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1 Introduction

1.1 Fibonacci Sequences

(" Definition 1.1: N
The fibonacci sequence is defined as follows:
0, =
anp =141, n=1.
Ap—1+ apn_s, N >2
. J

The first few terms of the sequence are: 0, 1, 1, 2, 3, 5, 8,
13, ...

Today we try to find a explicit formula for a,.

From high school we know both the arithmetic and geo-
metric sequences:

Definition 1.2: Arithmetic Sequence

An arithmetic sequence is defined as follows:

a”
A, =
" Gpn—1 + da

For an arithmetic sequence we have the explicit formula
a, = a+ nd.

n=~0
n>1"

Definition 1.3: Geometric Sequence

A geometric sequence is defined as follows:

a, n=>0
a, = .
ap—-1-¢, N 1

In this case, we aswell have an explicit formula: a, = a-q".

v

However looking at the fibonacci sequence, we see that it
is diffrent from theese two. So we will do a mathematical
trick to solve it. This trick is generalizing.

Definition 1.4:

Let ag, a1 € R we define a,, '= a,,_1+a,_o forn > 2.

Denote the sequence we get Fg, q,-

If S = (so, 81, - - ) is any sequence of numbers, we say that
S is Fibonacci if there exists ag,a; € R such that S =
Fao,a;- Denote by Fib the set of all Fibonacci sequences.

Fib has some algebraic structures.

(" Claim 1.5:

If 7 = (ap,a1,--+) and F' =
bonacci then

(bo,b1,---) are Fi-

F/+f//::(a0+b0’a1+b1,...’an+bn’...)

is also Fibonacci.
. J

Proof. Lets write cg := ag + bo,c1 = a1 + b1 and ¢, == an + by.
Then 7' + F" = (co,c1,- ). To show this is a fibonacci sequence we
need to show that ¢, = cn—1 + cp—2 forn > 2.

Indeed,
Cn—1+tCn_2= (anfl + bnfl) + (an72 + bn72)
= (anfl + an72) + (bnfl + bn72)
=an +bn

=cp.
]

This is somewhat special, as not every set of sequences is
closed under addition. In fact, we showed that

‘Fao,fh Jr]:bmbl = fao+bo,a1+b1'

But there is more structure.

Claim 1.6:

Let A = (ag,aq,---) be a Fibonacci sequence and let
a € R. Define oA = (aap,aar, ). Then aA is
also Fibonacci. In fact, aFa, e, = Faap,car-

Proof. We need to check that aa,, = aan—1 +aan—_o forn > 2. But
this is "obviously" true, because we know that a,, = an—1 +an—2. O

Note: The sequence (0,0, - --) is also Fibonacci, it is actu-
ally the sequence Fg o.

In fact, LINEAR COMBINATIONS of Fibonaccis are also Fi-
bonacci.

Oéfa(hal + 6]:170,1)1 = ]:OéaoJrﬂbowaalJrﬁbu

for a, 8 € R.

Corollary 1.7:

In order to find a formula for Fg, 4, it is enough to
find a formula for Fy; and F; o.

Proof. This is because Fyu(,a; = aoF1,0 + a1Fo,1-

g
Out of curiosity, could it be that for some, very special
ap,a; # (0,0), the sequence Fy, 4, is arithmetic or geo-
metric?

Since arithmetic sequences are characterized by a constant
difference a,, = a,,_1 + d, we would need a,_1 + ap_2 =
an_1 + d for n > 2. This means that the sequence would
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need to be constant, i.e. a, = d for all n > 1. This cannot
happen for any ag, a; except (0,0).

Perhaps it could be geometric? Let’s try to see if (1,q,---)
is Fibonacci for some g € R.

For such a sequence to be Fibonacci we need
" =q" 4+ ¢ % forn > 2.

As q # 0 we get ¢°> = ¢+ 1. This is a quadratic equation
with solutions
1++5

5
Denote ¢ = 1+2\/5 and v = %
We have found

‘FLSD = (17 ¥, 5027 @37 T )

]:l,d) - <1a¢a¢27,¢]37'”)
Perhaps a linear combination of F; , and Fi, will give
us ]:(),1?

We need to find a, 8 € R such that

a-1+p4-1=0
ap+ By =1
Solving this system of equations gives
1 1 3 1 1
o= = =) = —— = — —
p—v V5 -9 V5

So we found

1 1
F — F _
Y AV

(%) (7))

1.2 Logic and Math language

Fip

What is a mathematical/logical statement? A statement
that can be either true or false, but not both.

Example 1.8:

A: "For every real number z, we have z2 > 0”.
B: "Every prime number p > 3 must be odd”.
C: "Every odd number p > 3 must be prime”.
A is True, B is True, C is False.

Negation of a statement: If A is a statement, then the
statement A is NOT ture" is called the negation of A,
denoted by = A ("not A”).!

Such a statement can be represented in a truth table:

A -A
T| F
F| T

1Sometimes we write A instead of —A.

Definition 1.9: And operation

Let A, B be statements. Then the statement AA B is
the statement ”A is true AND B is true”. Sometimes
we write A& B instead.

The corresponding truth table is:

ANB

SECRERE|EN
Sl el ey
oo

Example 1.10:

For real numbers z, ("z?=1") A ("z > 0”) is true.
This is equivalent to "z = 1”.

Similarly we can define the "or” operation.

Definition 1.11: Or operation

Let A, B be statements. Then the statement AV B is
the statement A is true OR B is true”, i.e. "at least
one of the statements A or B are true". Sometimes
we write A|B instead.

Thus the corresponding truth table is:

AvB

Sl Nl 5SS
sl N Il e
oA

Example 1.12:

"z >1") V ("2 < 2”). We can draw a number line to
visualize this situation:

1
1

4 2

We see that this statement is true for all z € R.

Example 1.13:

Consider the statement ("2 < 17) V (" > 27). Again
looking at the number line, we see that this statement
is equivalent to "—(1 < z < 2)".

Definition 1.14: Logical Implications

Let A, B be statements. We can form a new state-
ment A = B (A implies B). The statement "A = B"
is "If A is true, then B is also true".

Depicted in a truth table:

A B A=B
T | T T
T|F F
F | T T
F | F T



As an exercise: Convice yourself that the statement A =
B is equivalent to (—AV B).

Example 1.15:

("0 = 1") = ("Earth is Flat") is a true statement.
Notice that in logical terms, implies does not mean
because A is true, B is true, no matter if there is no
causality.

Similarly there is logical equivalence:

Definition 1.16: Logical Equivalence

A & B is the statement (A = B) A (B = A). In
diffrent words: A holds if and only if (iff) B holds.

We say that A and B are EQUIVALENT STATEMENTS if
A & B is true. This happens if A and B have the same
truth table.

Example 1.17:

2>0sc#0,
0 =1 < Earth is flat.
Let A, B be statements. Then there is a statement A =

B and =B = —A. These two statements are actually
equivalent. This can be shown by truth tables.

As an exercise, state in words, why
—(-A4)=A

and
“(AAB) = (=4)V (=B)

Definition 1.18: Predicate

A PREDICATE is a statement involving some variables
taken from a set.

P(z), P(z,y).

For example, P(n) ="n = n?".

"for all integers n : n = n?”. This is definelty a false
statement. Meanwhile, "There exists an integer n : n =
n?” is a true statement.

We denote V for "for all/all” and 3 for "there exists”. The
previous statements can be written as:

VYne€Z,P(n) , 3IneZ,Pn).
The symbols V and 3 are called QUANTIFIERS.

Vne€Z:n=n?>= (n=0)V(n=1)is a true statement.
VyeR:(y>0)= (FxcR:2? =y) is true.

In practice, the second statement would be written as:

Y0 <y eR,Iz e Rs.t.a’=y.

Be careful about the order of quantifiers:
Vee X,y eY : Az, y),
is not the same as

JyeY, Ve e X : A(z,y).

Example 1.19:

Let X be the set of students at ETH and Y the set of
all courses given in HS25. Let A(x,y) be the state-
ment “student x attends course y”. Then the first
statement means "For every student, there is at least
one course that the student attends”. Which is true,
whilst the second statement means "There is a course
that every student attends”, which is false.

In practice, instead of writing 3x € X,y € X, one rather

writes dz,y € X, similarly for V.

When negating quantifiers, we have the following rules:
(Ve e X : A(x)) & Tz € X :# A(x).

“(FreX:Alx) Ve e X : -A(x).

There is also a quantifier "there exists a unique” denoted
by 3.

dz e X : A(z).

Example 1.20:

"Jlz € R: 22 = 4". This is a false statement as there
exist two such x (namely 2 and —2).

"Jlz e R:x > 0Ax? =4". This is a true statement
as there exists exactly one such x (namely 2).

1.3 Set theory

The fundamental object in set theory is the set.

Definition 1.21: Set

A SET is a collection of different objects. These ob-
jects are called the ELEMENTS of the set.

For example, M = {1, 3, unicorn} = {3, 1, unicorn} is a set
with three elements. As we can see, the order of elements
does not matter. Furthermore, repetition of elements does
not matter, i.e. {1,1,1} = {1}.

If z is an element of a set M, we write x € M. If it is not,
we write x ¢ M.

Another way to write sets is by specifying a property that
the elements satisfy.

M={x:A(x)} ={z | A(z)},

represents the set of all x such that A(z) holds.



Example 1.22:

{z|zeZnz? <9} ={-3,-2,-1,0,1,2,3}.

Another important set is the empty set {}, which contains
no elements. It is denoted by &.

A set is allowed to contain other sets as elements one of
its elements. For example M = {1,{2,3}} is a set with
two elements, 1 and {2,3}. Similarly, {@} is a set with
one element, the empty set.

(" Definition 1.23:
Let P,Q be sets.

1. We say that P is a SUBSET of Q if x € P =
x € @ We write P C @ (Also: P C Q).

2. PC Q@ means P C @ but P # Q.
3. P Z Q means ~(P C Q).

. /

Careful: Every set is a subset of itself. Furthermore, the
empty set @ C M for every set M.

We define the following operations for sets.

PnQ={x:ze PAzeQ}
PUQ={zx:z€e PVreQ}
P\Q={z:z€ PAz ¢ Q}
PAQ = (PUQ)\ (PNQ)

(intersection)

(union)

(complement of @ in P)
)

(symmetric difference

2 e
?
6 Q Q Q P\Q
s &
PuQ P,
R a aQ

Figure 1: Set operations

Sometimes our sets will be subsets of some ambient /underlyiny

set X.

In this case we define the COMPLEMENT of P in X as

PC=X\P={zeX:x¢P}

Definition 1.24:

Let A be a family of sets, A # &. We can look at
the union of the members of A:

U A={z|3A e As.t.zx € A}.
AeA

Similarly, we can look at the intersection of the mem-
bers of A:

ﬂA::{x|VA€A:x€A}.
AeA

When working with big unions and intersections, it is of-
ten useful to translate them into set statements involving
quantifiers, as this greatly improves intuition.

( Example 1.25: )
Let A={2,3,4,---}.
Let A, = {z | z € Zz > 1,n?|z}.
Then
U 4n={ac€Z|3k>273r € Zstr>1na =k}
neA
and
) 4n = {}.
neA
& J
(" Definition 1.26: Cartesian Product A
Let X,Y be sets. The CARTESIAN PRODUCT of X
and Y is the set of ordered pairs (x,y).
XxY ={(z,y) |z e X,y Y}

. J
(" Definition 1.27: n-Fold Cartesian Product B
Let X be a set, n > 1. The n-FOLD CARTESIAN

PRODUCT of X is defined as
Xt =XxXx---xX.
n times
An element of X™ = (1,22, -+ ,x,) is called an N-
| TUPLE.

J

The classic example is R? = R x R — the Cartesian plane.

(" Definition 1.28: Power Set B

Let X be a set. The POWER SET of X is the set of
all subsets of X.

P(X)={A| AC X}.

Sometimes the notation 2% is also used.

( Example 1.29: )
Let X ={1,2,3}. Then
P(X) = {@, {1}, {2}, {3},
{1,2},{1,3}, {2, 3},
{1,2,3}}
Notice that if X has n elements, then P(X) has 2"
elements. )

The CARDINALITY of a set X is the number of elements in
X. For example, if X = {1,2,--- ,n}, then |X| =n. This
operation is only defined for finite sets at the moment.

1.4 Functions/Maps



Definition 1.30: Maps

Let X,Y besets. A MAP f: X — Y is an assignment
to every element & € X a uniquely defined element
flz)eY.

Roughly speaking, for an input « € X, the map f produces
an output output f(z) € Y.

Given a map f : X — Y, The set of inputs of a map is
called the DOMAIN OF DEFINITION of f, whilst Y is called
the TARGET of f.

Given two functions f : X - Y and g : X' — Y, we say
that f and g are equal if X = X', Y =Y’ and Vo € X :
f(z) = g(z).

Example 1.31:

f(z) = 2°.
This is lacking some information. Much better would

be

X={zecR|0<z}, f:X—-R, f(z):=2>

Here is another function:

2

Z={zxeR|-12<z}, ¢g:Z—-R, gx)=aza"

According to our definition, f # g since X # Z.

