Example 4.77:
1) Every field is a commutative ring.

2) R = Z is a commutative ring.

3) The set Mn×n(K) is a ring with the usual matrix
addition and multiplication. It is not commutative
for n ≥ 2.

Let R,S be rings. A homomorphism of rings is a map
φ : R→ S such that

φ(a+b) = φ(a)+φ(b), φ(ab) = φ(a)φ(b), φ(1R) = 1S .

Corollary 4.78:
Let V be a vector space over K. Then, End(V ) :=
Hom(V, V ) is a ring with the usual addition and com-
position of linear maps. The unity is the identity map
idV . Moreover, if V is finite-dimensional, and B is a
basis of V , then the map

ΨB
B : End(V ) →Mn×n(K)

T 7→ [T ]B.

is an isomorphism of rings.

Proof. ∀T1, T2, T3 ∈ End(V ) and α ∈ K, we have

T1 ◦ (T2 ◦ T3) = (T1 ◦ T2) ◦ T3.

Thus multiplication is associative. The identity map idV satisfies

idV ◦T = T ◦ idV = T.

So idV is the unity of End(V ). Also,

T1 ◦ (T2 + T3) = T1 ◦ T2 + T1 ◦ T3,

because T is linear.

One can check all the other ring axioms similarly.

Assume now that V is finite-dimensional etc. We already know that
ΨB
B (T1 + T2) = ΨB

B (T1) + ΨB
B (T2) and that ΨB

B is bijective. It remains
to show that

ΨB
B (T1 ◦ T2) = ΨB

B (T1) · ΨB
B (T2).

But this is exactly Proposition 4.41.

[T1 ◦ T2]BB = [T1]
B
B · [T2]BB = ΨB

B (T1) · ΨB
B (T2).

Finally,
ΨB
B (idV ) = [idV ]BB = In.

□ Lec 27

A special case of the Hom space is the dual space.

Definition 4.79: Dual Space
Let V be a vector space over K. The dual space of
V is defined as

V ∗ := Hom(V,K).

The elements of V ∗ are linear maps l : V → K and
are called functionals on V .

Corollary 4.80:
Let V be a finite-dimensional vector space over K.
Then, V ∗ is also finite-dimensional and

dim(V ∗) = dim(V ).

Proof. This is a special case of corollary 4.75 with W = K. □

Example 4.81:
Take V = Kn

col. We will identify V ∗ with Kn
row. If

l ∈ Kn
row, the l defines a functional fl : Kn

col → K by
fl(v) = l · v where we view l as a 1 × n matrix and
v as an n × 1 matrix. The map D : Kn

row → (Kn
col)

∗

defined by D(l) = fl is an isomorphism of vector
spaces. As an exercise, check that D is linear and an
isomorphism.

Let V be a finite-dimensional vector space over K and let
B = (v1, . . . , vn) be a basis of V .
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Define n functionals v∗1 , . . . , v∗n ∈ V ∗ by

v∗i (vj) =

{
1 i = j

0 i ̸= j.

Since B is a basis for V , this determines v∗i uniquely.

Lemma 4.82:
The elements v∗1 , . . . , v∗n form a basis of V ∗. This
basis is called the dual basis of B and is denoted by
B∗ = (v∗1 , . . . , v

∗
n).

Moreover, ∀l ∈ V ∗,

l =

n∑
i=1

l(vi)v
∗
i .

In other words, l(v) =
∑n
i=1 l(vi)v

∗
i (v) for all v ∈ V .

Proof. Let l ∈ V ∗. Let l ∈ V ∗. We claim that

l =

n∑
i=1

l(vi)v
∗
i . (4.2)

In other words, ∀v ∈ V ,

l(v) =
n∑

i=1

l(vi)v
∗
i (v). (4.3)

The lefthand side of (4.2) is a linear map V → K and so must the
righthand side. Hence, to show LHS = RHS, it suffices to check (4.3)
for v ∈ B.

So we will check (4.3) for v = v1, . . . , vn. Let 1 ≤ k ≤ n, and substitute
v = vk in (4.3). We get

RHS(2) =
n∑

i=1

l(vi) v
∗
i (vk)︸ ︷︷ ︸
=δij

= l(vk).

The formula we’ve just proven shows also that v∗1 , . . . , v
∗
n span V ∗. But

dim(V ∗) = n. Hence, v∗1 , . . . , v
∗
n form a basis of V ∗. □

Let V be a finite-dimensional vector space over K. Let B
and C be bases for V . Then we also get two dual bases B∗

and C∗ for V ∗. What is the relationship between

[idV ]
B
C and [idV ∗ ]C

∗

B∗?.

Proposition 4.83:
It holds that

[idV ∗ ]CB =
(
[idV ]

B
C
)T
.

Furthermore,

[id∗V ]
B
C =

((
[idV ]

B
C
)T)−1

.

Proof. Write B = (v1, . . . , vn), C = (w1, . . . , wn). Then

A := [idV ]BC =

 | · · · |
[v1]C · · · [vn]C
| · · · |

 .

We also write A = (aij). We have

vi =

n∑
k=1

akiwk. (4.4)

Let C∗ be the dual basis of C. By the previous lemma 4.82, if we take
l = w∗

j then,

w∗
j =

n∑
i=1

w∗
j (vi)v

∗
i .

By Equation (4.4) we find

w∗
j =

n∑
i=1

w∗
j

(
n∑

k=1

akiwk

)
v∗i .

By definition of the dual basis the only nonzero term is when k = j.

w∗
j =

n∑
i=1

aji ∗ v∗i .

But this means that

[idV ]C
∗

B∗ = (aji) = AT .

□

Lemma 4.84:
Let V,W be vector spaces over K. Let T : V → W
be a linear map. Define a new map

T ∗ :W ∗ → V ∗,

defined by T ∗(l) = l ◦ T ∈ V ∗. This is called the
dual map to T .

Note that l ◦ T is indeed in V ∗ because l ◦ T is linear
as T and l are lienar themselves.

Then T ∗ is a linear map

The operation becomes reasonable if we look at a diagram

V W

K

T

l◦T
l

Proof. Let l be a functional on W and α ∈ K. We have that T ∗(αl)
is the map (αl) ◦ T . So for every v ∈ V ,

T ∗(αl)(v) = (αl)(T (v)) = α(l ◦ T )(v) = αT ∗(l)(v).

Hence, T ∗(αl) = αT ∗(l).

Let now l1, l2 be functionals on W . Then,

(T ∗(l1 + l2))(v) = (l1 + l2)(T (v))

= l1(T (v)) + l2(T (v))

= T ∗(l1)(v) + T ∗(l2)(v).

Since this is true for all v ∈ V , we have

T ∗(l1 + l2) = T ∗(l1) + T ∗(l2).

□

Proposition 4.85:
Let U, V,W be vector spaces overK. Let T : V →W ,
S :W → U be linear maps. Consider T ∗ :W ∗ → V ∗

and S∗ : U∗ →W ∗ the dual maps. Then,

(S ◦ T )∗ = T ∗ ◦ S∗.

Proof. Exercise. □

Exercise 4.86:
Let V,W be vector spaces.

1) Show that (0 : V →W )∗ = 0 :W ∗ → V ∗.

2) Show that (idV )
∗ = idV ∗ .
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Lemma 4.87:
Let S : V → W be a linear map between two finite-
dimensional vector spaces. Let B, C be bases for V
and W respectively. Consider S∗ : W ∗ → V ∗ the
dual map and the dual bases B∗, C∗. Then,

[S∗]C
∗

B∗ =
(
[S]BC

)T
.

Proof. Write B = (v1, . . . , vn), C = (w1, . . . , wm). Let A = [S]BC =
(aij). Then,

S(vj) =

m∑
i=1

aijwi.

Now, for w∗
j ∈ C∗, we have

S∗(w∗
j ) = w∗

j ◦ S =

n∑
i=1

(w∗
j ◦ S)(vi)v∗i .

But the term (w∗
j ◦S)(vi) is nonzero only when S(vi) contains wj with

a nonzero coefficient. From the equation above, this coefficient is aji.
Hence,

S∗(w∗
j ) =

n∑
i=1

ajiv
∗
i .

This means that the coordinates of S∗(w∗
j ) in the basis B∗ are given

by the j-th row of A. Hence,

[S∗]C
∗

B∗ = AT =
(
[S]BC

)T
.

□Lec 28

Definition 4.88: Reflexivity
Let V be a Vector space. Define V ∗∗ = (V ∗)∗ which
is sometimes called the bidual of V .

Theorem 4.89:
Let V be a finite-dimensional vector space over K.
Then, there exists a canonical isomorphism τ : V →
V ∗∗, given by:

∀v ∈ V, τ(v) : V ∗ → K, .

is the map such that τ(v)(l) = l(v). In other words,

V ∋ v
τ7→ (V ∗ ∋ l 7→ l(v) ∈ K).

Proof. We claim, τ is linear. Indeed, if v ∈ V, α ∈ K we have:

τ(αv) = (V ∗ ∋ l 7→ l(αv) ∈ K)

= (V ∗ ∋ l 7→ αl(v) ∈ K)

= α(V ∗ ∋ l 7→ l(v) ∈ K) = ατ(v).

As an exercise, check that τ(v1+v2) = τ(v1)+τ(v2) for all v1, v2 ∈ V .

We now claim, that τ is injective which is equivalent to showing that
ker(τ) = {0}.

Indeed, assume that τ(v) = 0 meaning that l(v) = 0∀l ∈ V ∗. Choose
a basis B = (v1, . . . , vn) of V such that v1 = v. Write v = c1v1 +
· · · + cnvn, with c1, . . . , cn ∈ K. Apply l(v) = 0 for l = v∗k. We get
0 = l(v) = ck for all 1 ≤ k ≤ n. Hence, v = 0.

Finally, since dim(V ) = dim(V ∗), also dim(V ∗∗) = dim(V ∗) =
dim(V ). Hence, τ is an injective linear map between two vector spaces
of the same dimension. Hence, τ is an isomorphism. □

The above theorem is not true for infinite-dimensional
vector spaces.

Definition 4.90: Naturality
The map τ : V → V ∗∗ can be defined for every vector
space V . To emphasize dependence on V , we will
write here τV instead of τ .

Let V,W be two vector spaces over K. Then ∀ linear map
T : V →W , we have the following commutative diagram:

V V ∗∗

W W ∗∗

τV

T T∗∗

τW

Since this works for any linear map T , we call τ a natural
isomorphism between the identity functor and the double
dual functor.

Exercise 4.91:
Let V be a finite dimensional vector space over K.
Let B be a basis for V and B∗ be the dual basis for
V ∗ and B∗∗ be the dual basis for V ∗. Show that
τV (vi) = v∗∗i for all vi ∈ B.

4.6 Direct Sums
Let us talk about another way to construct new vector
spaces from old ones.

Proposition 4.92:
Let V,W be vector spaces over K. Then, the Carte-
sian product V ×W becomes a vector space over K
if we endow it with the following operations:

(v1, w1) + (v2, w2) := (v1 + v2, w1 + w2)

α(v, w) := (αv, αw)

0V×W := (0V , 0W ).

Proof. Just go over the axioms of a vector space. □

V × W is denoted usually by V ⊕ W and is called the
direct sum of V and W . Its elements are denoted by
(v, w) or sometimes by v ⊕ w.

Remark 4.93:
V ⊕ W comes with the following canonical linear
maps:

1. iV : V → V ⊕W defined by iV (v) = (v, 0).

2. iW :W → V ⊕W defined by iW (w) = (0, w).

3. pV : V ⊕W → V defined by pV (v, w) = v.

4. pW : V ⊕W →W defined by pW (v, w) = w.

1 and 2 are called embeddings and 3 and 4 are called
projections.

Using iV and iW , we can view V as a subspace of V ⊕W
and W as a subspace of V ⊕W .
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Proposition 4.94:
Let V be a vector space and U ⊆ V be a subspace.
Let U ′ ⊆ V be another subspace which is a comple-
ment of U . Then, the map φ : U ⊕ U ′ → V defined
by φ(u, u′) = u+ u′ is an isomorphism.

Proof. Linearity of φ follows immediately from the definition.

Injectivity: Suppose φ(u, u′) = 0. Then, u′ = −u ∈ U ∩ U ′. Since
U ∩ U ′ = {0}, we have u = u′ = 0. Hence, Ker(φ) = {0} and φ is
injective.

Surejctivity: By assumption, U+U ′ = V . Let v ∈ V . Write v = u+u′

with u ∈ U, u′ ∈ U ′. Then, φ(u, u′) = v. Hence, φ is surjective. □

The idea of the direct sum can be generalized to arbi-
trary many spaces. Let U1, . . . , Um be finitely many vec-
tor spaces over K. We can define U1 ⊕ · · ·⊕Um as the set
of all tuples similarly to what we’ve done before.

Let {Ui}i∈I be a family of vector spaces, parametrized by
i ∈ I.

∏
i∈I

Ui =

{
t : I →

⋃
i∈I

Ui|t(i) ∈ Ui∀i ∈ I

}
.

One can endow this with the structure of a vector space
over K.

Define also

⊕
i∈I

Ui =

{
t ∈

∏
i∈I

Ui| t(i) ̸= 0 for only finitely many i

}
.

If I is finite, then
∏
i∈I Ui =

⊕
i∈I Ui. But, if for example

I = Z≥1, Ui = K∀i, then
∏
i∈I Ui is the set of all sequences

of elements of K while
⊕

i∈I Ui is the set of all sequences
of elements of K which are zero for all but finitely many
i.

4.7 Quotient SpaceLec 29

Let V be a vector space over K and let U ⊂ V be a
subspace. We’ll define a new vector space V/U together
with a linear map π : V → V/U such that π is surjective
and Ker(π) = U .

We begin by defining an equivalence relation on the set
V .

Definition 4.95: Equivalence relation associated to
U

Let v1, v2 ∈ V . We declare v1 ∼ v2 if v1 − v2 ∈ U .

Claim 4.96:
∼ is an equivalence relation on V .

Proof. Reflexivity: v ∼ v since v − v = 0 ∈ U .

Symmetry: If v1 ∼ v2, then v1−v2 ∈ U . Hence, v2−v1 = −(v1−v2) ∈
U . Hence, v2 ∼ v1.

Transitivity: If v1 ∼ v2 and v2 ∼ v3, then v1−v2 ∈ U and v2−v3 ∈ U .
Hence, v1 − v3 = (v1 − v2) + (v2 − v3) ∈ U . Hence, v1 ∼ v3. □

Denote by [v] the equivalence class of v ∈ V . One can also
think of [v] as [v] = v + U = {v + u|u ∈ U}.

Definition 4.97:
Let V and U as before. Define V/U := V/ ∼ as the
set of all equivalence classes of ∼. Elements of V/U
are denoted by [v], where v ∈ V . We call V/U the
quotient space of V by U .

We’ll turn the set V/U into a vector space over K by
defining the following operations:

Addition: Let x, y ∈ V/U . Pick representatives v, w ∈ V
such that x = [v] and y = [w]. Define

x+ y = [v] + [w] := [v + w].

Multiplication: Let x ∈ V/U and α ∈ K. Pick a represen-
tative v ∈ V such that x = [v]. Define

αx = α[v] := [αv].

Zero: Define 0V/U = [0V ].

Proposition 4.98:
The operations above are well-defined and turn V/U
into a vector space over K.

Proof. Multiplication: Suppose v, v′ give the same equivalence class,
namely [v] = [v′] = x. Let α ∈ K. We need to check that [αv] = [αv′].
Indeed, v − v′ ∈ U . Hence, αv − αv′ = α(v − v′) ∈ U . Hence,
[αv] = [αv′].

Addition: Suppose x1 = [v1] = [v′1] and x2 = [v2] = [v′2]. Now,

(v1 + v2)− (v′1 + v′2) = (v1 − v′1) + (v2 − v′2) ∈ U.

Hence, [v1 + v2] = [v′1 + v′2].

The axioms of the vector space can be checked one by one. □

We now define our map π : V → V/U by π(v) =
[v].

Proposition 4.99:
The map π : V → V/U is linear, surjective and
Ker(π) = U .

Proof. Linearity: Let v1, v2 ∈ V and α ∈ K. We have:

π(v1 + v2) = [v1 + v2] = [v1] + [v2] = π(v1) + π(v2)

π(αv) = [αv] = α[v] = απ(v).

Surjectivity: Let x ∈ V/U . Pick a representative v ∈ V such that
x = [v]. Then, π(v) = [v] = x.

Kernel: If v ∈ Ker(π), then π(v) = [v] = 0V/U = [0V ]. Hence, v ∼ 0V
meaning that v − 0V = v ∈ U . Hence, Ker(π) ⊆ U .

Let now u ∈ U . Then, π(u) = [u] = [0V ] = 0V/U . Hence, u ∈ Ker(π)
implying that U ⊆ Ker(π). □

Geometrically, we can think of V/U as the space obtained
by collapsing U to a single point. For example, if V = R2

and U is the x-axis, then V/U can be thought of as the
set of all lines parallel to the x-axis.