Functions can be described by a formula, but do not nec-
essarily have to be.

About notation: f : X — Y is the most standard notation.
Sometimes X 3« — f(z) € Y is used.

Ve

J/

Definition 1.32:
Let f: X — Y be a map. The IMAGE of f is the set

fX)={yeY|TweX: fx) =y}

Sometimes it’s also written as image(f). It holds that
fX)CY.

Definition 1.33: Restriction

Let f: X =Y, Let A C X. We can define a new
map

fla:A—=Y, fla(a)=f(a) Vae A

called the RESTRICTION of f to A.
. J

A restriction restricts the domain of definition of a func-
tion.

Example 1.34: Characteristic Function

Let X beaset, A C X. The CHARACTERISTIC FUNC-
TION of A is defined as

14:X —{0,1},

]lA(Z') = {é i;j

Example 1.35: Projection Function

Let X,Y be sets. The PROJECTION FUNCTION on X
is defined as
x : X xY =X, 7wx(z,y) ==z

Similarly, we can define 7y : Y x X — Y.

Functions can have diffrent properties.

(" Definition 1.36:
Let f: X — Y be a map.

e f is called INJECTIVE if
Vo, xe € X ¢ f(x1) = f(22) = 21 = 2o.
Equivalently, if z1 # x5, then f(x1) # f(x2).
e f is called SURJECTIVE if
VyeY,dz e X : f(z) =y.

Equivalently, f(X) =Y.

e f is called BIJECTIVE if it is both injective and
surjective. Equivalently,

VyeY, Az e X: f(z)=y.

(" Definition 1.37:

Let f : X — Y be a bijection. The INVERSE map
f~':Y — X is the map that assigns to every y € Y’
the unique x € X such that f(z) = y.

. /

An example would be the map f : R>g — R>q, f(z) = 2%

Its inverse is f~' : R>o — Rxo, 71 (y) = /4.

(" Definition 1.38: Composition

Let f: X — Y,g:Y — Z be maps. We define
go f: X — Z as the COMPOSITION of f and g¢:

go f(z) = g(f(z)).
Somtimes this is written as

x iy 24z

Example 1.39:

Let f : X — Y be a bijection and f~!:Y — X its
inverse map. We have fo f~! =idy and f~lo f =
idx, where idx : X — X,idx(z) = « is the identity
map on X.

The order of composition is important. In general, f o g
and g o f are different maps. Even worse, one of them
might not even be defined.



(" Lemma 1.40:
Let f: X —Y,9:Y — Z be maps.

1. If f, g are injective, then g o f is injective.
2. If f, g are surjective, then g o f is surjective.

3. If f, g are bijective, then g o f is bijective and

(gof)y=flog™

. /

Proof.

1. Let z1,22 € X such that (go f)(z1) = (g o f)(z2). Then
g(f(z1)) = g(f(x2)). Since g is injective, f(x1) = f(z2). Since
f is injective, 1 = x2. Thus g o f is injective.

2. Let z € Z. Since g is surjective, there exists y € Y such that
g(y) = z. Since f is surjective, there exists z € X such that

@) =y. Thus (g0 f)(z) = g(f(x)) = g(y) = 2. Hence go f
IS surjective.

3. Follows from 1. and 2.

|
This lemma is useful when showing a certain map is in-
jective/surjective/bijective, as it allows us to work with
simpler maps.

(" Definition 1.41: Image
Let f: X =Y beamap, AC X. Then

f(A) ={yeY |3z e A: f(z)=y}

is called the IMAGE of A under f.
. J

(" Definition 1.42: Inverse Image
Let B C Y. Define the INVERSE IMAGE of B under

f as

fYB):={xe X | f(z) € B}

1.4.1 Graphs

Consider the following.

Definition 1.43:

Let f: X — Y be a map. The graph of f is the
subset graph(f) C X x Y defined by

graph(f) := {(z, f(2)) | x € X}.

Example 1.44:

If X CR and Y = R, then the graph can be visual-
ized in the Cartesian plane R2.

V\o‘} [

gfopl

Graph

Figure 2: Graphs of some functions f: R — R.

Sometimes injectivity and surjectivity can be read off from
the graph.

2 Linear Systems of Equations

2.1 Fields

A FIELD (Korper) is a set K with two operations + and
. Together they form a commutative group (K,+) with
identity O and inverses —a for a € K. The operation -
is associative and commutative with identity 1 # 0 and
inverses a~! for a € K\ {0}. The operations are linked by
the distributive law

a-(b+c)=a-b+a-c

Furthermore, we ask that 1 # 0.

Example 2.1: Examples of fields

Q:{a|a:%7m7nez,n7§0}

with the usual addition and multiplication is a field.

R = the real numbers.

FQ = {07 1}7

with the follwoing addition and multiplication tables:

— o+
[ (=) (=)
o ==
— o -
o OO
=]

Similarly, we can define F5 = {0,1,2} and F; =
{0,1,2,3,4}, where the operations are defined mod-
ulo 3 and 5, respectively.

2.2 Systems of Linear Equations

Consider the following

=-1

=5

x4+ 3y +4z
20—y + =z

To solve this, there exists a systematic method which is
called ELIMINATION.

r+3y+4z= -1 9B +B, |x+3y+4z=-1
SR

2r—y+2=>5 —E> —Ty—Tz="7
-iB, |x+3y+4z=-1
—Es y+z=-1

—3B,+E, JT+2=2
y+z=-1

—Eq

Staring at this for a while, we can see that z is a free
variable. Thus, the set of solutions is given by:

choose z arbitrarily, z =c € R

theny=—-1—-candz=2—-¢

(z,y,2) = (2—¢,—1—c,c),c € R C R®,



A general system of many equations and matrix notation:

Fix a field F. A system of m equations in n unknowns
over F with unknowns x1, ..., x, is of the form

a11C1 + a12Z2 + ...+ a1pTn = bl

211 + a22Zo + ...+ GaopTyn =by

Am1x1 + G2 + ... + GnZn = bm

We call a;; € F the coefficients. Furthermore b; € IF. Such
a system is called LINEAR because the unknowns appear
only to the first power and are not multiplied together.

We notice the objects can be written as matrices and vec-
tors.

ail a12 A1n

a21 a22 a2n
A=

am1  Am2 Amn

This object is called an m X n matrix with entries in F.
Sometimes we write A = (a;;)1SI=".

Further we organize

I b1

T2 ba
T = , b=

Ty, b

These are n X 1 VECTORS.

The system can now be written as
(S):A-z=0b.
And the solution set as

L(S) ={(z1,z9, ) |2; eFVI<i<nAA-: b}.

8
|

We define the matrix multiplication as follows:

a1 G1n 1 41171 + ... + A1 Ty

Qm1 Gmn Tn am1T1 + ... + AmnTn

If we now have A - x = b, this is equivalent to the system
of equations. We call this the MATRIX NOTATION.

Example 2.2:

The system from the beginning can be written as
13 4\ (") /-1
2 -1 1) \"] 7 \s5 )
T3

We can also write the EXTENDED MATRIX as

an=( 411 %)

2.3 Elementary Row Operations
We define the following operations on matrices.
1. Choose ¢ # 0 € F; multiply eq./row i by c.
(¢c-R; —» R;)

2. Choose ¢ € F, choose 1 < i,j < m,i # j; replace
eq./row j by eq./row j + ¢ eq./row i.

(C'Ri—FRj —>Rj)
3. Interchange eq./row i and eq./row j.

(Ri <> Rj)

Definition 2.3: Row-Equivalence

Let C and C’ be r x s matrices with entries in F. We
say that C’ is ROW-EQUIVALENT to C if C’ can be
obtained from C by a finite sequence of elementary
row operations.

If we denote C = Cy — C7 — ... = Cy = C’, then the
following holds

(" Theorem 2.4:

Let A-x = band A’-x = I/ be two systems of m linear
equations in n unknowns. Let’s call first system (S)

and second system (S’). Suppose the extended matrix
(A’|t') is row-equivalent to (Alb). Then

L(S") = L(S).
N J

Proof. We begin with the follwoing claim:

Claim 1: If S’ is obtained form S by one elementary row operation,
then L(S) C L(S’).

Let (z1, - ,zn) € L(S). We need to show that (z1, - ,zn) € L(S’).

Operation 1: ¢(# 0) - R; — R;. In this case all the equations of S’
coincide with the equations of S except equation 1.

a;171 + ai2x2 + ... + QinTn = b;

c-R;—=R;

———— caj1x1 + caar2 + ...+ cajnryn = cb;.

If (x1,---,zn) satisfies the first equation, it also satisfies the second
equation, since we can multiply both sides of the first equation by c.

Operation 2: R; + c¢- R; — Rj. Again, all equations of S and S’
coincide except equation j. We have

aj @1+ -+ aj, 2o = b;
Rj+cR;—R;
—L—— "% (aj1+cain)z1 + -+ (ajn + cain)zn = bj + cb;
=(aj1®1 + -+ ajntn) + c(ai1z1 + - + AinTn)
= bj ~+ cb;.

So if (z1,---,xn) satisfies the first equation, it also satisfies the sec-
ond equation, since we can add c times the i-th equation to the j-th
equation.

Operation 3: R; <+ R;. In this case, clearly we have that

(xlv"' 7xn) (S L(S) = (561,"' ,.Z’n) (S L(Sl)

This concludes the proof of Claim 1.

Claim 2: If S’ is obtained from S by one elementary row operation,
then S can be obtained from S’ by one elementary row operation.

R, ) 1.R,>R;
(1): If S % S, then 5 <7 g

c

j—cR;—R;

’ , B
S’, then S S.

Ri+c-R;—R;
2): |fs-ﬁf___>_i)
#J



R+ R; , , R+ R,
3): If S —— 5’, then S’ ——— S.
This concludes the proof of Claim 2.

Claim 3: If S’ is obtained from S by one elementary row operation,
then L(S) = L(S’).

By Claim 1, we have L(S) C L(S’). By Claim 2, S is obtained by S’
by one elementary row operation. Hence by Claim 1 again (with the
roles of S and S’ interchanged), we have L(S’) C L(S).

It follows that L(S) = L(S5’).

Proof of Theorem: We are now in position to prove the theorem. By
assumption, there is a finite sequence of elementary row operations

SZSOA)S&*)“-*)S]C:SI.
By Claim 3, we have L(Sp) = L(S1) =--- = L(Sk), i.e.
L(S) = L(S").

(" Definition 2.5: Row-Reduced Matrix

A m x n matrix A is called ROW-REDUCED if the
following two conditions hold:

1. The first non-zero entry in each non-zero row
of A is 1. This entry is called the LEADING
ENTRY /PIVOT of that row.

2. Each column of A which contains the leading
non-zero entry of some row has all its other
entries equal to 0.

Example 2.6:
00 0 1 2
A=|0 1 -3 0 3
00 0 0 O

This matrix is row-reduced.

10 0 O
B=10 1 -1 0
0 0 1 0

This matrix is not row-reduced, because the second
condition is violated in column 3.

This matrix is not row-reduced, because the first con-
dition is violated in row 1.

It might not be clear yet, why row-reduced matrices are
important, however, we will see this soon. However, we
will first prove the following theorem.

Theorem 2.7:

Every m x n matrix A is row-equivalent to a row-
reduced m X m matrix.

If row 1 does have a non-zero entry, let k be the smallest index j for
which ay; # 0. Multiply row 1 by al_kl to make the leading entry 1.
Now, condition (1) is satisfied for row 1.

For each row 2 < i < m add (—a;;) times row 1 to row i. Formally
R; + (—aix) - R1 — Ry.

The result of these operations is a matrix A’ which looks like

0 0 1
a;1 aik—1 0

Notice that in row i of resulting matrix, the elements standing to the
right of entry k (which is now 0) are unchanged. This is because to the
left of the pivot in row 1, there are only Os.

Summary: Condition (2) is now satisfied for the column of the pivot of
row 1.

We now turn to row number 2. If all elements in row 2 are 0, we just
leave it as it is. In case not all elements are 0, we find the pivot in that
row, say at entry 2, k’.

Note that k’ # k, because in column k of row 2, we have 0. Divide row
2 by the element lying at (2, k") to make the pivot equal to 1.

Now we take row two and add suitable multiples of it to every other
zero. Notice that for the critical row 1, this operation does not change
the pivot, because (2,k) = 0. To proof that the pivot stays in row 1,
we distinguish two cases:

If ' < k, the entry in the first row is already 0, so the multiple is ¢ = 0.

If k' > k, by definition of k’, all entries in row 2 to the left of k¥’ and
thus also k£ are 0. Thus they won't change.

We can continue this process for rows 3,4, ..., m. In the end, we arrive

at a row-reduced matrix. |

— N
Tip 2.8:

Only divide by pivot elements at the end of the algo-

rithm, to avoid fractions.
S J

(" Definition 2.9:

An m X n matrix is called ROW-REDUCED ECHELON
if the following holds:

(a) It is row-reduced.

b) Every row which has only 0 entries appears be-
y
low every row which has a non-zero entry.