Proposition 4.100:
Let V be a finite dimensional vector space and U ⊆ V
be a subspace. Then, dim(V/U) = dim(V )−dim(U).
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Figure 3: Quotient space in R2

Proof. Since π : V → V/U is surjective, then V/U is finite dimen-
sional.2 We apply now the rank theorem to π. Hence,

dim(V ) = dim(Ker(π)) + dim(Im(π)) = dim(U) + dim(V/U).

□

Theorem 4.101: Isomorphism theorem
Let V,W be vector spaces over K and T : V → W
linear. Define a new map T : V/Ker(T ) → ℑ(T ) as
follows:

V/Ker(T ) ∋ [v]
T7−→ T (v) ∈ Im(T ).

Then T is a well-defined isomorphism and the follow-
ing diagram commutes:

V W

V/Ker(T )

T

π
T

Proof. Well-Defined: Suppose x = [v] = [v′]. Then, v−v′ ∈ Ker(T ).
Hence, T (v − v′) = 0. Hence, T (v) = T (v′).

Linearity: Let x1 = [v1], x2 = [v2] and α ∈ K. We have:

T (α[v]) = T ([αv]) = T (αv) = αT (v) = αT ([v])

T ([v1] + [v2]) = T ([v1 + v2]) = T (v1 + v2) = T (v1) + T (v2)

= T ([v1]) + T ([v2]).

Injectivity: Suppose T ([v]) = 0. Then, T (v) = 0. Hence, v ∈ Ker(T ).
Hence, [v] = 0V/Ker(T ).

Surjectivity: Let w ∈ Im(T ). Then, there exists v ∈ V such that
T (v) = w. Hence, T ([v]) = w.

Since T is surjective and bijective, T is an isomorphism.

The commutativity of the diagram follows immediately from the defini-
tion of T . □

2This holds in general.

Theorem 4.102:
Let V be a vector space over K and U ⊂ V be a
subspace. The quotient V/U has the following uni-
versal property: For every vector space W and every
linear map T : V → W with T (U) = 0, there exists
a unique linear map T ′ : V/U → W such that the
following diagram commutes (T = T ′ ◦ π):

V W

V/U

T

π
T ′

.

Moreover, Ker(T ′) = Ker(T )/U .

Jargon: Every linear map T : V →W that send U to zero
factors through V/U . I.e T = T ′ ◦ π. Lec 30

Proof. Define T ′ : V/U → W by T ′([v]) = T (v). We claim that the
diagram commutes. Indeed, for every v ∈ V , we have

T ′(π(v)) = T ′([v]) = T (v).

Uniqueness: Suppose that T = T ′ ◦ π = T ′′ ◦ π. Let x ∈ V/U and
choose a representative v ∈ V such that x = [v]. Then,

T (v) = T ′(π(v)) = T ′′(π(v)) ⇒ T ′([v]) = T ′′([v]) ⇒ T ′(x) = T ′′(x).

Since x was arbitrary, we conclude that T ′ = T ′′.

□

Exercise 4.103:
1. Show that T ′ is well-defined.

2. Show that T ′ is linear.

Let V be a vector space and U ⊆ V be a subspace. Let
W ⊆ V be a complement of U3.

Proposition 4.104:
There exists a canonical isomorphism Q :W → V/U ,
defined by

Q(w) := [w] ∈ V/U.

Proof. Consider the inclusion i : W → V (i(w) = w) and the
projection π : V → V/U . Recall that

π(v) = [v] ⇒ Q = π ◦ i.

So Q is linear. We now claim that the kernel of Q is zero. Indeed, if
w ∈ Ker(Q), then

[w] = 0V/U = [0V ] ⇒ w ∼ 0V ⇒ w ∈ U.

But w ∈W and W ∩ U = {0}. Hence, w = 0. So Ker(Q) = {0}.

We claim now that Q us surjective. Let x ∈ V/U . Choose v ∈ V with
x = [v]. Since V = W + U , there exists w ∈ W and u ∈ U such that
v = w + u. Hence, by definition of ∼, we have [v] = [w + u] = [w].
Hence, Q(w) = [w] = [v] = x.

Alternatively we can see that the dimensions of W and V/U are
the same. Indeed, dim(W ) = dim(V ) − dim(U) and dim(V/U) =
dim(V )− dim(U). □

Exercise 4.105:
Describe the inverse of Q.

We now want to relate the quotient space to the dual
space.

3W ⊆ V is a subspace such that W ∩ U = {0} and W + U = V .
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Proposition 4.106:
Let V be a vector space and U ⊆ V be a subspace.
Define

U⊥ := {l ∈ V ∗ | l|U ≡ 0}.

So U⊥ is the set of all linear functionals on V that
vanish on U .

1. U⊥ ⊂ V ∗ is a subspace.

2. There exists a canonical isomorphism (V/U)∗ ∼=
U⊥, defined by s 7→ s ◦ π. If we assume that V is
finite dimensional, then ∃ also a canonical isomor-
phism V ∗/U⊥ ∼= U∗.

Proof. 1. Clearly, 0 ∈ U⊥. If l1, l2 ∈ U⊥ and α, β ∈ K, then

αl1 + βl2 ∈ U⊥.

Because, for every u ∈ U , we have

(αl1 + βl2)(u) = αl1(u) + βl2(u) = 0.

2. Define a map L : (V/U)∗ → U⊥ as follows:

Let s ∈ (V/U)∗, i.e. s : V/U → K is linear. Define L(s) ∈ V ∗ to be
L(s) := s ◦ π. So L is: s 7→ s ◦ π.

V K

V/U

s◦π

π
s .

We claim, that L is an isomorphism. To see this, we will define another
map P : U⊥ → (V/U)∗ and show that P is the inverse of L.

Let t ∈ U⊥, i.e. t : V → K such that t|U ≡ 0. By the universal
property of the quotient spaces, there exists a unique t′ : V/U → K
such that t = t′ ◦ π.

V K

V/U

t

π
t′ .

Define P (t) = t′. We claim now that L ◦ P = idU⊥ and P ◦ L =
id(V/U)∗ .

Indeed, if s : V/U → K then,

P ◦ L(s) = P (s ◦ π) = s.

Also, ∀t ∈ U⊥, we have

L ◦ P (t) = L(t′) = t′ ◦ π = t.

Since L is linear, P is also a linear map and both of them are isomor-
phisms.

Assume now that V is finite dimensional and consider the map R :
V ∗ → U∗ defined by ∀φ ∈ V ∗, R(φ) = φ|U . So R is the restriction
map. We claim that R is surjective. Indeed, let ψ ∈ U∗. We need
to show that there exists φ ∈ V ∗ such that φ|U = ψ. Pick a basis
{u1, . . . , uk} of U and extend it to a basis {u1, . . . , uk, vk+1, . . . , vn}
of V .

Define φ : V → K by φ(ui) = ψ(ui) for i = 1, . . . , k and φ(vj) = 0
for j = k + 1, . . . , n. Since {u1, . . . , uk, vk+1, . . . , vn} is a basis of V ,
the map φ is well-defined and linear. Moreover, φ|U = ψ. Hence, R is
surjective.

Also, ker(R) = U⊥ by definition. By theorem 4.101, we get that

V ∗/ ker(R) ∼= Im(R) = U∗.

So V ∗/U⊥ ∼= U∗. □

Exercise 4.107:
1. Check that s ◦ π is indeed in U⊥.

2. Show that L is linear.

3. Check that if i : U → V is the inclusion, then
R = i∗.

Exercise 4.108:
Let T : V → W be a linear map. Then (ImT )⊥ =
Ker(T ∗).
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5 DeterminantsLec 31

Let A =

(
a b
c d

)
∈M2(K).

Proposition 5.1:
A is invertible if and only if ad − bc ̸= 0. Moreover,
if A is invertible, then

A−1 =
1

ad− bc

(
d −b
−c a

)
.

The scalar ad − bc is called the determinant of A
and is denoted by det(A) or |A|.

Proof. Homework.

Outline: A is not invertible if and only if rank(A) < 2 if and only if the
columns of A are linearly dependent if and only if there exists λ ∈ K
such that a = λc and b = λd or that c = λa and d = λb. In both cases,
ad− bc = 0. □

Definition 5.2: n-linear function
Let D : Mn×n(K) → K be a function. We say that
D is n-linear if ∀1 ≤ i ≤ n, D is a linear function
of the i-th row when the other rows are held fixed.

We can think of Mn×n(K) as the coordinate space Kn
row×

· · · ×Kn
row (n times) and if

A =

. . . α1 . . .
...

...
...

. . . αn . . .

 .

write D(A) = D(α1, . . . , αn) where αi is the i-th row of
A. Then, D is n-linear if ∀1 ≤ i ≤ n, D is linear in αi
when the other rows are held fixed so

1. D(α1, . . . , αi + βi, . . . , αn) = D(α1, . . . , αi, . . . , αn) +
D(α1, . . . , βi, . . . , αn).

2. D(α1, . . . , λαi, . . . , αn) = λD(α1, . . . , αi, . . . , αn).

Notice that D(A + B) ̸= D(A) + D(B) in general and
D(λA) ̸= λD(A) in general. So D is not linear as a func-
tion from Mn×n(K) to K.

In the following, for a matrix A, write A(i, j) or Aij or aij
for the entry in the i-th row and j-th column of A.

Example 5.3:
Fix integers k1, . . . , kn such that 1 ≤ ki ≤ n and
a ∈ K. Define D : Mn×n(K) → K by D(A) =
a ·A(1, k1) · · · · ·A(n, kn).

We claim that D is n-linear.

Proof. Consider

. . . α1 . . .
...

...
...

. . . αn . . .

 =



A(1, 1) . . . A(1, n)
...

...
...

A(i, 1) . . . A(i, n)
...

...
...

A(n, 1) . . . A(n, n)


.

Now, we can write

D(α1, . . . , αi, . . . , αn) = b ·A(i, ki).

where b ∈ K does not depend on row i.

If we now change row i to λαi +βi, then we see that D is linear in row
i when the other rows are held fixed. □

Let us try to find all 2-linear functionsD :M2×2(K) → K.

Write I =

(
1 0
0 1

)
=

(
e1
e2

)
. If D is 2-linear, then

D

(
A(1, 1) A(1, 2)
A(2, 1) A(2, 2)

)
is determined by

D(A) = D ((A(1, 1), A(1, 2)), (A(2, 1), A(2, 2)))

= D((A(1, 1)e1 +A(1, 2)e2), A(2, 1)e1 +A(2, 2)e2)

= A(1, 1)D(e1, A(2, 1)e1 +A(2, 2)e2)+

+A(1, 2)D(e2, A(2, 1)e1 +A(2, 2)e2)

= A(1, 1)A(2, 1)D(e1, e1) +A(1, 1)A(2, 2)D(e1, e2)

+A(1, 2)A(2, 1)D(e2, e1) +A(1, 2)A(2, 2)D(e2, e2).

By the four scalars, D is completely determined. Hence,
the space of 2-linear functions from M2×2(K) to K is 4-
dimensional.

Lemma 5.4:
Any linear combination of n-linear functions is again
an n-linear function.

Proof. It is enough to prove for the case of two n-linear functions.

Let D,E : Mn×n(K) → K be n-linear functions and a, b ∈ K. Con-
sider the function aD + bE : Mn×n(K) → K defined by (aD +
bE)(A) = aD(A) + bE(A).

Let 1 ≤ i ≤ n. Then

(aD + bE)(α1, . . . , αi + βi, . . . , αn)

= aD(α1, . . . , αi + βi, . . . , αn) + bE(α1, . . . , αi + βi, . . . , αn)

= a(D(α1, . . . , αi, . . . , αn) +D(α1, . . . , βi, . . . , αn))+

+ b(E(α1, . . . , αi, . . . , αn) + E(α1, . . . , βi, . . . , αn))

= (aD + bE)(α1, . . . , αi, . . . , αn) + (aD + bE)(α1, . . . , βi, . . . , αn).

Similarly, we can check that

(aD + bE)(α1, . . . , λαi, . . . , αn) = λ(aD + bE)(α1, . . . , αi, . . . , αn).

□

Example 5.5:
Consider D :M2×2(K) → K defined by

D(A) = A11 ·A22 −A12 ·A21.

This is 2-linear which can be seen as A11A22 and
−A12A21 are 2-linear (Example 5.3) and D is a linear
combination of them.

Remark
D = det(A) as a function M2×2(K) → K has two
additional properties:

1. D(I) = 1 where I is the identity matrix.

2. If A′ is obtained from A by interchanging its rows,
then D(A′) = −D(A).

Definition 5.6: Alternating function
Let D : Mn×n(K) → K be an n-linear function. We
say that D is alternating if for every matrix A in
which some two rows are equal, we have D(A) = 0.
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Proposition 5.7:
Let D be an n-linear function. Assume that D has
the property that whenever A ∈ Mn×n(K) has two
equal adjacent rows, then D(A) = 0. Then, D is
alternating and ∀ matrix B, if B′ is obtained from B
by interchanging two rows, then D(B′) = −D(B).

Proof. We begin with proving the second statement. Assume first,
that B′ is obtained from B by interchanging two adjacent rows.

Consider
D(β1, . . . , βk + βk+1, βk + βk+1, . . . , βn).

By assumption this must be zero. Opening the brackets, we find that

D(β1, . . . , βk, βk+1, . . . , βn) +D(β1, . . . , βk+1, βk, . . . , βn) = 0.

So interchanging two adjacent rows indeed changes the sign of D.Lec 32

Suppose now that B′ is obtained from B by interchanging rows k and
l where k < l (but not nessecairly adjacent). We can obtain B′ from
B by doing a sequence of interchanges of adjacent rows.

Indeed, we can begin with interchanging rows k and k+1, and continue
in this way until we get

β1, . . . , βk−1, βk+1, . . . , βl−1, βl, βk, . . . , βn.

This requires r := l − k interchanges of adjacent rows. Now, we can
continue with interchanging rows l − 1 and l − 2, and continue in this
way until we get

β1, . . . , βk−1, βl, . . . , βl−1, βk, . . . , βn.

This requires (l− 1)− k = r− 1 interchanges of adjacent rows. Hence,
in total, we need r+ (r− 1) = 2r− 1 interchanges of adjacent rows to
get B′ from B. Since 2r−1 is odd, we conclude that D(B′) = −D(B).

1. Let A be a matrix in which row i and row j are equal. We can obtain
a matrix A′ from A by interchanging rows i and j. Since row i and
row j are equal, we have A = A′. On the other hand, by the second
statement, we have D(A′) = −D(A). Hence, D(A) = −D(A) which
implies that D(A) = 0. So D is alternating. □

Definition 5.8: Determinant
A function D : Mn×n(K) → K is called a deter-
minant function if it is n-linear, alternating and
D(I) = 1 where I is the identity matrix.

As a warm-up let us find all determinant functions D :

M2×2(K) → K. Write I =

(
1 0
0 1

)
=

(
ϵ1
ϵ2

)
and A =(

A11 A12

A21 A22

)
. We saw that every 2-linear function satisfies

D(A) = A11A21D(ϵ1, ϵ1) +A11A22D(ϵ1, ϵ2)

+A12A21D(ϵ2, ϵ1) +A12A22D(ϵ2, ϵ2).

Since D is alternating, we have D(ϵ1, ϵ1) = D(ϵ2, ϵ2) = 0.
Also D(ϵ1, ϵ2) = −D(ϵ2, ϵ1).

Thus, we can write

D(A) = D(ϵ1, ϵ2)(A11A22 −A12A21).

Since D(I) = 1, we have D(ϵ1, ϵ2) = 1. Hence, the only
determinant function from M2×2(K) to K is the function
defined by

D(A) = A11A22 −A12A21 = det(A).

Definition 5.9:
Let A ∈ Mn×n(K), n ≥ 2 and let 1 ≤ i, j ≤ n.
Denote by A(i|j) ∈M(n−1)×(n−1)(K) the matrix ob-
tained from A by deleting row i and column j.

If D is a (n− 1)-linear function, denote by

Dij(A) := D(A(i|j)).

Theorem 5.10:
Let n ≥ 2 and D an alternating (n − 1)-linear func-
tion. Let 1 ≤ j ≤ n. Define Ej : Mn×n(K) → K
by

Ej(A) =

n∑
i=1

(−1)i+jAij ·Dij(A).

Then, Ej is an n-linear function and it is alternating.
Moreover, if D is a determinant function, then so is
Ej .

Proof. Let A ∈ Mn×n(K) and 1 ≤ j ≤ n. Dij(A) is independent
of row i of A since it gets deleted. Since D is (n− 1)-linear, then also
A 7→ Dij(A) is "linear" when viewed as a function of each of its rows
of A except of row i.

So it follows that the function A 7→ Aij ·Dij(A) is n-linear. Since Ej

is a linear combination of such functions, it is also n-linear.

Assume now that D is alternating. Indeed, by proposition 5.7, it is
enough to show that Ej(A) = 0 whenever A has two equal adjacent
rows.