(¢) If rows 1,...,r are the non-zero rows, and if
the pivot of row i occurs in column k;, then

ki <kg < o<k,
|\ J

A row-reduced echelon matrix looks as follows:

o

0 0

o O O

SO O
O O O ¥
O O ¥ ¥
O = OO
S % ¥ *

0 1
0 0
0 0

Proof. Let A= (aij)lgigm, 1<i<ns with a;j € F.

If all entries in the 1st row of A are 0, the condition (1) is satisfied for
row 1.

Theorem 2.10:

Every m xn matrix is row equivalent to a row reduced
echelon matrix.

Proof. Apply the previous theorem + permutation between the rows.
O



This is useful, for solving A-x = b. Take (A|b) and apply a 3 Vector Spaces
sequence of row operations to bring it to row-reduced ech-
elon form (A’['). Then L(A[b) = L(A'|V). Vector spaces are essentially the playground of linear al-

gebra, the following definition is thus very central for the

Example 2.11:

We solve the following system of equations:

—9x5 + 3x3 + 424 =9
X1 +4I2 — Xy = 5
2x1 + 622 — x3 + by = —5.

We transform this into an extended matrix

subject.

(" Definition 3.1: Vector Space

A VECTOR SPACE over a field F (scalars) is a set V'
(vecotrs) endowed with two operations:

+:V><V—>V,(U1,’U2)l—)’01+112
G FxV =2V, (\v) = Ao

0 -9 3 4 | 9 such that the following axioms are satisfied:
(Alp) = ; ;1 _01 —51 I _55 V1-4) (V,+) is an abelian group.

The corrseponding row reduced matrix is

V5) Va,beF,YveV:a-(b-v)=(ab) v

)
V6) YveV,1-v=v
010 —3 | £ V7) Ya € Foy,us€Via-(vi+v2) =a-v1+a-v
@)=[1 0 o 17 | 93 » U1, V2 : 1TV2)= 1 2
0 0 1 _3%1 | % V8) Vay,as e F,o €V :(a1+a2) - v=a1-v+as v
. J
Thus the row reduced echelon is — N
ip 3.2
1 0 0 7 =23 p3
3, B Vector spaces are essentially ORDERED LISTS with
8 (1) (1) 3 I 5 component-wise operations.
° ° Theese lists don’t have to be finite. )

We can see that we can take x4 := a € R as a free
variable. Then we have

Example 3.3: Coordinate Space

T3 = Ea—i— oL Ty = §a+ 1z T, = —Ea _ % The coordinate space K" for n € Ny then
3 5’ 3 5’ 3 5
K" ={(a1,...,an) | a; € K,1<i<n}.
It may happen that the system has a row with only zeros. KXK XK
For example
0= by — by + 2b;. We turn V = K™ into a vector space. Let v =
(a1y...,apn),w=(b1,...,b,) € V. Then
Then if bg — bs + 2b; # 0, the system has no solution.
Otherwise, the system is equivalent to the system without v+w=(ay+by,as +ba,...,a, +b,) €V.
that equation.
Let a € K, then
a-v:=(a-a,a-as,...,a-a,) € V.

0:=(0,0,...,0) e V.

As an exercise, show that K™ with theese operations
is a vector space.

Example 3.4: Matrix Space

Consider M,,«,. The elemnts are

a11 a12 A1n
a1 Aa22 a2n

. . . a;; € K.
Am1 Am2 Gmn

This is basiclly the same as K™ ™.



Lemma 3.5:

Let V be a vector space over K. Then:
(a)
(b)

The zero vector is unique.

Let v € V. The element v € V with v+v' =0
is unique. It is denoted by —uv.

(¢c) weV:0-v=0p

(d) Va € K :a-0y =0y

(e) YoeV:(=1)-v=—v

(f) YweV,—(—v) =v

(g) If a-v =0 for some a € K,v € V, then either

a=0orv=_0y.

\. J
Proof. (a): Since (V,+) is an abelian group, there is an unique

identity element, which we denote by 0y .

(b): Again, since (V,+) is an abelian group, every element has an
unique inverse.

(c): Let v € V. We have to show that 0- v = 0y . Indeed,
0-v=0+0)-v20-v+0-v.
Add (—0 - v) to both sides. This yields
Oy =0-v4+0-v+(—0-v))=0-v4+0y =0-v.
(g): Let a € K,v € V such that a-v = 0y. We need to prove that

either a = 0 or v = Oy . Indeed, assume that a # 0. By the axioms of
a field, 3 an element a=! € K such that a=la =1 =aa" 1.

Now:
1)V:61~v:(a_la)~v\§a_1~(a-v):a_1 -0y (i)OV.
O

( © _o.c . \

Definition 3.6: Linear Subspace

Let V be a vector space over K. A subset W C V is

called a LINEAR SUBSPACE (Unterraum) of V' if the

following holds:

LSS1) W # &,

LSS2) Vwi,wy € W :wy +wy € W,

LSS3) Vw e W,Va e K :a-weW.

. J/
(" Lemma 3.7: N
Let V be a vector space over K and W C V a sub-
space. Then W is a vector space on its own when

endowed with the operations coming from V.
. J

Proof. From LSS2 and LSS3, it follows that the operations + and -
from V' indeed define such operations on W.

Now we have to check the axioms V1-V8. This can be done as an
exercise.

For example, for V2, Pick any w € W (Possible by LSS1). We have

LSS3
Oy (é) O -w € W.

Thus Oy € W. Take now Oy = 0y . Clearly, Yw € W we have

0W+w:0V+w\/:2w.

The above definition is often cumbersome to use. The
following lemma gives a more handy criterion to check if
a subset is a subspace.

(" Lemma 3.8: Criterion for Subspaces

Let V be a vector space ove K and W C V a subset.
Then W is a subspace of V iff the following holds:

(1) 0y e W,

(2) Vai,as € K,Ywy,ws € W : a1-wi+as-wy € W.
. J

Proof. =-: Assume that W is a subspace of V. This follow at once
from the fact that W is in itself a vector space.

<=: Assume that (1) and (2) hold. We have to show that W is a
subspace. Clearly, LSS1 holds by (1). To show LSS2, pick w1, w2 € W.
Then by (2) (with a1 = a2 = 1), we have

wy +we =1-wy +1-we €W.

Similarly for LSS3, pick w € W,a € K. Then by (2) (with a1 = a,a2 =
0, w1 = w,w2 = 0y ), we have

a-w=a-w+0-0y € W.

Example 3.9: Trivial Subspace
Let V be a vector space over K. Then

{ov}CV,

is a subspace of V. It is called the ZERO SUBSPACE
of V.

Example 3.10:
Fix b € K. Consider the subset

Uy = {(z1,22,73) € K* | 21 + 32 + 73 = b} C K>,

Claim: U, is a subspace of K2 iff b = 0.

Proof. =>: Suppose U, is a linear subspace of K3. If (x1, 22, x3) and
(y1,y2,y3) € Up, then

z1tx2+x3 =b=y1 +y2+ys
Since Uy, is a linear subspace, we have
(z1 +y1,22 + y2,%3 + y3) € Up.
And thus it follows that
(x1 +y1) + (22 +y2) + (z3 +y3) = b.

But from before, we get that this sum is equal to 2b. Thus 2b = b,
which implies that b = 0.

The other direction is left as an exercise. O

Let A be an m x n matrix with entries in K. From now
on we abbreviate this with

A € Maty,xn(K) or A € My, xn(K).

by

Fix b € K™ such that b = is viewed as a column

b,
vector. Consider the subset of K™ defined by

L:={xe€ K"|A-x =b}.

10



Claim 3.11:
L C K™ is a linear subspace iff b = Oy .

For the proof we need preparations.

Lemma 3.12:
Va € K,u,v € K™ we have

1) A-(u+v)=A-u+ A v,
(2) A-(a-u)=a-(A-u).

S1SmML,1x)>

ail a2 Aln ul V1
a1 a2 az2n u2 V2
A= . U= . U= .
am1 am?2 Amn Un Un
A u+A-v=
a;1u1 + aigu2 + -+ ainn | + | ai1v1 + aiv2 + -+ ainvn
= | as1(ur +v1) + ai2(uz +v2) + -+ + ain(un + vn)
ul +v1
u2 + v2
=A-.
Un + Un
=A-(u+w).
The second statement is left as an exercise. 0
Proof. [Claim] <=: Assume b = 0, we want to show that L is a

subspace. Indeed 0 € L because A -0 = 0.

If 2 = (21,...,2n),y = (Y1,-..,yn) € L, then

A -(z+vy) (é)A-CC+A-y=0+O=0.
Thusz+y € L.
Let x € L,a € K. Then

Aa@nZa (A a)=a-0=0.

Thusa- -z € L.
Together theese three properties show that L C K™ is a subspace.

=>: Assume that L is a subspace, and we we'll show that b = 0.
Indeed since L C K™ is a subspace, Oy € L. Thus A-0y = b. But
A'OV :Ov. ThquZOV.

|

Example 3.13:
Let K be a field. Define
K> = {(al,ag,...) | a; € K,Z € N}

We turn K*° into a vector space as follows:

) + (bhbg,..

c- (a1, as,..

) = (a1 + b1, as +b27...)

)= (c-ay,c-ay,...)

(a1,a2, oo

11

Recalling the first lecture, taking K = R, we have
Fib := {(a1,a9,...) | ar = ax—1 + ar—2,k > 3}.

As an exercise, show that Fib is a subspace of R*. More
generally, fix «, f € R. Then

Un g ={(a1,a2,...) € R® | a = aag_1 + Bag—2,k > 3},

is a subspace of R*°.

3.1 Spaces of Functions
Fix a field K and S is a non-empty set. Define

K%:={f:8— K}

This denotes the set of all functions from S to K. We
define the following operations on K*:

(f +9)(s) = f(s) +g(s)
(a-f)(s)=a-(f(s))
With these operations, K is a vector space over K. (Ex-

ercise)

Exercise 3.14:

Let S = [0,1]. Define C(S) :== {f € R¥ | f} such
that f is continuous. Then C(S) is a subspace of R,

3.2 Polynomials

Let K be a field. Fix a letter called FORMAL VARIABLE .
A POLYNOMIAL over K (or polynomial with coefficients in
K) is an expression of the form

f(x) =ao + a1z +asx®+ -+ apz™.

where n € Ng,a; € KV0 < i < n. We allow to omit
0-terms like 0 - .

We call f(z) =0 the ZERO POLYNOMIAL.

We can add and multiply polynomials as follows: Consider
polynomials a and b we take r = max(n,m) and define

(ap+ a1z +---+apnz™) + (bg + iz + - - + bpz™) =
(a0 +bo) + (a1 +br)a + -+~ + (a, +b,)a".

The multiplication is defined as
c-(ag+arx+ - +ayz™) =

(c-ag)+(c-ar)x+ -+ (c-ay)x".

We write K|x] for the set of all polynomials with coeffi-
cients in K.

Claim 3.15:

K|[x] is a vector space over K with the above opera-
tions.

Every f(z) € K|[z] defines also a function f : K — K. The
subset of K which comes from polynomials is a subspace
of K¥.

But: from f we cannot always recover f.



Example 3.16:

Take K = Fy = {0,1}. Consider f(z) = z and
g(z) = 22. Then theese are diffrent polynomials, but
f=3

Definition 3.17: Degree of a polynomial

Let f(z) = ap+a1z+---+an2" € K[z] with a,, # 0.
Then we define the DEGREE of f as deg(f) =n. We
define deg(0) = —oo.

Fix d € NgU{—00}. Define K[x], to be all the polynomials
of degree at most d. Then K|[x]4 is a subspace of K|[z].

Definition 3.20: Span
Define the SPAN of S as

Sp(S) = [ W,
WeN

where

N ={W CV | W is a subspace of V, S C W}.

Note that N # @ since V € N.
.

J

By the previous lemma, Sp(S) is a subspace of V. Some-
times, we also call it the subspace of V' generated by S.

Question 3.18:
Is {f(x) € klz] | deg(f) = d} also a subspace of
K[z]?

Cosnider {p € k[z]5 | >°.° a, = 0}. Is this a sub-
space of K[z]5?

Spaces of matrices: Consider M,,x,(K) to be the set of
all m x n matrices with entries in K. Define + and - as

(aij) + (bij) = (aij + bij)
¢ (aij) = (c- asj).

With theese operations, M,,x,(K) is a vector space over
K.

As a motivation for the next few lectures: Let V be a
vector space, let S C V be a subset. What is the smallest
subspace of V' containing 57

3.3 Span

Consider the following lemma

Ve

Lemma 3.19:

Let V be a vector space and let {W;};cr be a family
of subspaces of V' (i.e. W; C V is a subspace for all
i € I). Then the intersection

W= (Wi
i€l

is a subspace of V.

.

Proof. Note that Oy € W; for all 4 € I, thus 0y € W.
Let now a,b € K,v,w € W. We'll show that a-v+b-w € W.