So let A be a matrix in which row k and row k + 1 are equal. Let 1 ≤
i ≤ n, such that i ̸= k, k+1. The matrix A(i|j) has two equal adjacent
rows, hence Dij(A) = D(A(i|j)) = 0. Thus Ej(A) = (−1)k+jAkj ·
Dkj(A) + (−1)k+1+jAk+1,j · Dk+1,j(A). But since row k and row
k + 1 are equal, we have Akj = Ak+1,j and Dkj(A) = Dk+1,j(A).
Hence, Ej(A) = 0.

Finally, if D is a determinant function, then Ej(I) = D(I) = 1. So Ej

is also a determinant function. □

Corollary 5.11:
For every n ≥ 1, ∃ at least one determinant function
from Mn×n(K) to K.

Proof. By induction on n. For n = 1, the function defined by
D((a)) = a is a determinant function.

Assume now that n ≥ 2 and there exists a determinant function D :
(n − 1) × (n − 1)(K) → K. By Theorem 5.10, the function E1 :
Mn×n(K) → K defined by

E1(A) =

n∑
i=1

(−1)i+1Ai1 ·Di1(A)

is a determinant function. □
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Example 5.12:
For a 2× 2 matrix B we have

det : B 7→ det(B) = B11B22 −B12B21.

For a 3× 3 matrix A, we have

det
1

:M3×3(K) → K,A 7→ det
1
(A) =

A11 · det
(
A22 A23

A32 A33

)
−A21 · det

(
A12 A13

A32 A33

)
+

A31 · det
(
A12 A13

A22 A23

)
det
2

:M3×3(K) → K,A 7→ det
2
(A) =

A12 · det
(
A21 A23

A31 A33

)
−A22 · det

(
A11 A13

A31 A33

)
+

A32 · det
(
A11 A13

A21 A23

)
det
3

:M3×3(K) → K,A 7→ det
3
(A) =

A13 · det
(
A21 A22

A31 A32

)
−A23 · det

(
A11 A12

A31 A32

)
+

A33 · det
(
A11 A12

A21 A22

)
.
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5.1 Uniqueness of determinant functions
Let D : Mn×n(K) → K be an n-linear alternating func-
tion. Let

A =

− α1 −
...

− αn −

 , I =

− ε1 −
...

− εn −

 ∈Mn×n(K).

We have, that αi =
∑n
j=1Aijεj . Since D is n-linear, we

have

D(A) = D(α1, . . . , αn) = D

 n∑
j=1

A1jεj , α2, . . . , αn

 .

Since D is linear in the first argument, we have

D(A) =

n∑
j=1

A1jD(εj , α2, . . . , αn).

Repeating the same argument for the second, third, . . . ,
n-th argument, we have

D(A) =

n∑
j1=1

n∑
j2=1

· · ·
n∑

jn=1

A1j1A2j2 . . . AnjnD(εj1 , . . . , εjn)

=
∑

1≤k1,k2,...,kn≤n

A1k1A2k2 . . . AnknD(εk1 , . . . , εkn).

Since D is alternating, if ki = kj for some i ̸= j, then
D(εk1 , . . . , εkn) = 0. Hence, we can restrict the sum to
the case where k1, k2, . . . , kn are distinct. Such a sequence
is called a permutation of degree n.

We can think of permutations as functions

σ : {1, . . . , n} → {1, . . . , n}, bijective .

For example, (k1, . . . , kn) = (σ(1), . . . , σ(n)) for some per-
mutation σ.

So

D(A) =
∑
σ

A1σ(1)A2σ(2) . . . Anσ(n)D(εσ(1), . . . , εσ(n)).

Where the sum runs over all permutations σ of degree n.

The number of permutations of degree n is n!. For exam-
ple, for n = 3, there are 6 permutations.

Every permutation σ can be written as a composition

σ = θ1 ◦ · · · ◦ θk,

of transpositions θi where a transposition is a permu-
tation such that ∃i, j such that θ(i) = j, θ(j) = i and
θ(k) = k for all k ̸= i, j.

Why? Start with (1, . . . , n). If σ(1) ̸= 1, then interchange
1 and σ(1) to get a new permutation θ1 such that θ1(1) =
1. If θ1◦σ(2) ̸= 2, then interchange 2 and θ1◦σ(2) to get a
new permutation θ2 such that θ2◦θ1◦σ(2) = 2. Continuing
in this way, we get a permutation θk ◦ · · · ◦ θ1 ◦σ such that
θk ◦ · · · ◦ θ1 ◦ σ(i) = i for all 1 ≤ i ≤ n.

In general there is not a unique way to write a permutation
as a composition of transpositions.

(1, 2, 3) → (3, 2, 1)

(1, 2, 3) → (2, 1, 3) → (2, 3, 1) → (3, 2, 1).

Lemma 5.13:
If σ = θ1 ◦ · · · ◦ θk = θ′1 ◦ · · · ◦ θ′k′ are two ways
to write σ as a composition of transpositions, then
k ≡ k′ mod 2.

Define the sign of σ by sgn(σ) = (−1)k where k is
the number of transpositions in any decomposition of
σ.

Proof. We know that determinant functions exist ∀n ≥ 1. Fix one
such function E. Consider

E(εσ(1), . . . , εσ(n)).

If (σ1, . . . , σn) can be obtained from (1, . . . , n) by m transpositions,
then the matrix 

− εσ(1) −
...

− εσ(n) −


can be obtained from the identity matrix by m interchanges of adjacent
rows. Since E is alternating, we have

E(εσ(1), . . . , εσ(n)) = (−1)mE(I) = (−1)m.

Equivalently, we can find

E(εσ(1), . . . , εσ(n)) = (−1)k
′
E(I) = (−1)k

′
.

Hence, (−1)k = (−1)k
′

and k ≡ k′ mod 2. □

If we return to D(A), we have

D(A) =
∑
σ

A1σ(1)A2σ(2) . . . Anσ(n)D(εσ(1), . . . , εσ(n))

= D(I)
∑
σ

A1σ(1)A2σ(2) . . . Anσ(n) sgn(σ).

41



Theorem 5.14: Uniqueness of the Determinant
∀ n-linear alternating function D we have

D(A) = D(I)
∑
σ

sgn(σ)A1σ(1)A2σ(2) . . . Anσ(n).

In particular, if D is a determinant function, then

D(A) =
∑
σ

sgn(σ)A1σ(1)A2σ(2) . . . Anσ(n).

So D is unique.

Corollary 5.15:
For every n-linear alternating function D, we have
that D(A) = det(A) ·D(I).

5.2 Permutations
Denote by Sn the set of all permutations on n elements.
Sn is a group under composition of functions. We can
also invert elements of Sn by inverting the correspond-
ing functions. For example, if σ = (3, 1, 2), then σ−1 =
(2, 3, 1). The identity element of Sn is the permutation
id = (1, 2, . . . , n).

Lemma 5.16:
Given two permutations σ, τ , we have

sgn(σ ◦ τ) = sgn(σ) · sgn(τ).

Proof. Let σ = θ1◦· · ·◦θk and τ = θ′1◦· · ·◦θ′k′ be two decompositions
of σ and τ into transpositions. Then, σ ◦ τ = θ1 ◦ · · · ◦ θk ◦ θ′1 ◦ · · · ◦ θ′k′
is a decomposition of σ ◦ τ into transpositions. Hence, sgn(σ ◦ τ) =

(−1)k+k′
= (−1)k · (−1)k

′
= sgn(σ) · sgn(τ). □

Theorem 5.17:
∀A,B ∈Mn×n(K), we have

det(AB) = det(A) · det(B).

Proof. Fix B and consider the function D : Mn×n(K) → K defined
by

D(A) := det(AB).

We claim that D is n-linear and alternating.

Indeed, write A =

− α1 −
...

− αn −

. Then,

A ·B =

− α1 ·B −
...

− αn ·B −

 .

So, D(A) = det(α1 · B, . . . , αn · B). Fix 1 ≤ i ≤ n. If αi and α′
i are

two row vectors, then

(αi + α′
i) ·B = αi ·B + α′

i ·B.

Therefore,

D(α1, . . . , αi + α′
i, . . . , αn)

= D(α1, . . . , αi, . . . , αn) +D(α1, . . . , α
′
i, . . . , αn).

since det is linear in each of its rows. Similarly, if λ ∈ K, then

D(α1, . . . , λαi, . . . , αn) = λD(α1, . . . , αi, . . . , αn).

If αi = αj then αi · B = αj · B. Hence, D(A) = 0 since det is
alternating. So D is alternating, proving the claim.

By corollary 5.15, we have D(A) = D(I) · det(A). Since D(I) =
det(IB) = det(B), we have det(AB) = det(A) · det(B). □

Corollary 5.18:
If A is invertible, then det(A) ̸= 0 and

det(A−1) = det(A)−1.

Proof. If A is invertible, then

A ·A−1 = I ⇒ det(A) · det(A−1) = det(I) = 1.

□ Lec 34

Recall that ∀M ∈Mn×n(K), we have the transposed ma-
trix

MT with MT
ij =Mji.

Theorem 5.19:
For every A ∈Mn×n(K), we have det(AT ) = det(A).

Proof. If σ is a permutation of 1, . . . , n, then (AT )1σ(1)(A
T ) =

Aσ(1)1, so

det(AT ) =
∑
σ

sgn(σ)(AT )1σ(1)(A
T )2σ(2) . . . (A

T )nσ(n)

=
∑
σ

sgn(σ)Aσ(1)1Aσ(2)2 . . . Aσ(n)n.

If σi = j then Aσ(i)i = Ajσ−1(j).

Claim: Aσ(1)1Aσ(2)2 . . . Aσ(n)n = A1σ−1(1)A2σ−1(2) . . . Anσ−1(n).

This is tree because every factor on the left hand side appears exactly
once on the right hand side.

Furthermore, sgn(σ) = sgn(σ−1) since σ and σ−1 can be written as
the same number of transpositions. Hence,

det(AT ) =
∑
σ

sgn(σ−1)A1σ−1(1)A2σ−1(2) . . . Anσ−1(n) = det(A).

Since σ runs over all permutations, so does σ−1, proving the theorem.
□

Corollary 5.20:
If D :Mn×n(K) → K is an alternating n-linear func-
tion of the rows, thenD has the same properties when
viewed as a function of the columns.

In fact, D(A) = D(AT ).

Proof. ∀A, D(A) = det(A) ·D(I) = det(AT ) ·D(I) = D(AT ). □

Theorem 5.21:
If B is obtained from A is obtained by elementary
row operations, then

Ri + cRj → Ri ⇒ det(B) = det(A)

Ri ↔ Rj ⇒ det(B) = − det(A)

cRi → Ri ⇒ det(B) = c · det(A).

Proof. 2 follows from the determinant being alternating. 3 follows
from n-linearity. For 1, we have

det(B) = D(R1, . . . , Ri + cRj , . . . , Rn)

= D(R1, . . . , Ri, . . . , Rn) + c ·D(R1, . . . , Rj , . . . , Rn)

= det(A) + c · 0 = det(A).
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□

we want to compute Determinants of block matrices

M =

(
A B
0 C

)
.

Proposition 5.22:
If A ∈ Mk×k(K), B ∈ Mk×(n−k)(K) and C ∈
M(n−k)×(n−k)(K), then

det

(
A B
0 C

)
= det(A) · det(C).

Proof. Define the function D as

D(A,B,C) = det

(
A B
0 C

)
.

If we fix A,B, then the function C 7→ D(A,B,C) is an alternating
(n− k)-linear function. Hence, D(A,B,C) = D(A,B, I) · det(C).

But using ERO’s we can get rid of all the entries of B without changing
the determinant. Hence,

D(A,B, I) = D(A, 0, I) = det

(
A 0
0 I

)
= det(A) · det(I) = det(A).

□

Example 5.23:
Compute

det


1 −1 2 3
2 2 0 2
4 1 1 −1
1 2 3 0

 ∈M4×4(R).

Solution. We perform gaussian elimination to get an upper triangular
matrix. We have

1 −1 2 3
2 2 0 2
4 1 1 −1
1 2 3 0

→


1 −1 2 3
0 4 −4 −4
0 5 −9 −13
0 3 1 −3



→


1 −1 2 3
0 4 −4 −4
0 0 −4 −8
0 0 4 0

 .

This is exactly the form of the matrix in proposition 5.22 so

det(A) = 128.

Let D be the determinant function on M(n−1)×(n−1)(K).
Recall that ∀1 ≤ j ≤ n, the function Ej :Mn×n(K) → K
defined by

Ej(A) =

n∑
i=1

(−1)i+jAij ·Dij(A).

We know now, that ∀1 ≤ j ≤ n, Ej is a determinant
function. The scalars cij := (−1)i+jDij(A) are called the
i, j cofactors of A. We have that

det(A) =

n∑
i=1

Aij · cij .

Claim 5.24:
If we replace Aij by Aik where k ̸= j is fixed, then∑n
i=1Aik · cij = 0.

Proof. Let B be the n × n matrix obtained from A by replacing
column j of A by column k of A. Then, det(B) = 0 since B has two
equal columns. But det(B) =

∑n
i=1 Aik · cij , proving the claim. □

In summary, ∀A ∈Mn×n(K), we have ∀j, k
n∑
i=1

Aik · cij = δjk · det(A).

The matrix (cij)
T is called the classical adjoint of A

and is denoted by adj(A). We have

(adj(A))ij = cji = (−1)i+j det(A(j|i)).

With this, our previous notation becomes

(adj(A)) ·A = (det(A)) · I.

Claim 5.25:
A · (adj(A)) = (det(A)) · I.

Proof. Apply the previous claim to AT to get

(adj(AT )) ·AT = (det(AT )) · I.

Also
(adj(A))T ·AT = (det(A)) · I.

But det(A) = det(AT ). Transposing both sides, we get

A · adj(A) = (det(A)) · I.

□

Theorem 5.26:
Let A ∈ Mn×n(K). A is invertible if and only if
det(A) ̸= 0. In this case,

A−1 =
1

det(A)
· (adj(A)) .

5.3 Cramer’s Rule
Let A ∈ Mn×n(K) and b ∈ Kn. Consider the system of
equations

A · x = b.

If A · x = b then adj(A) ·A · x = adj(A) · b. Hence

det(A) · x = adj(A) · b.

Thus, if det(A) ̸= 0, then

x =
1

det(A)
· adj(A) · b.

If we write this in coordinates, we have ∀1 ≤ j ≤ n,

det(A) · xj =
n∑
i=1

cji · bi =
n∑
i=1

(−1)i+j · bi · det(A(i|j)).

Consider the matrix

A(j, b) =

. . . | . . .
A b A
. . . | . . .

 .

The matrix obtained from A by replacing column j of A
by the column vector b.
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So by previous formulas for Ej , but applied to A(j, b) in-
stead of A, we have

det(A(j, b)) =

n∑
i=1

(−1)i+j · bi · det(A(i|j)).

This is Cramer’s Rule.

xj =
det(A(j, b))

det(A)
.

5.4 Determinants and Endomorphisms
Let A ∈ Mn×n(K) and P ∈ GLn(K). Then, what hap-
pens if we take the determinant of the conjugation of A
by P?

det(P−1AP ) = det(P−1) · det(A) · det(P ) = det(A),

since det(P−1) = det(P )−1.

So similar matrices have the same determinant.

Let V be a finite n-dimensional vector space over K and
T : V → V be a linear map. Pick a basis B of V . This
gives us a matrix [T ]BB of T with respect to B.

Consider the determinant of this matrix.

det([T ]BB) ∈ K.

Question 5.27:
Does det([T ]BB) depend on the choice of B?

No, let B′ be another basis of V . Then, recall that

[T ]B
′

B′ = [idV ]
B
B′ · [T ]BB · [idV ]B

′

B .

As we have seen, the transition matrices [idV ]
B
B′ and

[idV ]
B′

B are inverses of each other. So the two matrices
are conjugates of each other. Hence, they have the same
determinant.

Notice that with this notion,

det(idV ) = 1.

Recall also, that if T, S : V → V are linear maps, then

[S ◦ T ]BB = [S]BB · [T ]BB.

And also, if T is an isomorphism, then

[T−1]BB = ([T ]BB)
−1.

Applying the determinant to these formulas, we get

det(S ◦ T ) = det(S) · det(T )

det(T−1) =
1

det(T )
.

Of course, det(0V→V ) = 0.

Important: This entire story fails if we take two different
bases B and C and consider det([T ]CB). This is not an
invariant of T .

Following this, we cannot define det(T ) for T : V →W .

Note
If we have dimV = dimW , then if det(T ) = 0 in any
basis then det(T ) = 0 in every basis. In this case, T
is not an isomorphism.
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6 Eigenvectors and Eigenvalues
Consider the following definition.

Definition 6.1: Eigenvalue and Eigenvector
Let V be a vector space over K and T : V → V be
a linear map. We say, that λ ∈ K is an eigenvalue
of T if there exists a nonzero vector v ∈ V such that

T (v) = λv.

Any vector with this property is called an eigenvec-
tor of T for the eigenvalue λ.

Definition 6.2:
Let V be a finite-dimensional vector space over K
and T : V → V be a linear map. We say that T is
diagonalizable if there exists a basis B of V such
that

[T ]BB =

λ1 . . . 0
...

. . .
...

0 . . . λn

 .

Lemma 6.3:
T is diagonalizable if and only if there exists a basis
of V consisting of eigenvectors of T .

Moreover, if for some basis B the matrix has the
shape as in definition 6.2, then ∀i, λi is an eigen-
value of T and the i-th vector of B is an eigenvector
of T for the eigenvalue λi.

Proof. Recall that

[T ]BB =

 | |
[Tv1]B . . . [Tvn]B

| |

 .

Where

[Tvj ]B =

α1j

...
αnj

 .

[T ]BB has the shape as in definition 6.2 if and only if αij = 0 for all i ̸= j
and αjj = λj for some λj ∈ K. This is equivalent to Tvj = λjvj for
all j, which is equivalent to B being a basis of eigenvectors of T . □

Definition 6.4:
A matrix A ∈ Mn×n(K) is called diagonalizable
if the linear map TA : Kn → Kn is diagonalizable.

Example 6.5:

Let A =

(
2 1
1 2

)
, with K = R. We have

TA

(
1
1

)
= 3 ·

(
1
1

)
and TA

(
1
−1

)
= 1 ·

(
1
−1

)
.

So 3 is an eigenvalue of TA and
(
1
1

)
is an eigenvector

of TA for the eigenvalue 3. Similarly,
(

1
−1

)
is an

eigenvector of TA for the eigenvalue 1.

−2 −1 1 2

−2

−1

1

2

Figure 4: Eigenvalues and eigenvectors of A

In this case,

[TA]
B
B =

(
3 0
0 1

)
.

So how do we find eigenvalues and eigenvectors? We want
to have

TA · v = λv.

So also
(TA − λ idV ) · v = 0.

We need that TA − λI is not invertible, so it has determi-
nant 0. Lec 35

Proposition 6.6:
Let V be a vector space over K and T ∈ End(V ).
Suppose λ1, . . . , λk are pairwise distinct eigenvalues
of T . Let v1, . . . , vn be eigenvectors for λ1, . . . , λk re-
spectively. Then, v1, . . . , vk are linearly independent.

Proof. We prove this by induction on k.

Base Case (k = 1): v1 is nonzero, so it is linearly independent.

Induction Step: Suppose the proposition holds for every list of k pairwise
distinct eigenvalues and corresponding eigenvectors.

Let λ1, . . . , λk+1 be pairwise distinct eigenvalues of T and v1, . . . , vk+1

be eigenvectors for λ1, . . . , λk+1.

Suppose v1, . . . , vk+1 are linearly dependent. Then, there exists 1 ≤
i ≤ k + 1 such that vi is a linear combination of the other vj ’s.

vk+1 = α1v1 + · · ·+ αkvk.

Applying T to both sides, we get

λk+1vk+1 = α1λ1v1 + · · ·+ αkλkvk.

Substituting the value of vk+1 from the previous equation,

λk+1(α1v1 + · · ·+ αkvk) = α1λ1v1 + · · ·+ αkλkvk.

Rearranging, we get

α1(λk+1 − λ1)v1 + · · ·+ αk(λk+1 − λk)vk = 0.

By the induction hypothesis, v1, . . . , vk are linearly independent. Hence,

α1(λk+1 − λ1) = · · · = αk(λk+1 − λk) = 0.

Since λ1, . . . , λk+1 are pairwise distinct, λk+1−λi ̸= 0 for all i. Hence,
α1 = · · · = αk = 0. Substituting back, we get vk+1 = 0, which is a
contradiction since vk+1 is an eigenvector. Hence, v1, . . . , vk+1 are
linearly independent. □
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Proposition 6.7:
Let V be a vector space over K and T ∈ End(V ).
Then, λ ∈ K is an eigenvalue of T if and only if
T − λ idV is not injective.

Proof. λ is an eigenvalue of T is by definition the same as

∃v ̸= 0 ∈ V st Tv = λv.

This is the same as

Tv − λv = 0 for some v ̸= 0.

This is the same as

(T − λ idV )v = 0 for some v ̸= 0.

But this exactly is that

Ker(T − λ idV ) ̸= {0}.

□

Since we work with endomorphisms, beeing injective is the
same as beeing bijective. So we can translate the previous
proposition to say that λ is an eigenvalue of T if and only
if T − λ idV is not an isomorphism. This is the same as
saying that T − λ idV is not invertible, which is the same
as saying that det(T − λ idV ) = 0.

Definition 6.8: Characteristic Polynomial
Let V be a finite-dimensional vector space overK and
T ∈ End(V ). The characteristic polynomial of
T is the polynomial

pT (x) = det(T − x · idV ) ∈ K[x].

If we instead work with matrices, we can define the char-
acteristic polynomial of a matrix A ∈Mn×n(K) as

pA(x) = det(A− x · I) ∈ K[x].

Definition 6.9:
Let V be a finite-dimensional vector space over K
and T ∈ End(V ). Let λ be an eigenvalue of T . The
eigenspace of T corresponding to λ is the subspace

EigT (λ) = {v ∈ V : T (v) = λv} = Ker(T − λ idV ).

Notice, that also 0 ∈ EigT (0) since T (0) = 0.

Lemma 6.10:
Let A ∈Mn×n(K). Then,

1) pA(x) is a polynomial of degree n with leading
coefficient (−1)n.

2) pAT (x) = pA(x).

3) If A is upper triangular with diagonal entries
a11, . . . , ann, then

pA(x) = (λ1 − x) . . . (λn − x).

4) If A has a block upper triangular form, where B ∈
Mr×r(K), C ∈Ms×s(K), then

pA(x) = pB(x) · pC(x).

5) If A and B are similar, then pA(x) = pB(x).

Proof. 1) pA(x) = det(A − xI). The leading term of det(A − xI)
is the product of the leading terms of the diagonal entries of A − xI,
which is (−x)(−x) . . . (−x) = (−1)nxn.

2) pAT (x) = det(AT −xI) = det((A−xI)T ) = det(A−xI) = pA(x).

3) Exercise

4) Exercise

5) PB(x) = det(B−xI) = det(P−1AP−xI) = det(P−1(A−xI)P ) =
det(A− xI) = pA(x). □

Corollary 6.11:
If V is an n-dimensional vector space over K and T ∈
End(V ), then pT (x) is a polynomial in x of degree n
with leading coefficient (−1)n.

Proof. Let B be a basis of V . Then, pT (x) = p[T ]BB
(x), which is

a polynomial of degree n with leading coefficient (−1)n. Since pT (x)
does not depend on the choice of B, the result follows. □

Definition 6.12: Trace
Let A ∈Mn×n(K). Define the trace of A as

tr(A) := A11 +A22 + · · ·+Ann.

If V is finite-dimensional and T ∈ End(V ), define the
trace of T as

tr(T ) := tr([T ]BB).

Lemma 6.13:
1) ∀A,B ∈Mn×n(K), tr(A ·B) = tr(B ·A).

2) If A and B are similar, then tr(A) = tr(B). In
particular, if B and B′ are two bases of V , then
tr([T ]BB) = tr([T ]B

′

B′).
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Proof. 1) We compute

tr(A ·B) =

n∑
i=1

(A ·B)ii

=
n∑

i=1

n∑
j=1

Aij ·Bji

=

n∑
j=1

n∑
i=1

Bji ·Aij

= tr(B ·A).

2) If B = P−1AP , then

tr(B) = tr(P−1AP ) = tr(AP · P−1) = tr(A).

If, B′ is another basis for V , then

tr([T ]B
′

B′ ) = tr([idV ]BB′ · [T ]BB · [idV ]B
′

B ) = tr([T ]BB).

□Lec 36

Lemma 6.14:
Let A ∈ Mn×n(K). Then, the coefficient of xn−1 in
pA(x) is (−1)n−1 ·tr(A). Furthermore, the coefficient
of x0 is det(A).

Proof. Recall that pA(x) = det(A − xI). Denote this matrix by B.
The determinant of B is given as

(A11 − x)(A22 − x) . . . (Ann − x) +
∑
σ ̸=id

sgn(σ)B1σ(1) . . . Bnσ(n)

.

If σ is not the identity, there must be at least two indices i ̸= j such
that σ(i) ̸= i and σ(j) ̸= j. So at least two factors do not contain x,
hence the degree of the second term is at most n− 2.

So pA(x) = (A11 − x)(A22 − x) . . . (Ann − x) + lower degree terms.
Opening the brackets, we get

pA(x) = (−1)nxn+(−1)n−1(A11+· · ·+Ann)x
n−1+lower deg terms.

But A11 + · · · + Ann = tr(A). Hence, the coefficient of xn−1 is
(−1)n−1 · tr(A).

The last coefficient is very easy to determine. Plug in x = 0 to get
pA(0) = det(A), which is the coefficient of x0. □

Definition 6.15:
Let V be a vector space over K and U1, . . . , Ur ⊆ V
be linear subspaces. Denote

W := U1 + · · ·+ Ur = {u1 + · · ·+ ur : ui ∈ Ui}.

We say that W is a direct sum of U1, . . . , Ur if ∀w ∈
W , there exists a unique representation as a sum w =
u1 + · · ·+ ur with ui ∈ Ui.

Exercise 6.16:
Show that U1 + · · · + Ur is a direct sum if and only
if any of the following equivalent conditions hold:

1) The only way to write 0 as a sum u1 + · · · + ur
with ui ∈ Ui is by taking all ui’s to be 0.

2) For every 2 ≤ j ≤ r we have Uj∩(U1+· · ·+Uj−1) =
{0}.

Under the additional assumption that the Ui’s are finite
dimensional, also

3) dim(U1 + · · ·+ Ur) = dim(U1) + · · ·+ dim(Ur).

4) Whenever Bi is a basis of Ui for all i, then ∪ri=1Bi is a
basis of U1 + · · ·+ Ur.

Exercise 6.17:
If U1 + · · · + Ur is a direct sum, then there exists
a canonical isomorphism between U1 + · · · + Ur and
U1 ⊕ · · · ⊕ Ur, given by

u1 + · · ·+ ur 7→ (u1, . . . , ur).

Proposition 6.18:
Let V be a vector space over K, and T ∈ End(V ).
Let λ1, . . . , λr ∈ K be pairwise distinct eigenvalues
of T . Then, EigT (λ1)+· · ·+EigT (λr) is a direct sum.

Proof. Assume u1+ · · ·+ur = u′1+ · · ·+u′r where ui, u′i ∈ EigT (λi)
for all i. Rewriting this, we get

(u1 − u′1) + · · ·+ (ur − u′r) = 0.

Ignore in this sum all the summands which are 0.

(ui1 − u′i1 ) + · · ·+ (uil − u′il ) = 0.

Notice that uij − u′ij ∈ EigT (λij ) \ 0 for all j. So uij − u′ij is an
eigenvector of T . By proposition 6.6, we have that ui1 −u′i1 , . . . , uil −
u′il are linearly independent. This is a contradiction since they sum to
0. Hence, ui = u′i for all i, proving the proposition. □

Corollary 6.19:
Assume V is finite-dimensional. Let T ∈ End(V )
and λ1, . . . , λr be all the eigenvalues of T (we assume
they are pairwise distinct). Then, T is diagonalizable
if and only if

r∑
i=1

dim(EigT (λi)) = dim(V ).

Proof. ⇐) Choose a basis Bi of EigT (λi). We’ve seen that W :=
EigT (λ1) + · · ·+ EigT (λr) is a direct sum.

But then, (B1, B2, . . . , Br) is a basis of W . Hence,

dim(W ) =

r∑
i=1

dim(EigT (λi)) = dim(V ).

Since W ⊆ V , we get W = V . So V has a basis consisting of eigen-
vectors of T . Hence, T is diagonalizable.

⇒) Let B be a basis of V such that [T ]BB is diagonal. Then, the vectors
of B are eigenvectors of T . Hence, B contains a basis of EigT (λi) for all
i. So

∑r
i=1 dim(EigT (λi)) ≤ dim(V ). But

∑r
i=1 dim(EigT (λi)) =

dim(V ), so we get
∑r

i=1 dim(EigT (λi)) = dim(V ). □

Example 6.20:

Let A =
(
1 0 0 1

)
and B =

(
1 1
0 1

)
. Then

pA(x) = (x− 1)2 = pB(x).
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Example 6.21:
Pick λ ∈ K. Consider the matrix

J := Jλ,n =


λ 1 0 . . . 0
0 λ 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1
0 0 0 . . . λ

 ,

which is called the Jordan block. Then,

pJ(x) = (λ− x)n.

The only Eigenvalue of J is λ. The eigenvectors of J
are

J − λI =


0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1
0 0 0 . . . 0

 .

The columns 2 to n are linearly independent, so
rank(J − λI) = n − 1. Hence, dim(EigJ(λ)) =

dim(Ker(J − λI)) = 1. It’s eigenvector is


1
0
...
0

.

Lemma 6.22:
Let A ∈ Mn×n(K). Assume A is diagonalizable.
Then, pA(x) splits as

pA(x) = (λ1 − x) . . . (λr − x).

Where λ1, . . . , λr are the eigenvalues of A, where rep-
etitions are allowed.

Notice that the other direction is not true. For example,
consider the above example on Jordan blocks.
Proof. By assumption, ∃ an invertible matrix P such that

P−1AP =


λ1 0 . . . 0
0 λ2 . . . 0
...

...
. . .

...
0 0 . . . λn

 =: Λ.

Hence,
pA(x) = pΛ(x) = (λ1 − x) . . . (λn − x).

□

Example 6.23:

Consider K = R, A =

(
0 −1
1 0

)
and TA : R2 → R2.

Then
pA(x) = x2 + 1.

This does not have any zeros in K = R so no eigen-
values exist.

6.1 Geometric and Algebraic MultiplicityLec 37

Let’s do a quick digression on polynomials. Let 0 ̸= p(x) ∈
K[x] be a nonzero polynomial. By dividing p(x) by x− λ

we can write p(x) = (x − λ)q(x) + r where q(x) ∈ K[x]
with deg(q) = deg(p)− 1 and r ∈ K.

Substituting x = λ, we get that p(λ) = r. So

p(x) = (x− λ)q(x) + p(λ).

So p(λ) = 0 if and only if p(x) = (x−λ)q(x). We say that
λ is a zero or root of p(x).

Sometimes, λ is also a zero of q(x). This leads to the
following definition.

Definition 6.24:
Let p(x) ∈ K[x] be a nonzero polynomial and λ ∈ K.
We say that λ is a zero of p(x) of multiplicity
m ∈ Z≥1 if

p(x) = (x− λ)mg(x),

Where g(x) ∈ K[x] is a polynomial such that g(λ) ̸=
0.

If m = 1, we say that λ is a simple zero of p(x). If
m ≥ 2, we say that λ is a multiple zero of p(x).

Definition 6.25:
Let V be a vector space over K and T ∈ End(V )
and λ ∈ K be an eigenvalue of T . We define the
geometric multiplicity of λ as

mg(T, λ) := dim(EigT (λ)).

Assume in addition that V is finite-dimensional. We
define the algebraic multiplicity of λ as the mul-
tiplicity of λ as a zero of pT (x), which we denote by
ma(T, λ).

Proposition 6.26:
The geometric multiplicity is smaller than or equal to
the algebraic multiplicity, i.e. mg(T, λ) ≤ ma(T, λ).

Proof. Let v1, . . . , vk be a basis for EigT (λ), so k = mg(T, λ). We
can extend this basis to a basis B of V given by

B = (v1, . . . , vk, wk+1, . . . , wn).

We have

[T ]BB =



λ 0 . . . 0 ∗ . . . ∗
0 λ . . . 0 ∗ . . . ∗
...

...
. . .

...
...

. . .
...

0 0 . . . λ ∗ . . . ∗
0 0 . . . 0 ∗ . . . ∗
...

...
. . .

...
...

. . .
...

0 0 . . . 0 ∗ . . . ∗


.

The characteristic polynomial of T is given by

pT (x) = (−1)k(λ− x)k · det

∗ . . . ∗
...

. . .
...

∗ . . . ∗

 .

From this, we see that the algebraic multiplicity of λ is at least k, which
is the geometric multiplicity of λ. Hence, mg(T, λ) ≤ ma(T, λ). □
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Example 6.27:
Consider J = Jλ,n. We saw that pJ(x) = (λ−x)n, so
ma(J, λ) = n. We also saw that dim(EigJ(λ)) = 1,
so mg(J, λ) = 1. Hence, mg(J, λ) ≤ ma(J, λ).

Theorem 6.28:
Let V be an n-dimensional vector space over K and
T ∈ End(V ). The following 5 statements are all
equivalent:

1) T is diagonalizable.

2) ∃ a basis for V consisting of eigenvectors of T .

3) The characteristic polynomial of T splits as a prod-
uct of linear factors and for every eigenvalue λ of T ,
we have mg(T, λ) = ma(T, λ).

4)
∑k
i=1 dimEigT (λi) = n, where λ1, . . . , λk are all

the eigenvalues of T .