Let j € I be any index in I. Since v,w € W, they must also be in W.
Since W is a subspace of V, it follows that

a-v+b-weW;.
But this holds Vj € I, therefore,

a-v+b-we ﬂW¢=W.
i€l
By a previous lemma, this shows that W is a subspace of V.

Let S C V be a subset.
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Lemma 3.21:
Among all subspaces of V' that contain S, Sp(S) is
the smallest one, i.e.,

1. Sp(S) C V is a subspace of V.

2. If W C V is a subspace and W O S, then W D
Sp(.9).

.

Proof. 1. This was shown above.

2. Let W C V be a subspace with W D S. By definition of N, we
have W € N. Thus by definition of Sp(S), we have

Sp(S)= [ UCW.
UeN

3.3.1 Linear Combinations

This definition is good from a theoretical point of view, but
not very handy when we actually want to compute Sp(.5).
We thus introduce the following concept.

(" Definition 3.22: Linear Combination

Let n € Z>1, a1,...,an, € K and vq,...,v, € V. A
LINEAR COMBINATION of the vectors vy, ...,v, with
coefficients aq, ..., a, is the vector

ai -1 +ag-vV2+ -+ A Up.

We only look at finite linear combinations, i.e., n is
always finite.

Lemma 3.23:
Let @ # S C V. Then

Sp(S) = {a1vi+- - -+anvy | n € Z>1,v; € S,a; € K}

i.e. Sp(S) is the subset of V obtained by taking all
possible linear combinations of vectors in S.

. /

Proof. Denote Sp(S) := {a1v1 + - 4 anvn | n € Z>1,vi € S,a; €
K}. We will show that Sp(S) = Sp(S).

We first show that 1) S C Sp(S), 2) Sp(S) is a subspace of V and 3)
V subspace W C V with S C W we have Sp(S) C W.

Note that this is useful since 1)+2) would imply that Sp(S) C Sp(S) by
the previous lemma, and 3) would imply Sp(S) € Nyyenr W = Sp(S).
Together, this implies Sp(S) = Sp(S).



It remains to prove 1), 2) and 3).

1) Ifv €S, then v=1-v € Sp(9).

2) We'll show that 0y € Sp(S) and that Yo, 8 € K, ¥v,w € Sp(S) :

a-v+f-w e Sp(S).

Clearly, 0y =0-v € é?)(S) foranyv e S.

Write v = a1v1 + - + anvn and w = bjwi + -+ - + bywWm. Then
a-v+B-w=alavr + -+ anvn) + Bbrw1 + - -+ + bnwm)
= (aa1)vr + -+ + (@an)on + (Bb1)wi + - + (Bbm )wm.

This is a linear combination of vectors in S, thus a- v+ 8- w € %(5)

3) Let W C V be a subspace with S C W. Let v be in §13(S) We need
to prove that v € W. Indeed, write v = ajv1 +- - -+ anvy, with v; € S.
By assumption, S C W, thus v; € W. As W is a linear subspace, it
follows that v € W. (]
We have shown that the span of a subset S of a vector
space V can be written in two ways. The first one is more
theoretical, the second one more practical.

The span of the empty set is {Oy}. From now on, let’s
agree that linear combinations of elements of the empty
set is just Oy .

As a notation: Many times S = {vq,..
set. We write Sp{v1,...,v,} or Sp(vy,..

.,Up} Is a finite
.,Vp) instead of

Sp({v1,..-,vn}).

(" Definition 3.24: Generating/Spanning Set )
Let V be a vector space and S C V a subset. We say
that S GENERATES or SPANS V if Sp(S) = V.

If W C V is a subspace, we say that S generates or
spans W if Sp(S) = W.

. J
(" Definition 3.25: Finite Dimensional Vector Space )
A vector space V is FINITE DIMENSIONAL if there

exists a finite set S C V that generates V.
If such a finite S does not exist, then V is called
L INFINITE DIMENSIONAL. )

Example 3.26: Subspaces of R?
Let V = R?, K = R. Some subspaces of V are:

L {O0g>} = {(0,0)} = Sp(&) = Sp{O>}
2. Let 0 # v = (a,b) € R% Then

Sp{v} ={a-(a,b) | a € R} = {(aa,ad) | « € R}.

Geometrically speaking, this is the line through the
origin and v.

3. Let 0 # v;,w € R? If Sp{v} = Sp{w}, this is
equivalent to saying that 3o € R\ {0} such that
w = av.

4. Let W C R? be a subspace and assume that W =
Sp{v,w} where v # 0,w ¢ Sp{v}. Then W = R2.

Together this tells us that there are only three types
of subspaces of R?: the zero subspace, lines through
the origin, and the whole space R2.
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v, € Vand w € K™. How can we
S op !
»y ¥n

e.g. let v = (1,3),v3 = (7,73) and w = (11,137). In this
case yes, w € Sp{vy,ve} as =3 -v1 + 2 vy = w.

Question: Let vy, ..
determine whether or not w € Sp{v,..

Solution: Take the column vectors vy, ..
m X n matrix out of them:

U1 V2 Un

,&p) € K™, then

., v, and make a

A:

If x = (24,...
n

A-x=2x101 +2oU3 + -+ 2V, = E €T;0;.
i=1

Given w € K™, the question is wheter or not the system
of equations A -z = w has a solution. If a solution exists,
then w € Sp{vy,...,v,}. If a solution does not exist, then

w ¢ Sp{v1,..., v}

In the first case, any solution x will give us a choice of
coefficients x1,...,x, such that w = Z?Zl T;0;.

Example 3.27:

1) Let V = K™. Denote by e; := (1,0,0,...,0),es :
(0,1,0,...,0),...,e, = (0,0,0,...,1). Then

Sp{e1,ea,...,ent = K",

2) Let W = k[z]q (polynomials in z of degree at most
d). Then
W =Sp{l,z,2%, ... z%}.

Similarly, take V' = K[z]. Then
V = Sp{l,z,2% 2% ...} (infinite set) .

3) Let M = M,xn(K) be the set of all m x n ma-
trices. For every 1 < i < m,1 < j < n, define the
matrix

0 0 0
Eij =0 1 0
0 0 0

i.e. the matrix with a 1 in the (7, j)-th position and
0 elsewhere.

Then

M=Sp{E;; |1<i<m,1<j<n}

All of these examples are finite dimensional vector spaces
except K[x]. As an exercise, show that K[z] is infinite
dimensional.

3.4 Linear Independence

Let V be a vector space over K



Definition 3.28:

Let v1,...,v, be a list of n vectors in V. We say
that that vq,...,v, are LINEARLY INDEPENDENT if
the only linear combination of vy, ..., v, that equals
Oy is the one with all coefficients equal to zero.

If the vectors are not linearly independent, they are

called LINEARLY DEPENDENT.
(& J

Alternatively, vy, ..., v, are linearly independent iff

Yai,...,a, € K for which aiv1 + --- + anv, = Oy, we
must have a1 = a9 =--- =a, = 0.

Let’s agree that & is linearly independent.

( )

Remark 3.29:

1) Oy can always be written as a linear combination
of any list of vectors as Oy = 0-v1+0-vo+---4+0-v,.
This is called the TRIVIAL linear combination.

2) Suppose that in our list there is a repetition, say
v; = v; for some ¢ # j. Then the list is linearly
dependent, since

Oy =1-v;+(-1)-v;+0-v1+---+0-0v,.

3) The order of the elements in the list does not mat-
ter.

4) If 0 is one of the elements in the list, then this list

cannot be linearly independent.
. J

As a generalization for families of vectors consider the fol-
lowing definition.

Ve

Definition 3.30:

Let F = {v; }iez be a family of vectors in V. We say
that F is LINEARLY INDEPENDENT if Vn € Z>; and
any sequence of distinct indices iy,...,4, € Z, the
list of vectors v;,,...,v;, is linearly independent.

n

Let @ # S C V be a subset. We say that S is linearly
independent if every finite list of distinct vectors in
S is linearly independent.

Lemma 3.31:

If @ # S C V, is linearly independent, then every

subset of it is also linearly independent.
. J

Proof. Assume dai,...,an € K and v1,...,v, € W C S such that
aivi + - -+ + anvy = 0y with not all a; equal to zero. Since W C S,
this contradicts the linear independence of S. O

Example 3.32:
1) e1,...,e, € K™ are linearly independent.
Solution. Suppose aiej + - -+ + anen, = 0. This means that
1 0 0 0
0 1 0 0
ai + a2 +--+an =
0 0 1 0

But since we are working component-wise, this means that

ay 0
a2 0
an 0

In particular, a; =0 for all 1 < < n.

2) The set {ey, ez, - } € K is linearly independent.

3) The set {1,z,22,23, ..., 2%} C KJz]; is linearly
independent.

4) The set {1,z,2%,23,...} C K[x] is linearly inde-
pendent.

5) Let V be a vector space, let v € V. Show that {v}
is linearly independent iff v # Oy, .

3.5 Basis

The following is one of the most central definitions in linear
algebra.

(" Definition 3.33: Basis B
A subset S C V is called a BASIS of V' if the following
holds:

1) S is linearly independent.
2) S spans V, ie. Sp(S)="V.

. J
( Proposition 3.34: b
A subset S C V is a basis of V iff every v € V can
be written in a unique way as a linear combination

of vectors from S. )

The meaning of "unique" in the above proposition is the
following: suppose v € V is written as v = linear com-
bination #1 with vectors from S, and also as v = linear
combination #2 with vectors from S.

Define C; to be all the vectors that appear in linear com-
bination #1 without zero coefficient. Similarly, define Cs.

Then Cy = Cy and Yu € Cq, the coefficient of u in #1
equals the coefficient of u in #2.

In case, S is a finite set, say S = {u1,...,uy}, then unique-
ness means that if v = aju1+- - -+anuy, = brur+- - - +byup,
then a; = b; for all 1 <i < n.

Proof. [of proposition] For simplicity assume that S is finite. (The
general case is an exercise.)

<= Assume every v € V can be written in a unique way. Because every
v € V can be written, this implies that Sp(S) = V. We'll show now
that S is linearly independent.

14



Write S = {v1,...,vn}. Consider the Oy . Clearly, 0 = 0-v1+- - -40-vp,.
But by assumption, there is a unique linear combination of vy, ...
that equals Oy . It follows that if

> Un

a1v1 + -+ apvn :OV-

Then all a; must be zero. Thus, S is linearly independent. Thus, S is
a basis of V.

= Assume S is a basis of V. Therefore, Sp(S) = V. This implies that
every v € V can be written as a linear combination of vectors from S.
It remains to show uniqueness.

Assume by contradiction that v € V' can be written as
v=a1v1 + -+ anvn =bivi + -+ bpvn.
Where aj, # by for some 1 < k < n.
Now, subtracting both expressions, we get
Oy = (a1 —b1)vi + -+ (ag —br) v + -+ + (an — bn)vn.
T

Thus 0y can be written as a non-trivial linear combination of vectors
from S. Thus S is not linearly independent, which contradicts our
assumption that S is a basis. ]

Example 3.35:
1) The set {e1,...,e,} is a basis of K™.
2) The set {1,z,22,..., 2%} is a basis of K[z],.

3) The set {E;; | 1 <i<m,1<j <n}isa basis of
M son (K).

In case of K™, we call the basis {eq, ...
BASIS or CANONICAL BASIS of K™.

,€n} the STANDARD

(" Lemma 3.36: )
Let vy,...,v, € V be a list of linearly dependent
vectors. Then 31 < j < m such that
].) v € Sp(l)l, 000 ,Ujfl)

§ 2) Sp(v1, ..+, Um) = Sp(V1, ..+, Vi1, Ujt1s- -+ s Um) )

Proof. Since the list is linearly dependent, Jai,...,am € K not all

of them zero, such that
aivl + -+ amvm = 0V~
Define j := max{i | a; # 0} (i.e. aj #0and aj41 =--- = am =0).

Then ajvy + -+ aj—1v;—1 +ajv; = O0y. Since a; # 0, we can solve
for v;:

ay aj_1
vj = vy — e — . (3.1)
a; a;
This implies v; € Sp(v1,...,vj-1).
To prove 2), let v € Sp(v1,...,vm). Then

v=civ1+- -+ cmm-

Substituting (3.1) into this expression, we obtain, that v is a linear

combination of v1,...,v;_1,vj41,...,VUm. Hence,
Sp(v1,...,vm) CSp(V1,...,Vj—1,Vjf1,s---,Um)-
But clearly, we also have the other inclusion, thus
Sp(v1, ..., vm) = Sp(V1,.. ., Vj—1,Vjt1,---,Um).
Lemma 3.37:
Let v1,..., v, be a list of linearly dependent vectors

such that vy, - -+ | vy are linearly independent for some
1 <k <m. Then j from Lemma 3.36 satisfies k < j.

15

Proof. Assume by contradiction that 7 < k. We have:
vj =a1vl + -+ aj-1v5-1,
for some a1,...,a;_1 € K.
But this implies that
0=ajv1 +---+aj—1vj-1 —1-v;.

Since there is a —1 coefficient, this is a non-trivial linear combination

of v1,...,vk that equals Oy . This contradicts the linear independence

of v1,...,vg. ]
Lemma 3.38:
Let wy,...,w, € V such that Sp(wy,...,w,) =V
and let v € V. Then the list v, wy, ..., w, is linearly
dependent.