5) V ∼=
⊕k

i=1 EigT (λi), where λ1, . . . , λk are all the
eigenvalues of T .

Proof. 1) ⇔ 2) we have already seen.

1) ⇒ 3) Let B be a basis of V of which [T ]BB is diagonal. By changing
the order of the elements of B, we can arrange that

[T ]BB =


λ1 0 . . . 0
0 λ1 . . . 0
...

...
. . .

...
0 0 . . . λk

 .

Where λi appears mg(T, λi) times. We can write

pT (x) = (λ1 − x)mg(T,λ1) . . . (λk − x)mg(T,λk).

So pT (x) splits as a product of linear factors.

3) ⇒ 4) Let λ1, . . . , λk be all the eigenvalues of T . By assumption,

pT (x) = (λ1 − x)ma(T,λ1) . . . (λk − x)ma(T,λk).

And mg(T, λi) = ma(T, λi) for all i. Notice, that λ1, . . . , λk are all
eigenvalues of T . Hence,

k∑
i=1

dimEigT (λi) =

k∑
i=1

mg(T, λi) =

k∑
i=1

ma(T, λi) = n.

4) ⇒ 5) Recall that EigT (λ1) + · · ·+ EigT (λk) is a direct sum. So

dimV =

k∑
i=1

dimEigT (λi) = dim(EigT (λ1) + · · ·+ EigT (λk)).

Since the dimensions are equal, and EigT (λ1) + · · ·+ EigT (λk) ⊆ V ,
we get that V ∼= EigT (λ1) + · · ·+ EigT (λk) =

⊕k
i=1 EigT (λi).

5) ⇒ 1) If V ∼= EigT (λ1) ⊕ · · · ⊕ EigT (λk), then since EigT (λ1) +
· · ·+ EigT (λk) ⊂ V is a direct sum, we must have that

EigT (λ1), . . . ,EigT (λk) = V.

So if we choose a basis Bi of EigT (λi) for all i, then ∪k
i=1Bi is a basis

of V consisting of eigenvectors of T . Hence, T is diagonalizable. □

Corollary 6.29:
If pT (x) splits as a product of linear factors and each
eigenvalue λ has ma(T, λ) = 1, then T is diagonaliz-
able.

Proof. We have that 1 ≤ mg(T, λ) ≤ ma(T, λ) = 1. Hence,
mg(T, λ) = ma(T, λ) for all eigenvalues λ of T . By the previous
theorem, T is diagonalizable. □

We call the process of bringing a matrix / endomorphism
to a upper triangular form a triangularization.

Definition 6.30:
We say that T ∈ End(V ) is triangularizable if
there exists a basis B of V such that [T ]BB is upper
triangular.

Theorem 6.31:
Let V be a vector space over K and T ∈ End(V ).
Then T is triangularizable if and only if the charac-
teristic polynomial of T splits as a product of linear
factors.

As a short digression, the fundamental theorem of alge-
bra.

Theorem 6.32: Fundamental Theorem of Algebra
Let p(x) ∈ C[x] be a nonzero polynomial. Then, p(x)
splits as a product of linear factors and a constant
factor, namely

p(x) = c · (x− λ1) . . . (x− λn).
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Corollary 6.33:
Let V be a finite dimensional vector space over C and
T ∈ End(V ). Then, T is triangularizable.

Proof. [Theorem 6.31] ⇒) Let B be a basis for V such that [T ]BB is
upper triangular. Then, by lemma 6.10, the characteristic polynomial
of T splits as a product of linear factors.

pT (x) = det([T ]BB − xI) = (λ1 − x) . . . (λn − x).

⇐) We will prove this by induction on n := dim(V ). For n = 1, the
result is trivial. Assume n ≥ 1 and the result holds for all vector spaces
of dimension not more than n. Let V be an n + 1 dimensional vector
space and T ∈ End(V ) such that pT (x) splits as a product of linear
factors.

Since pT (x) splits as a product of linear factors, T has an eigenvalue
λ1 ∈ K. Let u1 ∈ Ker(T − λ1 idV ) be a nonzero eigenvector of T
corresponding to λ1. Extend u1 to a basis B′ = (u1, u2, . . . , un+1) of
V . Then

[T ]B
′

B′


λ1 ∗ . . . ∗
0 ∗ . . . ∗
...

...
. . .

...
0 ∗ . . . ∗

 .

Let us call the n × n matrix in the bottom right corner A. Let TA :
Kn → Kn be the endomorphism corresponding to A. We have that
pT (x) = (λ1 − x) · pA(x). Since pT (x) splits as a product of linear
factors, pA(x) also splits as a product of linear factors. By the induc-
tion hypothesis, there exists a basis B of Kn such that [TA]CC is upper
triangular. Denote by E the standard basis of Kn. Then,

[SA]CC = [idKn ]EC · [TA]EE · [idKn ]CE .

Define

P :=


1 0 . . . 0
0
... [idKn ]CE
0

 .
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Claim

We claim P is invertible and

P−1 =


1 0 . . . 0
0
... [idKn ]EC
0

 .

aswell as that P−1MP is upper triangular.

We compute P · Q we get the identity matrix, so P is invertible and
P−1 is as claimed. We compute

P−1MP =


λ1 ∗̃ . . . ∗̃
0
... [idKn ]EC · [TA]EE · [idKn ]CE
0

 .

Claim

We claim that ∃ a basis B of Kn such that [id]BB′ is P .

Write

P =


p11 p12 . . . p1m
p21 p22 . . . p2m
...

...
. . .

...
pm1 pm2 . . . pmm

 .

Where m = n+ 1. Write B′ as B′ = (u1, u2, . . . , um). Define

v1 := p11u1 + p21u2 + · · ·+ pm1um

v2 := p12u1 + p22u2 + · · ·+ pm2um

...

vm := p1mu1 + p2mu2 + · · ·+ pmmum.

This is a basis of V (exercise). We now have [T ]BB = P−1MP , which
is upper triangular. Hence, T is triangularizable. □

6.2 Minimal Polynomials and Cayley-
Hamilton

Let A ∈ Mn×n(K). ∀k ≥ 1, let Ak := A ·A · · · · ·A︸ ︷︷ ︸
k times

. We

also define A0 = I.

Let g(x) = adx
d + ad−1x

d−1 + · · ·+ a0 ∈ K[x] be a poly-
nomial. We define

g(A) := adA
d + ad−1A

d−1 + · · ·+ a0I.

Claim 6.34:
For every A ∈Mn×n(K), there exists a nonzero poly-
nomial g(x) ∈ K[x] such that g(A) = 0.

Proof. Consider In, A,A2, . . . , An2
. This is a collection of n2 + 1

matrices in the n2-dimensional vector space Mn×n(K). Hence, they
are linearly dependent. So ∃a0, a1, . . . , an2 ∈ K, not all zero, such that

a0In + a1A+ · · ·+ an2An2
= 0.

Let g(x) = an2xn
2
+ · · ·+ a1x+ a0. Then, g(A) = 0. □

Everything here, also applies to T ∈ End(V ), where T k :=
T ◦ T ◦ · · · ◦ T︸ ︷︷ ︸

k times

and T 0 = idV . We can also define g(T ) for

a polynomial g(x) as above, by

g(T ) = adT
d + ad−1T

d−1 + · · ·+ a0 idV .

Also if V is finite-dimensional, then End(V ) has dimension
dim(V )2, so we can find a nonzero polynomial g(x) such
that g(T ) = 0 by the same argument as above.

Definition 6.35:
Let T ∈ End(V ). A minimal polynomial for T
is a nonzero polynomial g(x) ∈ K[x] of the minimal
possible degree, such that g(T ) = 0.

Theorem 6.36: Cayley-Hamilton
1) Let A ∈Mn×n(K). Then, pA(A) = 0.

2) Let V be a finite-dimensional vector space over K
and T ∈ End(V ). Then, pT (T ) = 0.

Exercise 6.37:

Let A =

(
a b
c d

)
. Then

pA(x) = x2 − (a+ d)x+ (ad− bc).

Compute pA(A) and verify that it is the zero matrix.

We first do an outline of an alternative analytic proof
Proof. Assume first, that K = C. Proof first for A ∈ Mn×n(C),
which is diagonalizable. Indeed, if there is an invertible matrix Q, such
that Q−1AQ = Λ is diagonal, with diagonal entries λ1, . . . , λn, then

pA(x) = cnx
n + cn−1x

n−1 + · · ·+ c0.

And

Q−1pA(A)Q = pA(Λ) =


pA(λ1) 0 . . . 0

0 pA(λ2) . . . 0
...

...
. . .

...
0 0 . . . pA(λn)

 .

But this is the zero matrix since pA(λi) = 0 for all i. Hence, pA(A) = 0,
since Q is invertible. □

We need some preparations for the algebraic proof.

Definition 6.38:
Let V be a vector space over K and T ∈ End(V ).
Let v ∈ V . Define ⟨v⟩T := Sp{v, T (v), T 2(v), . . . }.

⟨v⟩T is called the T-cyclic subspace generated by
v.

Exercise 6.39:
1) Show that ⟨v⟩T is invariant under T . i.e.

T (⟨v⟩T ) ⊆ ⟨v⟩T .

2) ⟨v⟩T is the smallest subspace of V which both con-
tains v and is invariant under T .
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Lemma 6.40:
Suppose that v, Tv, . . . , T d−1v for d ≥ 1 are linearly
independent, and

T dv = ad−1T
d−1v + · · ·+ a1Tv + a0v.

Then,

1) B = (v, Tv, . . . , T d−1v) is a basis of ⟨v⟩T .

2) Denote S := T |⟨v⟩T . Then,

[S]BB =


0 0 . . . 0 −a0
1 0 . . . 0 −a1
0 1 . . . 0 −a2
...

...
. . .

...
...

0 0 . . . 1 −ad−1

 .

Proof. 1) Denote by U := Sp{v, Tv, . . . , T d−1v}. Note that for
w ∈ B then T (w) ∈ U . So U is T -invariant. Furthermore, v ∈ U , By
the previous exercise, ⟨v⟩T ⊂ U . But clearly, also U ⊂ ⟨v⟩T . Hence,
⟨v⟩T = U .

Since by assumption, the elements of B are linearly independent, and B
spans ⟨v⟩T , we get that B is a basis of ⟨v⟩T .

2) Direct calculation. □

Lemma 6.41:
Suppose that v, Tv, . . . , T d−1v for d ≥ 1 are linearly
independent, and

T dv = ad−1T
d−1v + · · ·+ a1Tv + a0v.

Then,

pS(x) = (−1)d(xd − ad−1x
d−1 − · · · − a1x− a0).

Proof. We compute

[S]BB − xI =


−x 0 . . . 0 a0
1 −x . . . 0 a1
0 1 . . . 0 a2
...

...
. . .

...
...

0 0 . . . 1 ad−1 − x

 .

We will argue by induction on d. For d = 1, 2 the result is easy to
verify. Assume d ≥ 3 and the result holds for all smaller values of d.
We compute

det([S]BB − xI) =

− x · det


−x . . . 0 a1
1 . . . 0 a2
...

. . .
...

...
0 . . . 1 ad−1 − x

+ (−1)d+1a0 · 1.

But this first matrix is the same as [S]BB − xI for d − 1, so by the
induction hypothesis, we get that

det([S]BB − xI) = (−1)d(xd − ad−1x
d−1 − · · · − a1x− a0).

□

Proof. [of Theorem 6.36] Let V be finite dimensional and T ∈ End(V ).
Then pT (x) := det(T − x idV ). We want to show that pT (T ) = 0.
This is equivalent to showing that pT (T )(v) = 0 for all v ∈ V .

Let v ∈ V . If v = 0, then pT (T )(v) = 0. Assume v ̸= 0. Con-
sider the cyclic subspace ⟨v⟩T . Take the maximal d ≥ 1 such
that v, Tv, . . . , T d−1v are linearly independent. Since V is finite-
dimensional, such a d is well defined. Since d is maximal, we have that
T dv is a linear combination of v, Tv, . . . , T d−1v. So

T dv = ad−1T
d−1v + · · ·+ a1Tv + a0v.

Put n = dim(V ). If d < n extend v, Tv, . . . , T d−1v to a basis E of V .
Then, [T ]EE has the form of the following block matrix.

[T ]EE =

(
[S]BB ∗
0 C

)
.

The characteristic polynomial of T is given by

pT (x) = pS(x) · pC(x).

Put R := pT (T ) ∈ End(V ). So R = pS(T ) ·pC(T ). So it follows, that
R(v) = pC(T ) ◦ pS(T )(v). But by lemma 6.41,

pS(T )(v) = (−1)d(T dv − ad−1T
d−1v − · · · − a1Tv − a0v) = 0.

So R(v) = 0 for all v ∈ V . Hence, pT (T ) = 0. □
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7 Euclidean and Hermitian Spaces
Lec 39

In the following we will work over K = R or K = C.

Definition 7.1: Scalar Product
Let V be a vector space over R. A scalar product
(or inner product) is a function V ×V → R, denoted
by (v, w) 7→ ⟨v, w⟩, that satisfies

1) Linearity in the first variable: ⟨av + bw, u⟩ =
a⟨v, u⟩+ b⟨w, u⟩.

2) Linearity in the second variable: ⟨v, au + bw⟩ =
a⟨v, u⟩+ b⟨v, w⟩.

3) Symmetry: ⟨v, w⟩ = ⟨w, v⟩.

4) Positivity: ∀v ̸= 0, ⟨v, v⟩ > 0.

We call (V, ⟨·, ·⟩) an Euclidean space or a space
with a scalar product.

Definition 7.2: Hermitian Product
Let V be a vector space over C. A Hermitian prod-
uct (or inner product) is a function V × V → C,
denoted by (v, w) 7→ ⟨v, w⟩, that satisfies

1) Linearity in the first variable: ⟨av + bw, u⟩ =
a⟨v, u⟩+ b⟨w, u⟩.

2) Complex antilinearity or Sesquilinearity in the sec-
ond variable: ⟨v, au+ bw⟩ = a⟨v, u⟩+ b⟨v, w⟩.

3) Hermitian property: ⟨v, w⟩ = ⟨w, v⟩.

4) Positivity: ∀v ̸= 0, ⟨v, v⟩ > 0.

We call (V, ⟨·, ·⟩) a Hermitian space or a space with
a Hermitian product.

Notice that for positivity, ⟨v, v⟩ ∈ R.

Two properties we will use often about complex numbers
are the following:

1) α ∈ C is real iff α = α.

2) ∀β ∈ C, β · β = |β|2.

Lemma 7.3:
Let V be an Euclidean or Hermitian space and v, w ∈
V . Then,

1) ⟨v, 0⟩ = ⟨0, v⟩ = 0.

2) If ⟨v, w⟩ = 0 for all v ∈ V , then w = 0.

3) If ⟨v, w⟩ = ⟨v, w′⟩ for all v ∈ V , then w = w′.

Proof. Exercise. □

Definition 7.4: Norm
Let V be an Euclidean or Hermitian space and v ∈ V .
We define the norm of v as ∥v∥ :=

√
⟨v, v⟩ ∈ R≥0

induced by ⟨·, ·⟩.

Definition 7.5: Unit Vector
A vector u ∈ V is called a unit vector if ∥u∥ = 1.

Note that ∀v ̸= 0, 1
∥v∥v is a unit vector. So every nonzero

vector can be rescaled to a unit vector. We call v
∥v∥ the

normalization of v.

Definition 7.6: Distance
∀v, w ∈ V , we define the distance between v and w
as d(v, w) = ∥v − w∥.

Definition 7.7: Orthogonality
Two vectors u, v ∈ V are called orthogonal if
⟨u, v⟩ = 0. In this case, we write u ⊥ v.

Definition 7.8: Orthogonal System
A subset S ⊂ V is called an orthogonal system
if 0 /∈ S and ∀u, v ∈ S with u ̸= v, we have u ⊥ v.

Definition 7.9: Orthonormal System
An orthogonal system S ⊂ V is called an vo-
caborthonormal system if ∀u ∈ S, ∥u∥ = 1.

Theorem 7.10: Pythagorean Theorem
Let V be an Euclidean or Hermitian space and u, v ∈
V orthogonal. Then ∥u+ v∥2 = ∥u∥2 + ∥v∥2.

Proof. We compute

∥u+ v∥2 = ⟨u+ v, u+ v⟩
= ⟨u, u⟩+ ⟨u, v⟩+ ⟨v, u⟩+ ⟨v, v⟩

= ∥u∥2 + 0 + 0 + ∥v∥2

= ∥u∥2 + ∥v∥2.

□

Exercise 7.11:
1) Let V be Euclidean. Show that ∀u, v ∈ V , we have

⟨u, v⟩ = 1

2
(∥u+ v∥2 − ∥u∥2 − ∥v∥2).

2) What happens with the above, if V is Hermitian?

Important about the first exercise is, that we can find the
scalar product after having defined the norm.

Example 7.12: Standard Scalar Product
The standard scalar product on Rn is given by

⟨u, v⟩ := uT · v = u1v1 + u2v2 + · · ·+ unvn.