Proof. Write v = ajwi +- -+ anwy, for some ay,...,an € K. Then

Oy =(-1)-v+aiwi + -+ anwnp.

This is a non-trivial linear combination of v, w1, ..., wy, that equals Oy .

Thus, the list is linearly dependent. O
Lemma 3.39:
Let v1,...,v, € V such that Sp(vy,...,v,) = V. Let
Uy, ..., Uy, be alist of linearly independent vectors in
V. Then m < n.

Proof. The proof will have m steps.

Step 1: We will replace u; by one of the vectors vy,...,v,. How?

Consider the list u1,v1,...,v,. By Lemma 3.38, this list is linearly
dependent. By Lemma 3.36, one of the vectors in this list is in the span
of the vectors that appear before it, and if we drop this vector from
the list, the overall span does not change. By Lemma 3.37, this vector
cannot be u; (because uj is linearly independent).

We now drop that vector and get a list of n vectors that still span V'
and the first vector is uj.

Step j (2 < 7 < m): From step j—1, we should have a list of n vectors
that span V' and the first j — 1 vectors are u1,...,u;_1 and the other

rest n — (j — 1) of vectors are taken from the list v1,...,vp.
Let's write this list of n vectors as u1,...,uj—1,W1,..., Wp_(j_1)-
Consider now the list uy, ..., uj_1,u;,w1,..., W (j—1)-

This list with n + 1 vectors spans V' as the span cannot be reduced by
adding more vectors. By Lemma 3.38, we know that this list is linearly
dependent. By Lemma 3.36, one of the vectors in this list is in the span
of the vectors that appear before it, and if we drop this vector from the
list, the overall span does not change. By Lemma 3.37, this vector can
be not of u1,...,uj_1 (because they are linearly independent). Thus,
the vector that we drop is in the set {w1,...,w,_(;j_1)}.

, w list is wy, ..., Ui, W1, ..., Wp_; i i .
So, the new list is u1,...,u;,w1,..., j and it still spans V'

Assume now, by contradiction, that m > n. Then, we can perform the
steps j = 1,...,7 = n and obtain at step j = n a list that looks like

UL, U2y - - -y Uny Un -

This list spans V' as we have shows. But there are more u's which are
not in the list, in particular w,41. If we now add this vecotr to the list,
by lemma 3.38, the list is linearly dependent. But this contradicts the
linear independence of w1, ..., uny1. O
In fact, we proved a bit more than Lemma 3.39, namely:
We can remove m vectors from the list vy,...,v, such
that the remaining n —m vectors v;,,...,v;, .. when put
together with wuq, ..., u,, still span V.

In particular, if m = n, then Sp(uy,...,u,) =V.



Theorem 3.40:

Let V be a finite dimensional vector space over K.
Then V has a finite basis. Moreover, every basis of
V is finite and has the same number of elements.

.
( \
Lemma 3.41:
Let wq,...,w; € V and assume V1 < j < [, w; ¢
Sp(wn,...,wj—1). Then wy,...,w; are linearly inde-
pendent.
. J/
Proof. If wi,...,w; were linearly dependent, then by Lemma 3.36,
31 < j <1 such that w; € Sp(wi,...,w;—_1), contradicting our as-
sumption. 0
Lemma 3.42:

Assume Sp(v1,...,v,) = V. Then 3 a subset of
{v1,...,v,} that is a basis of V.

Proof.
the vectors form vy, ..

We'll have n steps, and each step we'll have consider one of
., v, and decide wether or not to drop it.

Step 1: If v1 = Oy, we drop it. If not, we keep it.

Step 2 < j < n: If v; € Sp(v1,...,vj—1), we drop it. Otherwise, we
keep it. After performing n steps as above, we get a possibly shorter
list v;,,...,v;,, with

1<t <in <+ <im < n.

We claim that Sp(vi,,...,vi,,) = V. Indeed, in any of the steps
1 < j < n, we dropped the vector v; only if v; € Sp(vi,...,vj-1).
From this it follows that dropping v; does not change the overall span.

Sp(Viy s - Vi) =Sp(v1,...,0n) = V.

are linearly independent. Indeed, V1 <
s Vi, —1)- Thus in particular,

We now claim, that v;,,...,v;,
kE < m we have v;, ¢ Sp(viy,...
Vig ¢ Sp(vil PRI 7Uik_1)'

By Lemma 3.41 applied to the list v;,, ..
are linearly independent. So v;,,...,v;

., V4, , we deduce that they
is a basis of V. O

At last, we can prove Theorem 3.40:
Proof. [of Theorem 3.40] We need to prove three things:

1) V has a finite basis. Take any finite set S C V/, such that Sp(S) =V
(this is possible by definition of finite dimensional). By Lemma 3.42,
there is a subset of S’ of S that is a basis of V.

2) Every basis of V' has finitely many elements. Let C be any basis for
V. We'll show that C is a finite set. Suppose by contradiction that
C is infinite. Also, take any finite basis, say S, for V' (we know such
a basis exists by 1), say S = {v1,...,vn}. Choose n + 2025 vectors,
U, ..., Un+2025 € C. By Lemma 3.39, we have that

n + 2025 < n.
This is a contradiction. Thus, every basis of V is finite.

3) Any two bases A, B of V have the same number of elements. By
statement 2), both A and B are finite sets. Now Sp(8) =V and A is
linearly independent. By Lemma 3.39, we have that

Al < 18]
But interchanging the roles of A and B, we also have that

IB| < | Al
Thus, |A] = |B|. |
This inspires the following definition:

(" Definition 3.43: Dimension

Let V be a finite dimensional vector space over K.
We define the DIMENSION of V' to be the unique num-
ber n € Z>( of elements in any basis of V. We write

dim(V) = n.

. /

Sometimes, people also write dimg (V) to emphasize the
field K.

Example 3.44:

1) dim{0y } = 0.

2) dim(K"™) = n.

3) dim(K|[z]q) =d+ 1.

4) dim(M,xn(K)) = m - n.

As a summary of the algorithm we developped, we have:
Let V be a finite dimensional vector space over K. Then:

1) Every finite list of vectors that spans V' will contain a
sublist which is a basis of V.

2) Every linearly independent list of vectors in V' can be
extended to get a basis of V.

(" Theorem 3.45: B
Let V be a finite dimensional vector space of di-
mension n := dim(V). The follwoing statements are
equivalent:

1. v1,...,v, € V are linearly independent.

2. v1,...,V, span V.

3. v1,...,v, form a basis of V.
. J
Proof. 1 = 3: By what was done last time, we can extend the list

v1,...,Vn and get a basis for V. But this list has already n vectors in
it. So there is no extension needed. Thus, v1,...,vy is a basis of V.

3 = 1&2: By definition of basis.

2 = 3: By again, what we did last time, we can possibly drop some
vectors from the list v1,...,v, and get a basis for V. But the length
of the list vy,...,vy is already n. So dropping is impossible. Thus
v1,...,Un Was a basis already from the beginning. d

N

(" Theorem 3.46:

Suppose V is finite dimensional and n = dim(V'). Let
v1,...,0; € V be a list. Then:

1. If £k < n then vy,...,v; do not span V.

2. If K > n then vy, ..., v are linearly dependent.
. J

Proof. 1) Assume k < n. Suppose by contradiction that this list spans
V. As we have seen, we can thin this list to a sublist which is a basis
of V. But any basis of V' has n elements. So we have a contradiction.

2) Assume k > n. Assume by contradiction that vy, ..., v are linearly
independent. By what we did last time, we can extend this list to a basis
of V. But any basis of V' has n elements. So we have a contradiction.
O
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Proposition 3.47:

Let V be a finite dimensional vector space. Then
every subspace U C V is also finite dimensional and
we have

dim(U) < dim(V).

Moreover, dim(U) = dim(V) & U =V.
. J

Proof. Let n = dim(V). We'll show first that U is finite dimensional.

If U = {0y}, then dim(U) = 0 and we are done. Assume now, that
U # {0v}. Take any vector v1 € U\ {Oy}. If U = Sp(v1), then
dim(U) = 1 and we are done.

If U # Sp(v1), take v2 € U\ Sp(v1). By lemma 3.41, vq, v are linearly
independent.

We continue this process and after j steps, we obtain a list vy, ..
U that are linearly independent.

V5 €

However, this process must stop after at most n steps, since other-
wise we would have a list of n + 1 linearly independent vectors in V,
contradicting the fact that dim(V) = n.

For the equality case, conversly suppose k = n. Thus the list of vectors
V1,...,Un is a basis for U, hence these are linearly independent vectors.
They continue to be linearly independent even when viewed as vectors
in V. By the above theorem, v1,...,v, also span V. Thus U =
Sp(Ul,...,Un):V- O

3.6 Row and Column Spaces

Consider K™. Let v, ..
tions arise:

1. Let w € K™. How to determine whether or not
w € Sp(v1,...,0,)?

.,up € K™. The follwoing ques-

2. How do we describe Sp(vy,...,v,)?

3. How to determine if vy, ..., v, are linearly indepen-

dent?
Let us start with question 1).

For w € Sp(vy,...,v,), this is equivalent to the existence
of ai,...,a, € K such that

w=aiv] + -+ apvy,.

We can write this as

So the question is, wether or not the system of equations
(3.2) with the unknowns ay,...,a, has a solution.

For the second question, apply answer 1) to a general b =
w. So do elimination to the augmented matrix (A4|b), untill
we get a reduced row echelon matrix (A’|V'). And A’z =¥
has a solution iff Az = b has a solution.

In case A’ does not have any 0-rows (i.e each row of A’ has
a pivot). In this case, A’z = V' will always have a solution,
which implies that Sp(vy,...,v,) = K™.

If A’ does have some O-rows, then the entries in b’ corre-
sponding to these O-rows must also be 0 for A’z = b’ to
have a solution. Thus

beSp(vr,...,vn) &b =by=---=0b,=0.

Example 3.48:
Take the following in R3:

1 1
v = 1 s Vg = 0
1 -1

The span of vy, v is given by all vectors b € R? such

that
1 1 b1 1 1 bl
1 0 by =10 1 by — b2
1 -1 b3 0 0 by —2by+bs

From this, we see that for Sp(v1,vs), we must have

by
bo
b3

Sp(’l}h’l)g): €R3‘b1—2b2+b3:0

For question three, we see that vy, ..
dependent iff the system of equations

., Un are linearly in-

ay
| | as |
(I S .1 =0y
an,
Has only the trivial solution a; = a2 = --- = a, = 0. So
Take A = (v -+ - vy,), do elimination and get A’.

In other words, vy, ..., v, are linearly independent iff the
reduced row echelon form A’ of A has percisely n pivots
(i.e no zero rows). So the matrix is of the form

1 % *x -+ x
0 1 % --- =
| :
A= 0 0 O 1
0 0 O 0
Let us revisit theorem 3.46. Take a list v1,...,v, € K™,

where n < m. Form the matrix

Ul ’1)2 PRI vn
We can have at most n pivots but m > n. When trying

to solve Az = b, we will get at least one zero row in the
reduced row echelon form of A. Now, the span is given by

7Un):{b€Km|b,ln+1:b;1+2::b’/rn:()}

A:

Sp(vh .

Assume now that n > m. Why is vy,...,v, linearly de-
pendent? Well, we need to check if the system

Ty

I T2 |
Oy

X

n

has non-trivial solutions. After elimination, we get A'x =
0 and A’ can at most have m pivots, since there are only
m rows. But n > m, so there are at least n — m free
variables. Thus, there are non-trivial solutions.
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Notice that it is NOT true that ColS(A) = ColS(B)
Proof. Let M € My, xm(K).

1) When we exchange two rows of M, the span of the rows does not
change. So RowS(M) does not change under this operation.

2) The operation AR; — R; for A € K \ {0}. Here too, the span of
the rows does not change. So RowS(M) does not change under this
operation.

3) The operation R; + AR; — R; for A € K, # j. We need to show

Sp(R1,...,Rm) =Sp(R1,...,Ri + ARj, ..., Rm).
Indeed, Sp(R1,...,R; + ARj,...,Rm) C Sp(R1,..., Rm) since R; +
AR; € Sp(Ry,. .., Rm).

We also have Sp(R1,...,Rm) € Sp(R1,...,Ri + ARj,...,Rm). In-
deed, R; = (R; + AR;) — ARj, and since i # j, R; is in the span on
the right hand side.

So we conclude that after one elementary row operation on M, the
RowS(M) is unchanged.

If A and B are row equivalent, then 3 a finite sequence of matrices

A = Ag, A1,...,Ar, = B such that each A;; is obtained from A; by
an elementary row operation. By the above,
RowS(Ap) = RowS(A1) = --- = RowS(Ag) = RowS(B).
O
N

(" Definition 3.51:
Let A € My, xn(K). The ROW-RANK of A is defined

row-rank(A) := dim(RowS(A))
col-rank(A) = dim(ColS(A4)).

(" Definition 3.49: Row and Column Spaces Y ( Lemma 3.52: )
Let A € My, xn(K). Denote by uq,...,u, € K™ the Let B € M, xn(K) which is in row reduced echelon
rows of A and by vy,...,v, € K™ the columns of A. form. Then the rows of B that are not totally 0 form

a basis of RowS(B). In particular, row-rank(B) is
- w1 = | | | equal to the number of pivots in B.
- am =
A= ? =|vy vy - wu, Also the pivot columns of B form a basis of ColS(B).
| | | In particular, for matrices B that are in row reduced
- Un — echelon form, we have
Define two spaces: col-rank(B) = row-rank(B).
. J
RowS(4) := Sp(u1, ..., um) C K Proof. Consider the following matrix:
ColS(A4) == Sp(v1,...,v,) C K™. : :
i 42 de
v
Where we call RowS(A) the ROw SPACE of A and L***é o Sx x | <4
ColS(A) the COLUMN SPACE of A. E | K. i**%k o o

. J

4 B\ &= /—\ p
Lemma 3.50: \ ( ] ?:* /

b3 «r
If A,B € My, xn(K) are row equivalent, then S \ \\/ B O
RowS(A) = RowS(B). A . .
S ) Denote by ji < -+ < jr the column numbers of the pivots. Denote

by wui,...,u, the non-zero rows of B. We claim that uq,..
linearly independent.

., Uy are

Indeed, assume that Aqu1 + -+ + Aru, = 0. This is a vector in K™.
Entry number ji in this vector is precisely \g, since ui has a pivot in
column ji. But if we assume that A\juj; + -+ + A\ru, = 0, then all
entries of this vector are 0. In particular, Ay =0 forall k =1,... 7.
Thus, u1,...,u, are linearly independent. This shows our claim.

But RowS(B) = Sp(u1, ...

By Thm 3.45, uq,..
row-rank(B) = r.

,ur) by definition.

., ur form a basis of RowS(B). Also we get that

For the column space, clearly
ColS(B) C{z e K" | 241 =...2m =0} = K" x {0} ".
At the same time, the pivot columns of B are of the form

0

o O

*

Soeq,..
Sp(et, ..

Thus, ColS(B) = K" x {0} and the pivot columns of B form a basis
of ColS(B). In particular, col-rank(B) = r = row-rank(B).

.,er form a basis for K" x {0}. Hence we have, K" x {0} =
.,er) C ColS(B).

O

We thus have found an algorithm to find a basis for the
span of a list of vectors uy,...,u, € K", viewed as rows.
Just put them as rows of a matrix A € M, «,(K), row
reduce A to B, and take the non-zero rows of B as a basis
of Sp(ut, ..., Um).



Remark 3.53:

The number of pivots one gets after elimination does
NOT depend on the specific elimination process be-
cause the number of pivots is equal to the dimension
of the row space, which is an invariant of the matrix.

3.6.1 Transpose of a Matrix

Sometimes its useful to switch between rows and columns
of a matrix.

(" Definition 3.54: Transposed Matrix B
Let A = (a;5) € Mpxn(K). The TRANSPOSED Ma-
TRIX of A, is

AT = (b”) S Mnxm(K) with bij = Qjj.
. Sometimes also A? is written. )

Example 3.55:
Let
1 2
A=1|3 4
5 6
Then

r (1 35
4 _<24 J'

Simple properties of the transpose: VA, B € M, xn(K)
and A € K:

1. (A+B)T = AT + BT

2. (AA)T =\AT
3. (AT = A
4. RowS(AT) = ColS(A) and ColS(AT) = RowS(A)

3.7 Sums of Vector Spaces

Let V be a vector space over K.

(" Definition 3.56: Sum of Subspaces B
Let U,W C V be subspaces. We define the Sum as
U+W={ut+w|ueclUweW}CV.
In similar fashion, we can also take sums of more
subspaces.
. J

( Proposition 3.57:
Let U, W C V be subspaces. Then

1. U4+ W = Sp(UUW). In particular, U + W is
a subspace of V.

2. Suppose U, W are finite-dimensional. Then U+
W is also finite-dimensional and one can write
a basis for U + W as follows:

e Choose a basis p1, ..., pr for UNW where

k = dim(U N W).

e Extend this to a basis pq,...
of U, where | = dim(U).

y ULy oo, Ul—F

e Extend pi,...,pr to a basis of W say
DPls- -y Pk, Wi,y -- ., Wn_k, Where we have
m = dim(W).

® Py PhyUlye .y Ul—k, W1y ..., Wp—f al€

a basis of U + W.

3. In particular

dim(U+W) = dim(U) +dim(W) —dim(UNW).

. /

Proof. 1) Clearly, U+W C Sp(UUW). We'll show that Sp(UUW) C
U+Ww.

Indeed, let v € Sp(UUW). Then v =377, a;u;+ 3 7 bjw;, where
a;,b; € K, u; € U and w; € W. But the first sum belongs to U and
the second to W because U, W are subspaces. Thus, v € U + W.

Together this shows U + W = Sp(U U W).
2) We first show that
S = {p1,...

are linearly independent. Indeed, if
k I—k m—k
Zaipi + ijuj + Z ctwt = Oy .
i=1 j=1 t=1
Write v '= ciw1 + ... ¢ rwi, € W. Note that
k I—k
v = _(Zaipi + ijUj) e U.
i=1 j=1

Sov e UNW. Since p1 ...
at,...,a € K such that

Dk ULy - vy Uy W1, -+, Wik }

, Pk is a basis of U N W, 3 coefficients

k
v = Z [eZyn
i=1

Furthermore, since p1,...,pg, W1,..., W _k is a basis of W, Thus,
k m—k
E ;P — E ctwy = Oy
i=1 t=1
o =a2=---=qp=0

But p1,...,pk,u1,...,u;_k is a basis of U, so

a1 = =ap=>by = =b_j=0.

This shows that the p vectors with the u and w vectors are linearly
independent. It remains to show that they span U + W.

Indeed let z € U + W. Write z = u + w. We can write

u=o1p1 + -+ appr Farur + -+ U
w=P1p1+ -+ Brpr +brwi + - + by Wk
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Then,
z=(ca +B1)p1+ -+ (g + Br)pk
+aiur + - Fa_gu—g
+biwi + -+ by Wy k-
But this definetly belongs to Sp(S). Thus S is a basis of U + W.

3) We know
dim(U + W) = k+ (I — k) + (m — k)
=l+m-—k
= dim(U) + dim(W) — dim(U N W).
]
( Corollary 3.58: B
Let U, W C V Dbe finite-dimensional subspaces. Then
the following are equivalent:
1. dim(U + W) = dim(U) + dim(W)
2. dm(UNW)=0
3. UNW ={0v}
4. Every v € U + W can be written uniquely as
v=u+w withue U and weW.
5. If u +w = Oy, then u = 0y and w = Oy.
. J

Proof. 1 < 2: Follows from the dimesion formula in Proposition 3.57.

2 < 3: Again using proposition 3.57 and the fact that there is only one
space of dimension 0, namely {0y }.

3 = 4: By the definition 3.56, every v € U + W can be written
as v u+ w with w € U and w € W. We need to show now
the uniqueness. Assume v = u + w = v’ + w’ with u,v’ € U and
w,w’ € W. Then u — v’ = w’ — w. But the left hand side belongs
to U and the right hand side to W. Thus, u —u' € UNW. By 3),
u—1u' =0y, so u=u'. Consequently, w = w'.

4=5 0=0+4+0,s0if 0=wu-+v and 4 holds, then u =0 and v = 0.

5=3: Letve UNW. Clearly 0 = v+ (—v) withv € U, —v € W.
By 5), v =0y . O

Definition 3.59: Complement of a Subspace

Let U C V be a subspace. A subspace W C V is
called a COMPLEMENT of U in V if

U+W =V and UNW = {0y}

Notice there are in general many complements of a given
subspace. There is not a canonical choice.

Proposition 3.60:

Let V be a finite-dimensional vector space over K
and U C V a subspace. Then there exists a subspace
W C V which is a complement of U in V.

Proof. Choose a basis u, .. Extend

this list to a basis of V/, say

.,u; of U, where | = dim(U).

ULy -5 UL, W, - e, Win s

So l4+m = dim(V). Take W := Sp(w1, ..., wm). Clearly, U+ W =V
because U + W = Sp(u1,...,u;, w1, ..., wm) = V.

Also UNW = {0y } because if 22:1 aiu;

l m
Zaiui — ijwj =0y.
i=1 =1

Z;nzl bjwj, then

20

But since u1,...,u;,w1,...,wm is a basis of V, they are linearly inde-
pendent, so all coefficients are 0.

Alternatively, by corollary 3.58, we can compute
dim(UNW) = dim(U) +dim(W) —dim(U+W) = l+m— (I4+m) = 0.
O



4 Linear Maps

Let V, W be vector spaces over a field K.

A linear map is a function between vector spaces that re-
spects the structure of the vector spaces. Other names
include, linear transformations or homomorphisms of vec-
tor spaces.

(" Definition 4.1: Linear Map
A map T :V — W is called LINEAR if

1. Vu,o eV :T(u+v)=T(u)+T(v)
2. YweVVae K:T(a-v)=a-T(v)

The set of all linear maps T': V' — W is denoted by
Hom(V, W) or Homg (V, W).
.

J

Sometimes, we write Tv = T'(v). The reason, V and W
are over the same field K is that the definition would not
make sense otherwise.

Exercise 4.2:
Show that T': V — W is linear iff

T(au+ ) = aT(u) + bT(v) Yu,v € V,Va,b € K.

Example 4.3:
1)id : V — V is a linear map.

2)0:V — W,v— Ow is a linear map.

3) D : K[z] — K]|x], the (formal) derivative, i.e.
D(ag+arz+---+apz") = a1 +2asx+- - tna,z”
is a linear map as

D(ap(x) + bg(z)) = ap'(z) + bq'(x)

= aD(p(x)) + bD(q())-

4) Let C([a,b]) be the vector space of continuous
functions f : [a,b] — R. Then the map

b
T C(a,B]) - R, fl—)/ e

is linear.

5) S: K® — Koo,(al,aQ,...
the SHIFT map is linear.

) = (az,as,...) called

Example 4.4: Important Example
Let A € My, xn(K). Define

. n m
TA . Kcol — c

ol»

T — Ax.

We showed that A-(a-2z) = a-(Az) and A- (z+y) =
Ax + Ay. Thus, T4 is linear.

[ Proposition 4.5: B
Let T: V — W be a linear map. Then:
1. Vn € Z>o,Vv1,...,v, € V,Vayq,...,a, € K:
T (Z aivi> = ZalT(vl)
i=1 i=1

2. T(Oy) = Ow
. J
Proof. 1) We prove this by induction on n.

Base case: m = 2: This is just the definition 4.1.
Assume true for n. We show for n + 1:

n+1 n
T <Z aivi) =T (Z a;v; + an+1vn+1>
i=1

i=1

n
=T (Z am) +T(an+1Vn+1)

=1

Induction step:

n
=Y aiT(i) + ant1T(vnt1)
i=1
n+1

= Z a; T (v;).
i=1

2) Note that
T(0y)=T(0-v)=0-T(v) = Oy .

Theorem 4.6:

Let V be finite-dimensional, and let vq,...,v, be a
basis of V. Then Ywy,...,w, € W, 3! linear map
T:V — W such that T'(v;) = w;.

In other words, we can define a linear map by defining
where the basis vectors go.

Proof. Existence of T: Let v € V. We want to define T'(v). Since
Vi,...,Un is a basis of V, 3 a1,...,an € K such that
vV =a1v1 + asvs + -+ anvn. (4.1)

Define T'(v) = a1w1 +agwa + - - - + anwn. Note that T is well-defined
because Vv € V, the coefficients a; are unique. We claim that T is
linear.

Indeed, let u,v € V. Then Ja;,b; € K such that

n n
u = E a;v;, U= g b;v;.
i=1 i=1
Now,

utv= Z(ai + bi)v;.
i=1
But also by definition of T' by (4.1):

NE

T(u+v) =Y (a;+bi)w;

1

-
Il

n
agw; + Y baw;
i=1 i=1

=T(u) + T(v).

Let now o € K,v € V with v =37 | a;v;. Then,
T(av) =T <Z aaivi> = Z aa;w;
i=1 i=1

n
=« Zaiwi = aT (v).

i=1

WE

o
Il



This proves that T is linear. Note that by definition, T'(v;) = w;. We
now have to show uniqueness of T'.

Suppose T, S : V. — W are linear maps such that T'(v;) = S(v;) = w;.
We'll show that T'=S. Let v € V. Write v = > " ; a;v;. Then,

n n
Prop. 4.5
Tw)=T <Z aivi> "B Z a;T(v;)
i=1 i=1

3

a;
1

g

i

I
NE

a;S(v;) Prop. 45 S (Z aﬂh‘) = S(v).
i=1

1

<.
Il

Example 4.7:

Consider K™ with the standard basis ey, ..., e,. Let
wi,...,w, € K™ be n arbitrary vectors. By The-
orem 4.6, 3! linear map T : K™ — K™ such that
T(e;) = w;. We can describe T as T = T4 where

wy w2 Wn

Recall that T4 : K™ — K™ is linear. Indeed, for e;,

A:

TA(@Z') =A. e; = W;.