Example 7.13: Standard Hermitian Product
The standard Hermitian product on Cn is given by

⟨u, v⟩ := u† · v = utv = u1v1 + u2v2 + · · ·+ unvn.
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Example 7.14:
If V is an Euclidean or Hermitian space and W ⊂ V
is a subspace, then the restriction of ⟨·, ·⟩ to W ×W
is a scalar product on W . Hence, W is an Euclidean
or Hermitian space aswell.

Definition 7.15: Symmetric Matrices
A matrix A ∈ Mn×n(K) is called symmetric if
AT = A.

Definition 7.16: Hermitian Matrices
Let A ∈Mm×n(C). Write A = (aij).

Let A ∈ Mn×n(C). We define the adjoint matrix
of A as A† = A

T
.

A ∈Mn×n(C) is called Hermitian if A† = A.

Example 7.17:
Let A ∈ Mn×n(R). Define ⟨u, v⟩A = uTAv. This is
always bilinear. Assume that A is symmetric. Then,

⟨u, v⟩A = uTAv = vTATu = vTAu = ⟨v, u⟩A.

The question now is, if ⟨·, ·⟩A is a scalar product. In
general, no. For example, the 0 matrix.

Definition 7.18: Positive Definite Matrices
A symmetric matrix A ∈Mn×n(R) is called positive
definite if ∀u ∈ Rn \ {0}, uTAu > 0.

Claim 7.19:
1) If A is positive definite, then ⟨u, v⟩A = uTAv is a
scalar product on Rn.

2) If ⟨·, ·⟩A is a scalar product on Rn, then A is pos-
itive definite.

Proof. On friday □

Example 7.20:
Let a1, . . . , an > 0, then

D =


a1 0 . . . 0
0 a2 . . . 0
...

...
. . .

...
0 0 . . . an

 ,

is positive definite, since for u ∈ Rn \ {0}, we have

uTDu = a1u
2
1 + a2u

2
2 + · · ·+ anu

2
n > 0.

Definition 7.21: Positive Definite Hermitian Matri-
ces
Let A ∈ Mn×n(C) be Hermitian. We say that A is
positive definite if ∀u ∈ Cn \ {0}, uTAu > 0.
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Claim 7.22:
IF A is Hermitian, then vTAv ∈ R for all v ∈ Cn.

Proof.

vTAv = vTAv = (vTAv)T

= vTA
T
v

= vTAv.

□

Given a positive definite A ∈ Mn×n(C), we can define a
Hermitian product on Cn by ⟨u, v⟩A = uTAv.

Claim 7.23:
⟨·, ·⟩A is a Hermitian product on Cn iff A is Hermitian
and positive definite.

Proof. ⇒) Assume ⟨·, ·⟩A is a Hermitian product on Cn. Then,
∀v, w ∈ Cn, we have

⟨v, w⟩A = ⟨w, v⟩A.
Thus,

vTAw = wTAv = wTAv.

Since this is a scalar, we can transpose it and get

vTAw = vTA
T
w.

Take v = ei and w = ej , where ei is the standard basis of Cn. We get
that

eTi Aej = eTi A
T
ej

eTi Aej = eTi A
T
ej

aij = aji.

Thus A is Hermitian

A is also positive definite since for Hermitian products, we must have

⟨v, v⟩A > 0∀v ̸= 0.

⇐) Assume A is positive definite. Then, ⟨·, ·⟩A is linear in the first
variable and sesquilinear in the second variable by definition. Since A is
Hermitian, we have

⟨v, w⟩A = vTAw = wTAv = ⟨w, v⟩A.

Finally, since A is positive definite, we have ⟨v, v⟩A > 0 for all v ̸= 0.
Hence, ⟨·, ·⟩A is a Hermitian product on Cn. □

Exercise 7.24:

Let A =

(
a b

b d

)
. Show that A is positive definite iff

R ∋ a > 0 and det(A) ∈ R>0.

Example 7.25:
Given V = R2, define two scalar products on V by

⟨u, v⟩1 = u1v1 + u2v2, ⟨u, v⟩2 = uTAv,

where A =

(
a1 0
0 a2

)
, with a1, a2 > 0.

In the first case, the unit sphere(circle) is given by

S = {v ∈ R2 | ∥v∥ = 1}.

In this case, S looks like a unit circle. In the second
case, S ′ looks like an ellipse, given by

S ′ = {v ∈ R2 | a1v21 + a2v
2
2 = 1}.
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Exercise 7.26:
Let V = C[a, b] be the vector space of continuous
functions on [a, b]. Define

⟨f, g⟩ =
ˆ b

a

f(x)g(x)dx.

Show, that ⟨·, ·⟩ is a scalar product on V .

Interestingly, according to this scalar product, say on
C[−π, π], sin(x) and 1 are orthogonal.

7.1 Norms and Angles
We want to define geometric properties on Euclidean and
Hermitian spaces, such as angles.

Definition 7.27: Norm
Let V be a vector space over K = R or K = C. A
norm ∥ · ∥ on V is a function V → R≥0, denoted by
v 7→ ∥v∥, that satisfies

1. Triangle inequality: ∥u+ v∥ ≤ ∥u∥+ ∥v∥.

2. Absolute homogeneity: ∥av∥ = |a| · ∥v∥.

3. Non-degeneracy: If ∥v∥ = 0, then v = 0.

Claim 7.28:
If ⟨·, ·⟩ is an inner product on V , then

∥v∥ =
√
⟨v, v⟩,

is a norm on V .

Proof. Soon ™ □

Exercise 7.29:
Define

∥
(
a
b

)
∥ := max{|a|, |b|}.

And
∥
(
a
b

)
∥ := |a|+ |b|.

Show that these are norms and draw the unit sphere
in these norms.

Show that none of them does from a scalar product
on R2.

Hint: If ∥ · ∥ is induced from a scalar product, then

⟨u, v⟩ = 1

2
(∥u+ v∥2 − ∥u∥2 − ∥v∥2).

Theorem 7.30: Cauchy-Schwarz Inequality
Let (V, ⟨·, ·⟩) be a Euclidean or Hermitian space.
Then, ∀u, v ∈ V , we have

|⟨u, v⟩| ≤ ∥u∥ · ∥v∥.

Moreover, inequality holds iff u and v are linearly
dependent.

Proof. If u = 0, the inequality becomes an obvious equality. Assume
thus, u ̸= 0.

Put w := v − λu, where λ =
⟨v,u⟩
∥u∥2 . Then,

⟨w, u⟩ = ⟨v, u⟩ − λ⟨u, u⟩ = 0.

Now,

0 ≤ ∥w∥2 = ⟨w,w⟩
= ⟨v − λu, v − λu⟩

= ⟨v, v⟩ − λ⟨v, u⟩ − λ⟨u, v⟩+ |λ|2⟨u, u⟩

= ∥v∥2 − |λ|2∥u∥2

= ∥v∥2 −
|⟨v, u⟩|2

∥u∥2
.

From this, we get that |⟨v, u⟩| ≤ ∥u∥ · ∥v∥.

Inequality holds, iff ∥w∥2 = 0, iff w = 0, iff v = λu, iff u and v are
linearly dependent. □

Corollary 7.31:
Let (V, ⟨·, ·⟩) be a Euclidean or Hermitian space.
Then V ∋ v 7→

√
⟨v, v⟩ ∈ R≥0 is a norm on V .

Proof. We consider the proof over C. The second and third properties
of norms are easy to verify. We will verify the triangle inequality. Let
u, v ∈ V . Then,

∥u+ v∥2 = ⟨u+ v, u+ v⟩
= ⟨u, u⟩+ ⟨u, v⟩+ ⟨v, u⟩+ ⟨v, v⟩

= ∥u∥2 + 2ℜ(⟨u, v⟩) + ∥v∥2

.

Note that ∀z ∈ C, ℜ(z) ≤ |z|. So,

∥u+ v∥2 ≤ ∥u∥2 + 2|⟨u, v⟩|+ ∥v∥2

≤ ∥u∥2 + 2∥u∥ · ∥v∥+ ∥v∥2 Cauchy-Schwarz

= (∥u∥+ ∥v∥)2.

Hence, ∥u+ v∥ ≤ ∥u∥+ ∥v∥. □

Definition 7.32: Angle
Let (V, ⟨·, ·⟩) be a Euclidean space. Let u, v ∈ V
nonzero. We define the angle between u and v to
be the unique number α ∈ [0, π] such that

cos(α) =
⟨u, v⟩

∥u∥ · ∥v∥
= ⟨ u

∥u∥
,
v

∥v∥
⟩.
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We want to find an orthonormal basis of a Euclidean or
Hermitian space. To this extent we use the Gram-Schmidt
orthogonalization process.

Theorem 7.33:
Let (V, ⟨·, ·⟩) be an inner product space.

1. If S ⊂ V is an orthogonal system, then S is linearly
independent.

2. If v1, . . . , vn is an orthogonal system and v ∈
Sp{v1, . . . , vn} and we write v = a1v1 + · · · + anvn,
then

aj =
⟨v, vj⟩
∥vj∥2

.

Proof. 2. Let 1 ≤ j ≤ n. We compute

⟨v, vj⟩ =
n∑

k=1

ak⟨vk, vj⟩ = aj∥vj∥2.
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Thus, aj =
⟨v,vj⟩
∥vj∥2

.

1. Suppose
∑n

j=1 ajvj = 0. Then, for 1 ≤ j ≤ n, we have by
statement 2, that

aj =
⟨0, vj⟩
∥vj∥2

= 0.

□

Proposition 7.34:
Let V,W be vector spaces over R or C and ⟨·, ·⟩ an
inner product on W . Let B be a basis for V and
C = (w1, . . . , wn) an orthonormal basis for W . Let
T ∈ Hom(V,W ). Write [T ]BC = (aij). Then,

aij = ⟨T (vj), wi⟩.

In case C is only an orthogonal basis, then

aij =
⟨T (vj), wi⟩

∥wi∥2
.

Proof. Exercise. □

Theorem 7.35: Gram-Schmidt Process
Let (V, ⟨·, ·⟩) be a finite dimensional inner product
space over R or C. Let (v1, . . . , vn) be a basis of
V . Define new vectors w1, . . . , wn by induction as
follows:

w1 := v1

wj := vj −
j−1∑
i=1

⟨vj , wi⟩
∥wi∥2

wi, 2 ≤ j ≤ n.

Then,

1. (w1, . . . , wn) is an orthogonal basis of V .

2. (w1/∥w1∥, . . . , wn/∥wn∥) is an orthonormal basis
of V .

3. ∀1 ≤ j ≤ n, Sp{v1, . . . , vj} = Sp{w1, . . . , wj}.

What this process essentially does is filter out the compo-
nents of vj in the direction of w1, . . . , wj−1, so that wj is
orthogonal to w1, . . . , wj−1.
Proof. We claim that for 1 ≤ j ≤ n, wj is well defined (i.e. wi ̸= 0
for 1 ≤ i ≤ j − 1). Moreover, w1, . . . , wj is an orthogonal system with
the same span as v1, . . . , vj . We will verify this by induction on j.

Base case (j = 1): w1 = v1 ̸= 0. Moreover, w1 is an orthogonal
system and Sp{w1} = Sp{v1}.

Let 2 ≤ j ≤ n and assume our claim holds for w1, . . . , wj−1. Then,

wj = vj −
j−1∑
i=1

⟨vj , wi⟩
∥wi∥2

wi.

By induction hypothesis, ∥wi∥2 ̸= 0 for 1 ≤ i ≤ j − 1. So wj is well
defined. We now show wj ̸= 0. Assume wj = 0. Then,

vj =

j−1∑
i=1

⟨vj , wi⟩
∥wi∥2

wi.

So vj ∈ Sp{w1, . . . , wj−1}. By induction hypothesis, we get that
Sp{w1, . . . , wj−1} = Sp{v1, . . . , vj−1}. So vj ∈ Sp{v1, . . . , vj−1},
contradicting the fact that v1, . . . , vn is a basis. Hence, wj ̸= 0.

We now show orthogonality. Indeed, let 1 ≤ k ≤ j − 1. We have

⟨wj , wk⟩ = ⟨vj , wk⟩ −
j−1∑
i=1

⟨vj , wi⟩
∥wi∥2

⟨wi, wk⟩.

The only term surviving in the sum is the i = k term, which is ⟨vj , wk⟩.
So

⟨wj , wk⟩ = ⟨vj , wk⟩ −
⟨vj , wk⟩
���∥wk∥2 ����⟨wk, wk⟩ = 0.

Thus, w1, . . . , wj is an orthogonal system.

It remains to show that Sp{w1, . . . , wj} = Sp{v1, . . . , vj}. Clearly,
wj ∈ Sp{w1, . . . , wj−1, vj}. By induction hypothesis, we thus get
wj ∈ Sp{v1, . . . , vj}. Hence, Sp{w1, . . . , wj} ⊂ Sp{v1, . . . , vj}.

Since (w1, . . . , wj) is orthogonal, and (v1, . . . , vj) is a j dimen-
sional space, we must have dim(Sp{w1, . . . , wj}) = j. Hence,
Sp{w1, . . . , wj} = Sp{v1, . . . , vj}. □

Corollary 7.36:
Every finite dimensional inner product space has an
orthonormal basis.

7.2 The orthogonal complement
Let (V, ⟨·, ·⟩) be an inner product space over R or C.

Definition 7.37:
Let S ⊂ V be a nonempty subset. Define the or-
thogonal complement of S as

S⊥ := {v ∈ V | ⟨v, s⟩ = 0 ∀s ∈ S}.

If S = {w}, we write w⊥ instead of {w}⊥.

Lemma 7.38:
Let S, T ⊂ V be nonempty subsets. Then,

1. S⊥ is a subspace of V .

2. 0⊥ = V and V ⊥ = {0}.

3. S ∩ S⊥ = ∅ or S ∩ S⊥ = {0}.

4. If S ⊂ T , then T⊥ ⊂ S⊥.

5. (Sp(S))⊥ = S⊥.

6. S ⊂ (S⊥)⊥.

Proof. 1. 0 ∈ S⊥ since ⟨0, s⟩ = 0 for all s ∈ S. Furthermore, if
v, w ∈ S⊥ and a, b ∈ K, then ⟨av + bw, s⟩ = a⟨v, s⟩+ b⟨w, s⟩ = 0 for
all s ∈ S. Hence, av + bw ∈ S⊥. Thus, S⊥ is a subspace of V .

2. 0⊥ = {v ∈ V | ⟨v, 0⟩ = 0} = V since every vector is perpendicular
to 0. Let v ∈ V ⊥. Thus ⟨v, v⟩ = 0. By positivity, we get v = 0. Hence,
V ⊥ = {0}.

3. If S∩S⊥ = ∅, we are done. So assume S∩S⊥ ̸= ∅. Let v ∈ S∩S⊥.
Then, ⟨v, v⟩ = 0. By positivity, we get v = 0. Hence, S ∩ S⊥ = {0}.

4. Exercise.

5. We have S ⊂ Sp(s), so by 4, we get (Sp(S))⊥ ⊂ S⊥. Let v ∈ S⊥.
Let u ∈ Sp(S). Write u =

∑k
i=1 aiui, with ai ∈ K and ui ∈ S. Then,

⟨v, u⟩ =
k∑

i=1

ai⟨v, ui⟩ = 0.

6. Let s ∈ S. Then ∀v ∈ S⊥, ⟨v, s⟩ = 0. Hence, ⟨s, v⟩ = 0. So s ⊥ v,
implying s ∈ (S⊥)⊥. □
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Theorem 7.39:
Let (V, ⟨·, ·⟩) be an inner product space (not necessar-
ily finite dimensional) and U ⊂ V a finite dimensional
subspace. Then, U⊥ is a complement of U in V , i.e.
V = U+U⊥ and U ∩U⊥ = {0}. Hence, V ∼= U⊕U⊥

canonical.

Proof. By Lemma 7.38, we have U ∩ U⊥ = {0}. Let r := dimU .
Pick an orthonormal basis (e1, . . . , er) of U . Let v ∈ V and define

P̃U (v) :=

r∑
i=1

⟨v, ei⟩ei.

We have v = P̃U (v)︸ ︷︷ ︸
∈U

+(v − P̃U (v)). We claim, that v − P̃U (v) ∈ U⊥.

Indeed,

⟨v − P̃U (v), ei⟩ = ⟨v, ei⟩ −
r∑

k=1

⟨v, ek⟩⟨ek, ei⟩ = ⟨v, ei⟩ − ⟨v, ei⟩ = 0.

This shows that v − P̃U (v) ∈ U⊥. Hence, V = U + U⊥. □

Definition 7.40:
Let (V, ⟨·, ·⟩) be an inner product space and U ⊂ V a
finite dimensional subspace. We have seen that U⊥

is a complement of U in V , so V ∼= U ⊕U⊥. Define a
map PU : V → U by PU (v) = u, where v = u+w with
u ∈ U and w ∈ U⊥. We call PU the orthogonal
projection to U .
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Let us do a short digression. Let W be a vector space over
any field K and let W1 ⊂ V be a subspace. Let W2 ⊂ V
be a complement. Given v = w1 + w2 with w1 ∈ W1

and w2 ∈ W2, we can define a map PW1 : V → W1 by
PW1

(v) = w1.