So we have constructed a linear map 74 such that
Ta(e;) = w;. By uniqueness in Theorem 4.6, T' = Ty.

([ Lemma 4.8:

V linear map 7' : K™ — K™, 1A € M,,,xn(K) such
that T = T4.

In fact,

4.1 Kernel and Image

Let T : V — W be a linear map.

(" Definition 4.9: Kernel and Image
The set

Ker(T)={veV |Tw)=0w}CV

is called the KERNEL of T'.

The set
Im(T) ={Tv|veV}CW

. is called the IMAGE of T'.

bWith the notation from set theory, we have

Ker(T) =T '({0w}) and Im(T)=T(V).

Proposition 4.10:

The kernel Ker(T') is a subspace of V' and the image
Im(T) is a subspace of W.

Proof. 1) Let a,b € K and u,v € Ker(T). Then
T(av+bu) = aT(v) +bT(u) = a-Ow +b-Ow = Owy .

Hence, av+bu € Ker(T') and since Oy € Ker(T'), Ker(T) is a subspace

of V.

2) Let a,b € K and w1, w2 € Im(T). Then Jv1,va € V such that
T(Ul) = wi, T(Ug) = w2.

Now T'(avi +bv2) = aT'(v1)+bT (v2) = awi +bwa. Thus aw +bws €
Im(T). Also O = T'(0y) € Im(T"). Hence, Im(T) is a subspace of
w. g

Example 4.11:

Let A € Myxn(K) and Ty : K™ — K™ be a linear
map Ta(z) = Azx. Then Ker(Ty) = {x € K" | Ax =
0} is the solution space of the homogeneous system
of linear equations associated to A.

Proposition 4.12:

The following are equivalent for a linear map 7' : V' —
&

1. T is injective < Ker(t) = {0y }

2. T is surjective & Im(T) = W

. /

Proof. 2) This is true by definition of surjectivity and image. 1) =
Clearly 0y € Ker(T). So {0y} C T~1({Ow}). Since T is injective,
T—1({0w}) contains at most one element. Thus, Ker(T) = {0y }.

<: Let u,v € V such that T'(u) = T'(v). Then we have
T(u) —T(w) =0w = T(u—v) =0 = u—v € Ker(T).
But by assumption, Ker(T') = {0y}, so u — v = Oy = u = v which
shows the injectivity. |
Exercise 4.13:
Show that

1. If V! C V is a subspace, then T(V') C W is a
subspace.

2. If W' C W is a subspace, then T-Y(W’') C V
is a subspace.

3. Explain why 1 & 2 are generalisations of Propo-
sition 4.10.

Recall that f : X — Y is called bijective if it is both
injective and surjective. In this case, 3! inverse map

g:Y —- X suchthat gof=idyx, fog=idy.
The other direction of this also holds: If 3¢ : Y — X such

that go f =idx and f o g =idy, then f is bijective.
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Definition 4.14: Isomorphism

A linear map T : V — W is called an ISOMORPHISM
if 3 a linear map S : W — V such that
SoT =idy, ToS =idy.

We say that V is isomorphic to W if 3 an isomor-

phism T : V — W and write V= W.

. /

Any isomorphism is obviously bijective. The other direc-
tion also holds:

Lemma 4.15:

Let T : V. — W be a linear map. Then T is an
isomorphism iff 7" is bijective.

Proof. Let a,b € K,wi,wa € W. Put v;i = T~ !(w1) and ve
T~ 1(ws). Since T is linear we get

T(avi + bva) = aT'(v1) + bT (v2) = awi + bwa.
But then
T_l(aw1 + bwz) = avy + bvg = a,T_l(wl) + bT_l(wg).
Hence, T~ is linear and thus 7" is an isomorphism.

In short, for linear maps, isomorphism = bijection.

(" Lemma 4.16:

Let T:V - W,S : W — U be linear maps. Then
the composition
SoT:V =U, v— S(T())

is also a linear map.

. /

Proof. Let a,b€ K,u,v € V. Then

SoT(au+ ) = S(T(au + bv))
= S(aT(u) + bT'(v))
=aS(T(u)) + bS(T (v))
=a(SoT)(u)+b(SoT)(v).

Exercise 4.17:

Show that = defines an equivalence relation on the
set of vector spaces over K.

Definition 4.18: Endomorphism and Automorphism

A linear map T : V — V (both domain and target
are V) is called an ENDOMORPHISM of V.

We denote the set of all endomorphisms of V' by

End(V) :== Hom(V, V).

A linear map T : V — V which is an isomorphism is

called an AUTOMORPHISM of V.
. J

Sometimes, if T is injective, we call it a MONOMORPHISM,
and if T is surjective, we call it an EPIMORPHISM.

23

Lemma 4.19:
Let v1,...,v, be a basis of V. Then Im(T) =
Sp(T(v1),...,T(vn))-

Proof. We first show Im(T) 2 Sp(T(v1),...,T(vn)). Let

.,an € K. Then

Z%‘T(Ui) =T <Z aivi> € (7).
i=1 i=1

5 T(vn)) C(T).

at,..

Thus Sp(T'(v1), ..

For the other inclusion, let w € S(T'). Then Jv € V such that T'(v) =
w. Since v1,...,vy is a basis of V, Ja1,...,an € K

n n n
v = Zaivi >w=TwW) =T <Z aivi) = ZaiT(vi).
i=1 i=1 i=1

Thus w € Sp(T'(v1),...,T(vn)) and hence this inclusion holds as well.
O

Theorem 4.20: Rank Theorem

Let V be finite-dimensional and T : V' — W a linear
map. Then

dim(V) = dim(Ker(T)) + dim(Im(7T")).

Proof. Let n:=dimV Let ui,...,ux be a basis of Ker(T), where
k = dim(Ker(T")). Extend this to a basis of V' (Since the kernel is a
subspace of V its also finite-dimensional). We extend it to a basis of
V:

UL, ooy Uy V1o ey Un— k-

By Lemma 4.19, we have
Im(T) = Sp(T'(u1), ..., T(ug), T(v1), ..., T(vn—k))
=0 =0
= Sp(T(v1)7 ce 7T(U’n7k))‘

We claim that T'(v1),...,T(vn—k) form a basis for Im(T"). Indeed
we just proved that theese vectors span Im(7"). We now show linear

independence.
Let ay,...,ap— € K and assume Z?;lk a;T(v;) = 0. Since T is
linear,

n—k n—k

T(Z a;v;) = Z a;T(v;) = 0.

i=1 =1
Thus, ?z_lk a;v; € Ker(T). But uy,...,uy is a basis of Ker(T'), so
3b1,...,bx € K such that

a1v1 + -+ Ap gUn—k = brur + -+ + brug

= a1v1 + -+ an_kVp—k —brur — - —bgug = 0.

But since wi,...,uk,v1,...,9h_k is a basis of V, they must be
linearly independent. Thus, all coefficients are 0, which proves that
T(v1),...,T(vn_g) are linearly independent.

We can see that dim(Im(7)) = n—k = dim(V) —dim(Ker(T)). which
proves the theorem. d

N

( Corollary 4.21:

Let T : V — W be a linear map between finite-
dimensional vector spaces. Then the following holds

o If dimW < dimV, then T is not injective.
e If dimV < dim W, then T is not surjective.
e If dimV = dim W, then

T injective < T surjective < T bijective.
. J

Proof. 1) Since Im(T") C W, we have

dim(Im(T)) < dim(W) < dim(V).



By the rank theorem (Theorem 4.20),
dim(Ker(T)) = dim(V) — dim(Im(T")) > 0.
But this means that Ker(T') # {0y }, so by Proposition 4.12, T is not
Injective.
2) Again by the rank theorem,

dim(Im(7)) = dim(V) — dim(Ker (7)) < dim(V) < dim(W).

Since the image has strictly smaller dimension than W, we have
Im(T) C W and thus T is not surjective.

3) T is injective < dim(Ker(T)) 0. But this is equivalent
to dim(Ker(T)) 0. By the rank theorem, this is equivalent to

dim(Im(7")) = dim(W), which is equivalent to T' being surjective.

O

Corollary 4.22:

Two finite-dimensional vector spaces V and W are
isomorphic iff dim(V') = dim(W).

Proof. =: Suppose T' : V. — W is an isomorphism. Then T is
bijective, so by Proposition 4.12,

Ker(T) = {0y } = dim(Ker(T'))

0,

and
Im(T) = W = dim(Im(T)) = dim(W).

By the rank theorem, we have

dim(W) = dim(V) — dim(Ker(T')) = dim(V) — 0 = dim(V).

<: Assume dim(V') = dim(W). Denote by n their common dimension.

Let v1,...,vp be a basis for V and wi, ..., w, be a basis for W.

Define a linear map T': V. — W by T'(v;) = w; fori = 1,...,n. By
Theorem 4.6, such a linear map exists and is unique. By Lemma 4.19,

we have
Im(T) = Sp(T'(v1),...,T(vn)) = Sp(wi,...,wn) = W.

Hence, T is surjective. By Corollary 4.21, we have that T is also injec-
tive, and thus bijective, i.e. isomorphic. d

( N\

Theorem 4.23:

Let T be an isomorphism. Let S be a set of vectors
from V. Write

T(s) =

(T(v) |ve S}

Then

1) S is linearly independent iff 7'(S) is linearly inde-
pendent.

2) S spans V iff T'(S) spans W.
3) S is a basis of V iff T'(S) is a basis of W.

. /

Given V =2 W, then V and W have the same algebraic
properties. We can think of V' and W as the same space
represented in two different ways. For all practical pur-
poses, V and W are identical.

Now, unfortunately, there is no canonical isomorphism be-
tween two vector spaces and none is preferred over another
in general. Since this is the case, it is therefore better to
look at all of them.

So for example, K[z]3 = K*, but there is no preferred
isomorphism between them. A more extreme example is

the vector space
) |a11+a22:0}.

{

This is a 3-dimensional vector space over K, so it is isomor-
phic to K3, but there is no obvious isomorphism between
them.

a12
@22

aii
azi

Definition 4.24: Rank of a Linear Map
We define the RANK of a linear map 7': V — W as

rank(7) := dim(Im(7)).

Exercise 4.25:

Let T:V — W, S: W — U be linear maps where
U,V,W are finite-dimensional. Show that

1. rank(S o T') < min(rank(S), rank(7T)).
2. If S is injective, then rank(S o T') = rank(T).
3. If T is surjective, then rank(S o T') = rank(.S).

4.2 Linear Maps and coordinates

In this section, we will always assume that all vector spaces
are finite-dimensional. We will write a basis as an ordered

tuple B = (vi,...,v0,).
(" Definition 4.26: Coordinate Vector B
Let V be a vector space over K and B = (vq,...,v,)
a basis for V. Let v € V. Define the COORDINATE
VECTOR of v with respect to the basis B as
a
as
[U]B = e K".
an
Where ay,...,a, € K are the unique scalars such
that
V= a1v1 + a2v2 + - - + a, vy,
. J

Define a map &5 : V — K" by

CDB(’U) = [U]B Yv e V.

Proposition 4.27:
The map ¢ : V — K™ is an isomorphism.

Proof. Linearity of 5. Let a,b € K and u,v € V. Now write v and
u as a linear combination of the basis vectors:

ai
n as
v = Zaivi, a; € K= g =
i=1
an

b; € K.

n
u = E bivi,
i=1
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Now it holds that

n n
av + bu = aZaivi +beivi
i=1 i=1

n

= Z(aai + bbi)’ui
i=1
aa1 + bby al b1
aas + bby a b
= [av + bulg = . =al| . | +b]| .
aan + bby an bn,

= a[v]s + blu]s.
Now in the @5 definition, we have
Pp(av + bu) = [av + bulg = alv]g + blu|p = aPp(v) + bPp(u).
This shows linearity. We now show that ®3 is an isomorphism.

® 5 is a map between two vector spaces of the same dimension n. Hence,

we will show that Ker(®3) = {0y} to prove injectivity.

Indeed, if v € Ker(®g), then

s =|.
0
But this means that v = Oy. Thus, Ker(®g) = {0y} which implies

injectivity. By Corollary 4.21, ®p is also surjective, and thus an isomor-
phism. ]

(" Remark 4.28: )

The inverse <I>l§1 : K™ — V of ®p can be written as:

ay
1| %2
Dy = a1v1 + agvy + -+ - + AU,
Qnp
1\ J
Example 4.29:

Consider V' = R? and let & = ((é) , (2)) be the
standard basis of R2. Let B = (G) ; (_11>) be

another basis. Let v = (;j) € R2. Then

= (5). bla= ().

But how can we do the second equality quickly? We
can consider the first the basis vectors of £ as linear
combinations of the basis vectors of B: Write [v1]p =

(Zl) Hence, by a system of equations, we have
2

1 1\ _ /1 11
a\q)To2\_4]= 0 =>a1—§,a2_§.