Claim 7.41:
PW1

, PW2
are linear, ImPW1

= W1, and KerPW1
=

W2.

Proof. ∀v ∈W, v − PW1 (v) ∈W2. So

v = PW1
(v) + PW2

(v).

□

Proposition 7.42:
PU satisfies the following properties:

1. PU is linear.

2. ImPU = U and KerPU = U⊥.

3. ∀v ∈ V , v − PU (v) ∈ U⊥.

4. ∀u ∈ U , PU (u) = u.

5. If e1, . . . , er is an orthonormal basis of U , then
∀v ∈ V ,

PU (v) =

r∑
i=1

⟨v, ei⟩ei = P̃U (v).

Proof. 1-4 follow from 7.41. We now verify 5. Let v ∈ V . Write

v =
r∑

i=1

⟨v, ei⟩ei + (v −
r∑

i=1

⟨v, ei⟩ei).

Clearly
∑r

i=1⟨v, ei⟩ei ∈ U . We further saw, that v −
∑r

i=1⟨v, ei⟩ei ⊥
U . Hence, PU (v) =

∑r
i=1⟨v, ei⟩ei.

So by uniqueness of the decomposition v = u + w with u ∈ U and
w ∈ U⊥, we get that PU (v) = P̃U (v). □

Corollary 7.43:
Let (V, ⟨·, ·⟩) be a inner product space. Let U ⊂ V
be a finite dimensional subspace. Then(

U⊥)⊥ = U.

Proof. By Lemma 7.38, we have U ⊂ (U⊥)⊥. We thus have to show
the other inclusion. Let v ∈ (U⊥)⊥. We have that V = U + U⊥ and
U ∩ U⊥ = {0}. So we can write v = u+ w with u ∈ U and w ∈ U⊥.

Since u ∈ U ⊂ (U⊥)⊥, and v ∈ (U⊥)⊥, we get that w = v − u ∈
(U⊥)⊥. But w ∈ U⊥ and we know that U⊥ ∩ (U⊥)⊥ = {0}. Hence,
w = 0 and v = u ∈ U . □

Corollary 7.44:
If V is a finite dimensional inner product space and
U ⊂ V is a subspace, then dimU +dimU⊥ = dimV .

We want to return to matrices, in this case orthogonal (for
R) and unitary (for C) matrices.

Definition 7.45: Orthogonal and Unitary Matrices
1. A matrix A ∈ Mn×n(R) is orthogonal if it’s
columns form an orthonormal basis of Rn with re-
spect to the standard scalar product.

The set of all orthogonal matrices is denoted by O(n).

2. A matrix A ∈Mn×n(C) is unitary if it’s columns
form an orthonormal basis of Cn with respect to the
standard hermitian product.

The set of all unitary matrices is denoted by U(n).

Lemma 7.46:
A ∈ O(n) iff ATA = In iff AAT = In iff A−1 = AT .

Lemma 7.47:
A ∈ U(n) iff A†A = In iff AA† = In iff A−1 = A†.

Proof. The proof for 7.46 and 7.47 are similar, so we will only verify
the second one. Write

A =
(
v1 . . . vn

)
.

Where vk ∈ Cn
cols, k = 1, . . . , n. Then,

ATA =

v
T
1
...
vTn

(v1 . . . vn
)
=

v
T
1 v1 . . . vT1 vn
...

. . .
...

vTn v1 . . . vTn vn

 .

So the entry i, j is ⟨vi, vj⟩.

We know that A is unitary iff v1, . . . , vn is an orthonormal basis of Cn.
This is only iff ⟨vi, vj⟩ = δij , which is only iff ATA = In. From this,
we get the rest from simple algebraic manipulations. □

Corollary 7.48:
1. Let A ∈ Mn×n(R). Then, A ∈ O(n) iff AT ∈
O(n).

2. Let A ∈Mn×n(C). Then, A ∈ U(n) iff A† ∈ U(n).

Thus, we can also see if the rows of A form an or-
thonormal basis.
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7.3 QR Decomposition
We want to decompose matrices as a product of an or-
thogonal/unitary matrix and an upper triangular matrix.
This is called the QR decomposition.

Theorem 7.49: QR Decomposition
1. Let A ∈ GLn(R). Then, there exists Q ∈ O(n)
and an upper triangular matrix R ∈ Mn×n(R) such
that

A = QR.

2. Let A ∈ GLn(C). Then, there exists Q ∈ U(n)
and an upper triangular matrix R ∈ Mn×n(C) such
that

A = QR.

Proof. We’ll prove both statements together. Write

A =
(
v1 . . . vn

)
.

Here, vk ∈ Kn
cols, k = 1, . . . , n. Since A is invertible, v1, . . . , vn form

a basis of Kn. Applying the Gram-Schmidt process to v1, . . . , vn, we
get an orthonormal basis e1, . . . , en of Kn.

Recall that ∀1 ≤ j ≤ n,

Sp{e1, . . . , ej} = Sp{v1, . . . , vj}.

Furthermore, we have

v1 = ⟨v1, e1⟩e1
v2 = ⟨v2, e1⟩e1 + ⟨v2, e2⟩e2
vj = ⟨vj , e1⟩e1 + · · ·+ ⟨vj , ej⟩ej .

We can conveniently write this as

(
v1 . . . vn

)
=
(
e1 . . . en

)︸ ︷︷ ︸
Q


⟨v1, e1⟩ ⟨v2, e1⟩ . . . ⟨vn, e1⟩

0 ⟨v2, e2⟩ . . . ⟨vn, e2⟩
0 0 . . . ⟨vn, e3⟩
...

...
. . .

...
0 0 . . . ⟨vn, en⟩


︸ ︷︷ ︸

R

.

Q is orthogonal/unitary since e1, . . . , en is an orthonormal basis. R is
upper triangular by construction. Hence, A = QR. □

Theorem 7.50: Extension of QR Decomposition
Let A ∈ Mm×n(K) with with r = rankA. Then,
∃Q ∈ O(m) (if K = R) or Q ∈ U(m) (if K = C) and

R =

(
C ∗
0 0

)
∈Mm×n(K).

Where C ∈ Mr×r(K) is an invertible upper triangu-
lar matrix, such that

A = QR.

Proof. See lecture notes. □
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Let V be a vector space over K. Recall that V ∗ :=
Hom(V,K) is the dual space of V . Assume V = Kn

cols
and let φ : Kn → K be a functional. Then, ∃! A =
(a1, . . . , an) ∈M1×n(K) such that

φ(v) = Av.

Indeed, if we denote by e1, . . . , en the standard basis of
Kn, then we can write φ(ei) = ai for 1 ≤ i ≤ n. Then,
φ(v) = Av for all v ∈ Kn.

Define ϕu : V → K, by ϕu(v) = ⟨v, u⟩. ϕu(·) = ⟨·, u⟩ is
called the functional associated to u.

Claim 7.51:
ϕu is linear. So ϕu ∈ V ∗.

Theorem 7.52:
Let (V, ⟨·, ·⟩) be a finite dimensional inner product
space. Let φ ∈ V ∗. Then ∃!u ∈ V such that φ = φu.

In fact, we get a map Φ : V → V ∗, defined by Φ(u) =
φu. For K = R, Φ is an isomorphism. For K = C,
Φ is injective and surjective but only complex anti-
linar, i.e.

Φ(au+ bv) = aΦ(u) + bΦ(v).

So at least, if K = R, we get a canonical isomorphism
between V and V ∗.
Proof. Fix an orthonormal basis e1, . . . , en of V . Let φ ∈ V ∗ and
v ∈ V . We have:

v =
n∑

i=1

⟨v, ei⟩ei.

So applying ϕ to both sides, we get

φ(v) = φ

(
n∑

i=1

⟨v, ei⟩ei

)
=

n∑
i=1

⟨v, ei⟩φ(ei) =
〈
v,

n∑
i=1

φ(ei)ei

〉
.

Define u :=
∑n

i=1 φ(ei)ei. Then, φ(v) = ⟨v, u⟩ for all v ∈ V . Hence,
φ = φu.

For uniqueness, suppose φu1 = φu2 . Then, ∀v ∈ V ,

⟨v, u1⟩ = ⟨v, u2⟩.

So ⟨v, u1−u2⟩ = 0 for all v ∈ V . In particular, ⟨u1−u2, u1−u2⟩ = 0.
By positivity, we get u1 − u2 = 0. Hence, u1 = u2. (Lemma 7.3). □

Exercise 7.53:
Φ is linear/ complex anti-linear as claimed.

Let V,W be vector spaces over K and T : V →W linear.
We have seen, that T induces a new map T ∗ : W ∗ → V ∗,
called the dual map, defined by

T ∗(φ) = φ ◦ T.

V W

W ∗

T

T∗
φ
.

Assume now, that (V, ⟨·, ·⟩V ) and (W, ⟨·, ·⟩W ) are inner
product spaces and dimV < ∞. Let T : V → W be a
linear map. Define T ′ : W → V using our "canonical"
identifications W ∼= W ∗ and V ∼= V ∗. The corresponding
diagram for T ′ = Φ−1

V ◦ T ∗ ◦ ΦW is

W ∗ V ∗

W V

T∗

Φ−1
V

T ′

Φw
.

Notice, that since dimV < ∞, ΦV is bijective and thus
Φ−1
V is well defined.
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Let us look at some properties of T ′. Note that

ΦV ◦ T ′ = T ∗ ◦ ΦW .

Thus ∀w ∈W , ΦV (T ′(w)) = T ∗(ΦW (w)). So we can write

φT ′(w) = T ∗(φw) ∈ V ∗.

This is the same as saying that ∀v ∈ V ,

⟨v, T ′(w)⟩V = φw(T (v)) = ⟨T (v), w⟩W .

The map T ′ is characterized by:

⟨Tv,w⟩W = ⟨v, T ′(w)⟩V ∀v ∈ V,w ∈W.

Claim 7.54:
T ′ is a linear map.

Proof. If K = R, then ΦV and ΦW are linear, so T ′ = Φ−1
V ◦T ∗◦ΦW

is linear as well.

If K = C, then ΦV and ΦW are both additive and complex anti-linear.
As an exercise, verify that if R : X → Y is a bijective complex anti-linear
map, then R−1 : Y → X is also additive and complex anti-linear.

So Φ−1
V and ΦW are both additive and complex anti-linear. T ∗ is linear.

So

T ′(w1 + w2) = Φ−1
V ◦ T ∗ ◦ ΦW (w1 + w2)

= Φ−1
V ◦ T ∗ ◦ ΦW (w1) + Φ−1

V ◦ T ∗ ◦ ΦW (w2)

.

So T ′ is additive. Moreover, for a ∈ C,

T ′(aw) = Φ−1
V ◦ T ∗ ◦ ΦW (aw)

= Φ−1
V ◦ T ∗ ◦ (aΦW (w))

= Φ−1
V ◦ (aT ∗ ◦ ΦW (w))

= aΦ−1
V ◦ T ∗ ◦ ΦW (w) = aT ′(w).

□

As a notation, we will write T ∗ instead of T ′ and call it
the adjoint of T .

Lemma 7.55:
Let U, V,W be inner product spaces over K. Assume
they are all finite dimensional. Let S, T : V → W
and R :W → U be linear maps. Then,

1. T ∗ is linear,

2. (S + T )∗ = S∗ + T ∗,

3. (λT )∗ = λT ∗ for λ ∈ K,

4. (T ∗)∗ = T ,

5. (idV )
∗ = idV ,

6. (R ◦ T )∗ = T ∗ ◦R∗.

Proof. 1. Has been proven already.

2. Let w ∈W, v ∈ V . Then

⟨v, (S + T )∗(w)⟩V = ⟨(S + T )(v), w⟩W
= ⟨Sv,w⟩W + ⟨Tv,w⟩W
= ⟨v, S∗(w)⟩V + ⟨v, T ∗(w)⟩V
= ⟨v, S∗(w) + T ∗(w)⟩V
= ⟨v, (S∗ + T ∗)(w)⟩V .

Since this holds ∀v ∈ V , by lemma 7.3, we get that (S + T )∗(w) =
(S∗ + T ∗)(w) for all w ∈W . Hence, (S + T )∗ = S∗ + T ∗.

3. Exercise.

4. Let v ∈ V,w ∈W . Then,

⟨w, (T ∗)∗(v)⟩W = ⟨T ∗(w), v⟩V
= ⟨v, T ∗(w)⟩V
= ⟨Tv,w⟩W
= ⟨w, Tv⟩W .

Again, by lemma 7.3, we get that (T ∗)∗(v) = Tv for all v ∈ V . Hence,
(T ∗)∗ = T .

5. Exercise

6. Let v ∈ V, u ∈ U . Then,

⟨v, (R ◦ T )∗u⟩ = ⟨(R ◦ T )(v), u⟩U
= ⟨R(T (v)), u⟩U
= ⟨T (v), R∗(u)⟩W
= ⟨v, T ∗(R∗(u))⟩V .

Once again, by lemma 7.3, we get that (R ◦ T )∗u = T ∗(R∗(u)) for all
u ∈ U . Hence, (R ◦ T )∗ = T ∗ ◦R∗. □

Lemma 7.56:
Let V,W be finite dimensional inner product spaces
over K. Let T : V → W be linear. Consider T ∗ :
W → V the adjoint of T . Then,

1. Ker(T ∗) = (ImT )⊥,

2. Im(T ∗) = (KerT )⊥.

3. Ker(T ) = (ImT ∗)⊥,

4. Im(T ) = (KerT ∗)⊥.

Proof. Let w ∈W . Then, w ∈ KerT ∗ iff T ∗w = 0 iff ⟨v, T ∗w⟩V = 0
for all v ∈ V iff ⟨Tv,w⟩W = 0 for all v ∈ V iff w ⊥ Tv for all v ∈ V
iff w ⊥ ImT iff w ∈ (ImT )⊥. Hence, Ker(T ∗) = (ImT )⊥. This
proves 1. The rest of the statements follow from 1 and the fact that
(T ∗)∗ = T and (S⊥)⊥ = S for any subspace S of a finite dimensional
inner product space. □

Sadly lost data here. . . Lec 44

Lost Data Lec 45

Lost Data Lec 46

Note, that ∀A ∈ O(n),det(A) = ±1. Indeed,

1 = det(In) = det(ATA) = det(AT ) det(A) = (detA)2.

Similarly, if A ∈ U(n), then | detA| = 1. Indeed,

1 = det(In) = det(A†) det(A) = detAdetA = |detA|2.

Definition 7.57: Special Groups
We define the special orthogonal group as

SO(n) := {A ∈ O(n) | detA = 1}.

Further, we define the special unitary group as

SU(n) := {A ∈ U(n) | detA = 1}.

Note that theese groups are not closed under addition,
so they are not vector spaces. Nonetheless we have the
following result.
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Proposition 7.58:
Let G = O(n), U(n), SO(n) or SU(n). Then, In ∈
G, for all A,B ∈ G, AB ∈ G, and for all A ∈ G,
A−1 ∈ G.

We now want to classify the elements of O(n) in the case
n = 2 and n = 3.

Lemma 7.59: Eigenvalues of Orthogonal Matrices
Let A ∈ O(n). If λ ∈ R is an eigenvalue of A, then
λ = ±1.

Proof. Suppose Av = λv where 0 ̸= v ∈ Rn. Since A is orthogonal,
we have

⟨v, v⟩ = ⟨Av,Av⟩ = ⟨λv, λv⟩ = λ2⟨v, v⟩.
But ⟨v, v⟩ > 0 since v ̸= 0. Hence, λ2 = 1 and thus the result follows.
□

Proposition 7.60: Geometric Description of O(2)
Let A ∈ O(2). If detA = 1, then ∃θ ∈ [0, 2π) such
that

A =

(
cos θ − sin θ
sin θ cos θ

)
=: Rθ.

The map TA is an anticlockwise rotation of R2 by θ
around the origin.

If detA = −1, then ∃ an orthonormal basis B =
(v1, v2) for R2 such that TA : R2 → R2 has the fol-
lowing matrix representation with respect to B:

[TA]
B
B =

(
1 0
0 −1

)
.

In other words, TA is a reflection about the line
spanned by v1.

Moreover, ∃θ ∈ [0, 2π) such that A = Rθ

(
1 0
0 −1

)
.

The basis v1, v2 is given by

v1 =

(
cos θ2
sin θ

2

)
, v2 =

(
cos( θ2 + π

2 )
sin( θ2 + π

2 )

)
.

Proof. Note, that if v ∈ R2 has norm 1, then ∃θ ∈ [0, 2π) such that

v =

(
cos θ
sin θ

)
.

Let A =
(
u1 u2

)
∈ O(2). Since ∥u1∥ = 1, we can write u1 =(

cos θ
sin θ

)
for some θ ∈ [0, 2π). Since u2 is orthogonal to u1 and has

norm 1, we have u2 =

(
cos(θ + π

2
)

sin(θ + π
2
)

)
.

But inside Sp(u2) there exist precisely two unit vectors, one of them

is u2 and the other is −u2. So either u2 =

(
cos(θ + π

2
)

sin(θ + π
2
)

)
or u2 =(

cos(θ − π
2
)

sin(θ − π
2
)

)
.

In the first case, we have detA = 1 and A = Rθ. In the second case,

by direct calculation, we have detA = −1 and A = Rθ

(
1 0
0 −1

)
. □

The summary is, that SO(2) is just rotations and O(2) \
SO(2) is just reflections.

Corollary 7.61:
Let V be a 2-dimensional euclidean space and T :
V → V a linear isometry. Then, detT = ±1. More-
over, ∃ an orthonormal basis B of V such that if
detT = 1, then

[T ]BB = Rθ.

If detT = −1, then

[T ]BB = Rθ

(
1 0
0 −1

)
.

Proposition 7.62: Geometric Description of SO(3)
Let A ∈ SO(3). Then 1 is an eigenvalue of A. More-
over, ∃ an orthonormal basis B = (v1, v2, v3) of R3

and an angle θ ∈ [0, 2π) such that

[TA]
B
B =

1 0 0
0 cos θ − sin θ
0 sin θ cos θ

 .

So TA is a rotation with angle θ about the axis
spanned by v1.

Moreover, if −1 is an eigenvalue of A, then θ = π. In
this case

[TA]
B
B =

1 0 0
0 −1 0
0 0 −1

 .

Also, if −1 is not an eigenvalue of A, then θ ̸= π.

Proof. The characteristic polynomial pA(x) of A has degree 3 and
real coefficients. So pA(x) has a real root λ. By lemma 7.59, λ = ±1.
Take v1 ∈ R3 an eigenvector of λ. We normalize v1 to get a unit
eigenvector.

Consider the subspace

L := v⊥1 = {v ∈ R3 | ⟨v, v1⟩ = 0}.

Since A is orthogonal, and A(Sp(v1)) = Sp(v1), we get that A(L) = L.

Indeed, if v ∈ L, then

0 = ⟨v, v1⟩ = ⟨Av,Av1⟩ = ⟨Av, λv1⟩ = ±⟨Av, v1⟩ = 0.

Since this is an orthogonal complement, we also have that

R3 = Sp(v1) + L, Sp(v1) ∩ L = {0}.

Consider now TA|L : L→ L. Then L is a 2-dimensional euclidean space
and TA|L is a linear isometry. By corollary 7.61, ∃ an orthonormal basis
B′ = (v2, v3) of L and θ ∈ [0, 2π) such that

[TA|L]B
′

B′ =

(
cos θ − sin θ
sin θ cos θ

)
.

Notice, that if λ = 1, then we need that detQ = 1 so Q ∈ SO(2).

If λ = −1, then we need that detQ = −1 so Q ∈ O(2) \ SO(2). But
then θ = π and

[TA|L]B
′

B′ =

(
1 0
0 −1

)
.

So choosing B = (v2, v1, v3), we get the desired result. □
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Proposition 7.63:
Let A ∈ O(3)\SO(3). Then, ∃ an orthonormal basis
B = (v1, v2, v3) of R3 such that

[TA]
B
B =

−1 0 0
0 cos θ − sin θ
0 sin θ cos θ

 .

So TA does a rotation by θ around Sp(v1) and then
a reflection about the plane v⊥1 .

Proof. Let A′ = −A. Then, A′ ∈ SO(3). By proposition 7.62, ∃ an
orthonormal basis B = (v1, v2, v3) of R3 and θ ∈ [0, 2π) such that

[TA′ ]BB =

1 0 0
0 cos θ − sin θ
0 sin θ cos θ

 .

But A = −A′. So

[TA]BB = −[TA′ ]BB =

−1 0 0
0 − cos θ sin θ
0 − sin θ − cos θ

 .

So replacing θ by θ + π, we get the desired result. □

7.5 Bilinear FormsLec 47

We want to generalize the notion of inner products by
dropping the positivity condition.

Definition 7.64: Bilinear Forms
Let V be a vector space over K. A function B :
V ×V → K is called a bilinear form if the following
conditions are satisfied:

1. ∀w ∈ V , the map B(·, w) : V → K is linear.

2. ∀v ∈ V , the map B(v, ·) : V → K is linear.

Lemma 7.65:
Let V be a vector space over K and C = (e1, . . . , en)
a basis of V and B a bilinear form on V . Then, ∃ a
matrix [B]C ∈Mn×n(K) such that

B

 n∑
i=1

ciei,

n∑
j=1

djej

 =
(
c1 . . . cn

)
[B]C

d1...
dn

 .

Proof. Define [B]C := (aij) where aij = B(ei, ej). Then,

B

 n∑
i=1

ciei,

n∑
j=1

djej

 =

n∑
i=1

ciB(ei,

n∑
j=1

djej)

=
n∑

i=1

ci

n∑
j=1

djB(ei, ej)

=

n∑
i=1

n∑
j=1

cidjaij

=
(
c1 . . . cn

)
[B]C

d1...
dn

 .

□

Recall that if T : V → V is linear, and C is a basis of V ,
then we have

[T ]CC ∈Mn×n(K).

If D is another basis of V , then we have

[T ]DD = [idV ]
C
D[T ]

C
C [idV ]

D
C .

For Bilinear forms, this story is a bit different.

Lemma 7.66:
Let V be a finite dimensional vector space over K.
Let B be a bilinear form and C,D be two bases of V .
Then,

[B]D =
(
[idV ]

D
C
)T

[B]C [idV ]
D
C .

Proof. Let C = (v1, . . . , vn) and D = (w1, . . . , wn). Then,

([B]C)j,k = B(vj , vk), ([B]D)j,k = B(wj , wk).

Recall also, that column j of [idV ]CD is the coordinate vector of wj with
respect to C.

wj =

n∑
p=1

(
[idV ]DC

)
p,j

vp.

Thus,

([B]D)j,k = B(wj , wk)

= B

 n∑
p=1

(
[idV ]DC

)
p,j

vp,
n∑

q=1

(
[idV ]DC

)
q,k

vq


=

n∑
p=1

n∑
q=1

(
[idV ]DC

)
p,j

(
[idV ]DC

)
q,k

B(vp, vq)

=
n∑

p=1

n∑
q=1

(
[idV ]DC

)
p,j

(
[idV ]DC

)
q,k

([B]C)p,q

=

((
[idV ]DC

)T
[B]C [idV ]DC

)
j,k

.

□

Definition 7.67: Quadratic Forms
1. A bilinear form B : V × V → K is called sym-
metric if ∀v, w ∈ V , B(v, w) = B(w, v).

2. Assume K = R. A bilinear form B : V ×V → R is
called positive definite if ∀v ∈ V \ {0}, B(v, v) >
0.

3. Define qB : V → K by qB(v) = B(v, v). We call
qB the quadratic form associated with B.

Example 7.68:
1. If (V, ⟨·, ·⟩) is an Euclidean space, then B(v, w) =
⟨v, w⟩ is a symmetric positive definite bilinear form.
It’s associated quadratic form is q(v) = ∥v∥2.

2. Let B ∈ Mn×n(K). Then B : Kn × Kn → K
defined by

B(v, w) = vTBw.

If BT = B, then B is symmetric. If B is positive
definite, then B is positive definite as a bilinear form.

60



Theorem 7.69: Sylvester’s inertia theorem
Let B : V × V → R be a symmetric bilinear form on
a vector space V over R with dimension n. Then, ∃
a basis C for V such that

[B]C =

Ik 0 0
0 −Il 0
0 0 0

 .
for some k, l ≥ 0 such that k + l ≤ n. Moreover, k
and l do not depend on the choice of C. In fact,

k = max{dimW |W ≤ V s.t.B|W×W is pos. def. }.

l = max{dimW |W ≤ V s.t. −B|W×W is pos. def. }.

n− k − l = max{dimZ|Z ≤ V s.t.B|Z×V ≡ 0}.

k is called the positivity index of B, l is called the
negativity index of B, and n− k − l is called the
nullity of B.

We further define the signature of B as σ(B) :=
k − l.

Proof. Choose any basis C′ for V . Let

A := [B]C′ ∈Mn×n(R).

Note, that A is symmetric since B is symmetric. By the spectral the-
orem, A is an orthogonally diagonalizable matrix. So ∃P ∈ O(n) such
that

P−1AP = diagonal.

But P−1 = PT . Thus, PTAP is diagonal. Let C′′ be the (unique)
basis of V for which [idV ]C

′′
C′ = P . So we have

[B]C′′ = PTAP =

η1 . . . 0
...

. . .
...

0 . . . ηn

 ,

where ηj ∈ R. By changing the order of the elements of C′′, we can
assume that η1, . . . , ηk > 0, ηk+1, . . . , ηk+l < 0, and ηk+l+1 = · · · =
ηn = 0.

Write λi = +
√
ηi for i = 1, . . . , k and λj = +

√
−ηj for j = k +

1, . . . , k + l. Note, that if

C′′ = (v′′1 , . . . , v
′′
n),

then,
B(v′′i , v

′′
i ) = λ2i B(v′′j , v

′′
j ) = −λ2j .

Define C = (v1, . . . , vn) where vi = 1
λi
v′′i for i = 1, . . . , k and vj =

1
λj
v′′j for j = k + 1, . . . , k + l and vm = v′′m for m = k + l + 1, . . . , n.

Then, C is a basis of V and

[B]C =

Ik 0 0
0 −Il 0
0 0 0

 .
Let’s show that k and l do not depend on C. To that extent, put
k′ = max{dimW |W ≤ V s.t.B|W×W is pos. def. }. We will show
that k = k′. Clearly, k ≤ k′ since B is positive definite on U × U ,
where U =( v1, . . . , vk).

Suppose by contradiction, that k′ ≥ k + 1. Then ∃W ⊂ V subspace
such that dimW ≥ k + 1 and B|W×W is positive definite. Take
X := Sp(vk + 1, . . . , vn) with dimX = n− k. Then,

dim(W ∩X) = dimW +dimX−dim(W +X) ≥ (k+1)+(n−k)−n.

Using our assumptions, we get

dim(W ∩X) ≥ k + 1 + n− k − n = 1.

So W ∩X ̸= {0}. Let 0 ̸= w ∈W ∩X. Write

w = ak+1vk+1 + · · ·+ anvn.

Then,
B(w,w) = −a2k+1 − · · · − a2k+l ≤ 0.

But this contradicts the fact that B|W×W is positive definite. Hence,
k = k′. Similarly, we can show that l does not depend on C. □

Theorem 7.70:
Let V be a finite dimensional euclidean space of di-
mension n and B : V × V → R be a symmetric
bilinear form. Then, ∃ an orthonormal basis C of V
such that

[B]C =

η1 . . . 0
...

. . .
...

0 . . . ηn

 ,

where ηi > 0 for i = 1, . . . , k, ηj < 0 for j = k +
1, . . . , k + l, and ηm = 0 for m = k + l + 1, . . . , n.

The scalars η1, . . . , ηnonly depend on B and the inner
product.

Proof. Analogous to the proof of Sylvester’s inertia theorem (theorem
7.69). □ Lec 48

Recall that a symmetric bilinear form B is called positive
definite if B(v, v) > 0 for all v ̸= 0.

Theorem 7.71:
Let V be a finite dimensional vector space over R
and B a symmetric bilinear form on V . Then, the
following conditions are equivalent:

1. B is positive definite.

2. ∃ a basis C = (c1, . . . , cn) such that all princi-
pal minors of [B]C = det(B(cj , ck))j,k=1,...,l for l =
1, . . . , n are positive.

3. ∀ basis C, all principal minors of [B]C are positive.

Proof. 1 ⇒ 2: Follows immediately from Sylvester’s inertia theorem
(theorem 7.69).

2 ⇒ 1: We do induction on n = dimV . If n = 1, then B(c1, c1) > 0
and thus B is positive definite.

Suppose now, 2 ⇒ 1 holds for all vector spaces of dimension ≤ n
and any bilinear form on them. Let V be an n + 1-dimensional vector
space over R and B : V × V → R a symmetric bilinear form and
C = (e1, . . . , en+1) such that all principal minors of [B]C are positive.

Let W := Sp(e1, . . . , en), and let CW = (e1, . . . , en) be a basis of
W . Then, the principal minors of [B]CW

are positive. By the induc-
tion hypothesis, B|W×W is positive definite. But the principal mi-
nors are the same as the first n principal minors of [B]C . If we define
⟨w1, w2⟩B := B(w1, w2), we get an inner product on W . Consider the
linear functional L : W → R given L(w) := B(w, en+1). By the Riesz
representation theorem ∃w′ ∈ W such that L(·) = ⟨·, w′⟩B . In other
words, ∃w′ such that

B(w, en+1) = B(w,w′) ⇒ B(w, en+1 − w′) = 0∀w ∈W.

Define a new basis C′ = (e1, . . . , en, en+1 − w′) of V . Then, we have
B(ej , en+1 − w′) = 0 for j = 1, . . . , n. So the matrix representation
of B with respect to C′ is

[B]C′ =


0

[B]CW

...
0

0 . . . 0 B(en+1 − w′, en+1 − w′)

 .

So [B]C′ = ST [B]CS where S is the change of basis matrix from C to
C′.
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Notice that B(en+1 − w′, en+1 − w′) must be positive, since

det([B]C′ ) = det(S)2 det([B]C) > 0.

So also

det([B]C′ ) = det([B]CW
)B(en+1 − w′, en+1 − w′) > 0.

Let now v ∈ V and write v = w + α(en+1 − w′) with w ∈ W and
α ∈ R. We have, that

B(v, v) = B(w,w) + α2B(en+1 − w′, en+1 − w′) > 0.

Hence, B is positive definite.

2 ⇒ 3: Exercise □

Let’s quickly return to quadratic forms. Assume B ∈
Mn×n(K). Then, the quadratic form q : Kn → K as-
sociated with B is the same as the one associated with
BT beacuase

vTBv = vTBT v.

Assume, in our field K, we have 2 ̸= 0. Then also the
matrix

1

2
(B +BT ),

gives the same quadratic form as B. Note, that regardless
of B, the matrix 1

2 (B+BT ) is symmetric. So if 2 ̸= 0 inK,
then every quadratic form is associated with a symmetric
bilinear form.

If 2 ̸= 0 in K, and B : V ×V → K is a symmetric bilinear
form, with associated quadratic form q, then:

1. B(v, w) = 1
2 (q(v + w)− q(v)− q(w)) for all v, w ∈ V .

2. B(v, w) = 1
4 (q(v + w)− q(v − w)) for all v, w ∈ V .

If q : Rn → R is a quadratic form, we can write it as

q(x1, . . . , xn) =

n∑
i=1

n∑
j=1

aijxixj .

In geometry, a Quadric is the set

Q = {(x1, . . . , xn) ∈ Rn | q(x1, . . . , xn) = C}.

Example 7.72: Quadrics
In n = 2, we have for a, b > 0,

Q = {(x1, x2) | ax21 − bx22 = 1}.

This set is a hyperbola. If

Q = {(x1, x2) | ax21 + bx22 = 1},

we get an ellipse.

Theorem 7.73:
Let V be a finite dimensional vector space over K
where 2 ̸= 0. Let B be a symmetric bilinear form
on V . Then, ∃ a basis C for V such that [B]C is a
diagonal matrix.

Proof. We argue by induction on n = dimV . If n = 1 or B ≡ 0, then
any basis C of V will do.

Let n ≥ 2 and assume the statement holds for n − 1. Let V be an n-
dimensional space and B a symmetric bilinear form on V . If B(v, v) = 0

for all v ∈ V , then by the polarization formula, B ≡ 0. So we can
assume that ∃v1 ∈ V such that B(v1, v1) ̸= 0.

Put W := Sp(v1). Then W is 1-dimensional. Define

W⊥B := {v ∈ V | B(v, w) = 0∀w ∈W}.

As an exercise, show that W⊥B is a subspace of V . We claim that
W ∩W⊥B = {0}. Indeed, if v ∈ W ∩W⊥B , then v = αv1 for some
α ∈ K. So

0 = B(v, v1) = αB(v1, v1).

But since B(v1, v1) ̸= 0, we get α = 0. So v = 0.

We now claim that W⊥B is a complement of W in V . It remains to
show that W +W⊥B = V . Let v ∈ V . Consider

u = v −
B(v, v1)

B(v1, v1)
v1.

Note, that u ∈W⊥B since

B(v1, u) = B(v1, v)−
B(v, v1)

B(v1, v1)
B(v1, v1) = 0.

So v =
B(v1,v)
B(v1,v1)

v1 + u ∈ W +W⊥B . Hence, V = W +W⊥B . We

conclude, that dimW⊥B = n − 1. By the induction hypothesis, ∃ a
basis C′ = (v2, . . . , vn) of W⊥B such that [B]C′ is diagonal. Then,
C = (v1, v2, . . . , vn) is a basis of V and [B]C is also diagonal. □
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