Similarly, for v, we have

1 1 0 1 1
o} on(2)-()n-hoe)

Since the map is linear, we find the desired result.
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Let V, W be finite-dimensional vector spaces over K. Let
n:=dimV,m = dimW. Let T be a linear map from V
to W. Fix a basis B for V' and a basis C for W.

Since it does not matter which path we take from K™ to
W, we say that the diagram COMMUTES.

Recall that composition of linear maps is linear. Hence,
b - T - CI)gl : K™ — K™ is a linear map.

By previous knowledge (4.7), 3!A € M, xn(K) such that

—Ty.

- T 5t (2)

Where T4 : K™ — K™ is the linear map defined by Tyx :=
A-x.

The matrix A is called the REPRESENTATION of T' with
respect to the bases B and C. It is denoted by [T5.

Now, how do we calculate [715? PutA = [T]5.
v—L—w
<I>31T J@c
Ta
K" ———— K™

Let now e; € K™ then under the map <I>g1, it becomes
v;, the i-th basis vector of B. Applying T to v; gives
T(v;) € W. Under ®p, this becomes [T'(v;)]c € K™.

In other words,

Another way to describe this [T]5 is the following: Write
[T)5 = (a;;). The entries a;; are uniquely defined by:

T(vj) = Zaijwi forj=1,...,n.
i=1

(Here, C = (w1, ..., wm).)

( Proposition 4.30:

Let T : V. — W be a linear map and let B, C be
bases for V and W, respectively. Put A = [T]5.
Then Yv € V,

Equivalently: [Tw]c = [T]5 - [v]s.
. J

Proof.



This diagram commutes again. Going around the top right gives us
@ (T'(v)) = [T(v)]e-
Which is equal to
[T(v)]e = Ta(lvls) = A [v]B.

Example 4.31:

Let V=K"W=K™" T:V — W be a linear map
with T' = Tg. Take B and C to be the standard bases
of K™ and K™, then [T]5 = Q.

Example 4.32:

Let V = Klz]s, W = Klz]p and let D : V — W
with D(f) = f’ be the differentiation map. Take
B=(1,z,2°% 2%) and C = (1,z,2?) as bases of V and
W, respectively. We now want to find [D]5.

We have

D(1)=0=0-1+0-2+0- 2
D(z)=1=1-140-2+0-2°
D(*)=2x=0-1+2-2+0-2>
D(z®)=32>=0-14+0-2+3-2°
Hence we find

01 0 0

D)E=10 0 2 0

00 0 3

4.3 Matrices

Let T:V — W and S : W — U be linear maps between
finite-dimensional vector spaces. Let A = (vq,...,v,) be
a basis for V, B = (wq,...,w,,) a basis for W and C =
(u1,...,up) a basis for U.

Consider SoT : V — U. We want to find the relation
between [S o T|#, [T]# and [S]5.

Write [T]4 = A = (a;;) and [S]5 = B = (b;;). Further-
more, write [S o T]Z = C = (c¢;;).

We know that
T(v;) = a1jw1 + agjwa + -+ + Ay j Wi
Furthermore
S(w;) = bijur + bajug + -+ + bpjuyp.
Lastly,
SoT(vj) = crjur + cajua + - - + Cpjtp.

But (S oT)(vj) = S(T(vj)), so we have
S(T(vj)) =5 (Z aijwi> = Zaijs(wi)
=> ai <Z bki“k) => ( bkiaij> Uk
i=1 k=1 1

k=1 \i=

So the coefficient ¢ = Y v briij.

So
Clj
02]‘

[SoTIA =
Cpj

If we write the matrices A and B we get

[SoT|d = bim

bil

(" Definition 4.33: Matrix Multiplication )
Let A € Myxn(K) and B € M, x,(K). Write A =
(ai;) and B = (b;;). Define a new matrix C' €
M, xp(K) with entries (¢;;), where

n
Cij = Zaikbkj~
k=1
We denote this new matrix C' by A- B and call it the
L MULTIPLICATION or PRODUCT of A and B. )

It is important that the number of columns of A equals
the number of rows of B.

Another way to describe A - B is the following:

(A)~ z1 o 2| =1 Axn Az
Example 4.34:
Compute
3 2 1 -
10 2) |01
4 0

We have
7 8
an=(] %),

In this example, we can also compute the other way
around and get:

5
1

2 5
B-A= 0 2
8 4

—_

2

This example tells us that in general, matrix multiplica-
tion is not commutative, i.e. A-B # B - A in general.

Let A € Myxn(K). Let v € K2|. We define Av previ-
ously. Vieving v as a n x 1 matrix, we can see that this is

just a special case of matrix multiplication.

Using the same idea, we can define multiplication of a
1 X n matrix with a n x n matrix. Let w € K'*" and
A€ Myyn(K). Then we define

w-A= (D) wikak > he1 WikGkn) -

which is a 1 X n matrix.
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So matrix multiplication can also be described like

Conclusion: [S o T|Z = [S]5 - [T]5.

As a notation, let I be an index set. Vi,j € I, define

1 S
6ijZ= Z ]
0 i#j

This is called the KRONECKER DELTA.

Define the identity matrix I,, € M, x,(K) as

10 --- 0
01 --- 0
I, = (6:5) = :
0 0 1
(" Remark 4.35: )

Let v be a finite dimensional vector space with di-
mension n. Let B be any basis of V. Consider
idy : V — V. Then [idy]8 = I,,.

Proposition 4.36:

].) VA € Man(K)7 B S Mnxp(K)7 C € MPX(I(K)7
we have
A-(B-C)=(A-B)-C.

Hence, there is a meaning to write A - B - C' without
parentheses.

2) VA,B € My xn,C € My, C' € Myxm, we have
(A+B)-C=A-C+B-C
C'- (A+B)=C"-A+C'-B.
3) VA € My xn(K), we have
I, A=A=A-1,.

) Va € K, A€ Mpxn(K),B € M,xp(K), we have

(¢d)-B=a(A-B)=A-(aB).

. /

Proof. 1) Let Ty : K" - K™, Tp: KP — K" and T¢ : K9 — K?
be the linear maps defined by A, B and C, respectively. VI, denote by
E; the standard basis for K.
E E
[TA]E; = A, [TB]EZ =B, [TC]Ez =C.
We have
(TaoTg)oTo =Tao(TpoTc),
since composition of functions is associative. Hence
E E
[(TaoTg)oTclg! =[Tao(TpoTo)lg! -
By what we did earlier,
E E E
[Ta o Tslg!, - [Telg! = [Talg?, - [T o Tely!.

But we can expand this further:

(ITalr, - [Tel?) - [Tolg? = [Talgr - ((Tely" - [Tol50)-

But this is exactly what we wanted to prove.

2) If T,S : V — W are linear maps, B is a basis for V and C is a basis
for W, then

[T+ 51¢ = [TIE + [SIE.-
From this, the result follows directly. 3) Look at the definition of I, in
the standard basis. From this, the result follows directly.

4) The outline of the proof is to let A = (a;j) and B = (b;j) and

compute both sides. d
(" Remark 4.37: B
Let V' be a vector space, take « € K. And let Q(v) =

av. Then
a 0 0
0 « 0
B
[Qls = :
0 O «
. J
( o _ano . B \
Definition 4.38: Invertible Matrix
Let A,, be a n x n matrix. We say that A is INVERT-
IBLE if 4B,, such that
A-B=1,B-A.

. J
(" Remark 4.39: B
If A is invertible, then Bst. A-B=B-A =1, is

unique.
. J
Proof. Assume that B, C are both inverses of A. Then

B=B-I,=B-(A-C)=(B-A)-C=1,-C=C.
O

(" Definition 4.40: A

Let A be an invertible matrix. We denote by A~!

the unique matrix such that

A A=A A=1,.

A~1is called the INVERSE of A.

. J

We denote by GL,,(K) the set of all invertible n x n ma-
trices over K. It is called the GENERAL LINEAR GROUP of
degree n over K.

Notice that GL,(K) # @ since I,, € GL,(K). Also, 0,, ¢
GL,(K). Hence, GL,(K) C Myxn(K).

Proposition 4.41:

Let A, B € GL,(K). Then A-B € GL,(K) and also
A~' € GL,(K). Moreover, (A-B)™! = B~1. A1
and (A~H)~! = A

Proof. It holds that

(B A™YHY.(4.B)=B 1. (At A).-B=B"'.I1,-B=1I,.
Also

(A-B)- (B A H)Y=4.(B-B Y- A=A, A =I,.

Also
A- A =I,=A"1. A

So A is the inverse of A~1. O
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Corollary 4.42:

Let A € GL,(K). Then Vb € K™, the linear system
of equations Az = b has a unique solution xz € K",
which is given by x = A~1b.

If Az = b, then multiplying both sides by A~ gives
AT Az =A== e =AYb = o= A"
Also, if z = A=1b, then Az = A(A1b) = (AA=1)b = I,b=.

Proof.

Proposition 4.43:

Let A € M,,«,(K). A is invertible if and only if T}y :
K™ — K™ is an isomorphism. Moreover, (T4)~! =
Ty-1.

Proof. Assume first that A is invertible. We claim that Ty 1 0Ty =
idgn and same for the other way around. This will show that T4 is an
isomorphism with inverse Ty 1.

Indeed, Vo € K", T4_1(Ta(v)) = Ty-1(Av) = A71(Av) =

(A*IA)U = Inv = v. Hence, Ty-1 0Ty = Similarly,
TA OTAfl :ldKn

idgn.

Conversely, assume that T4 is an isomorphism. Denote S = (T4)~!.
S is a linear map from K™ to K™. Recall that VF' : K™ — K™ linear,
M € Mpxn(K) such that F = Tjs. So, 3B € My, xn(K) such that
S =Tg. Now Vv € K™ we have:

v=80T4(v) =Tp(Ta(v)) = T(Av) = B(Av) = (BA)v.

Applying this to v = e1,v = eg,...,v = ey shows that BA=1,. In a
similar way, we show that AB = I,,. Hence, A is invertible with inverse
B. ]

Ve

N

Proposition 4.44:
1) Let A € My, xn(K),B € My, xp(K). Then

(A-B)T =BT . AT.
2) If A € GL,(K), then AT € GL,(K) and

(AT)—l _ (A_l)T.

Definition 4.45: Triangular and Diagonal Matrices
A matrix A € M, «,(K) is called:

® UPPER TRIANGULAR if a;; = 0 for all ¢ > j.
e LOWER TRIANGULAR if a;; = 0 for all ¢ < j.

® DIAGONAL if a;; = 0 for all ¢ # j.

Lemma 4.46:

Let A,B € M, x,(K) be upper triangular(or lower
triangular or diagonal) matrices. Then A - B is also
upper triangular(or lower triangular or diagonal, re-
spectively).

. /

We can ask ourselves how [T]5 depends on the choice of
bases B and C.

( Corollary 4.47: b
Let V, W be finite-dimensional vector spaces over K
of dimensions n and m, respectively. Let B, B’ be
bases for V and C,C’ be bases for W. Let T : V — W
be a linear map. Then

| (718! = fidwlé. - [T1E - v |
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Proof. T =idy oT oidy . But this we can write as
ldW O(T o ldv)
This implies that

118 = lidw]S, - [T oidy]E = [idw]S, - [T - idv]E .

Corollary 4.48:

Furthermore [idy]E € GL,(K) and [idw]S €
GL,,(K) and
(lidv]E )™

V= lidv],  (lidw]S) "t = [idw]¢ .

Proof. We know that idy = idy oidy . Hence,
!
I, = [idv]8 = [idv]E - [idv]5,.
Similarly,
’ !
In = [idy]g, = [idv]3 - [idv]g .

Hence, [idv]g, is invertible with inverse [idv]g/. O

(" Definition 4.49: Change of Basis Matrix

Let V be a finite-dimensional vector space with di-
mension n. Let B, B’ be bases for V. The matrix
idy]5, € GL,(K) is called the CHANGE OF BASIS
MATRIX between B and B’, or the TRANSITION MA-

| TRIX between B and B'. )

,0) and B’ = (v{,...,v)), then

r'n

IfBZ(’Ul,...

( Proposition 4.50: b
Let T : V. — W be an isomorphism between finite-
dimensional vector spaces. Let B,C be bases for V
and W, respectively. Then [T]§ € GL,(K) and

B —1 _11C
([T]C) = [T 1]5'

. J
Proof. Let n:=dimV =dim W. We have

(T~Y5 - [TIE = [T~ o TIE = [idv]E = In.
Similarly,

[TIE - [T7 g = [T o T7HE = [idw]G = In.

d

Consider now T' : V — V. Let B,B’ be bases for V.
The question is, what’s the relation between [T]5 and

’

[T15?

( Corollary 4.51: B
Let T : V — V be a linear map and let B, B’ be bases
for V. Then

[T)E = lidv] - [TIE - lidv]E -
where [idy]8, = ([idy]E)~".
. J




Equivalence between matrices is an equivalence relation
on the set of all m x n matrices over K.

Furthermore, A, B € M,,«,(K) are equivalent if and only
if 3 two vector spaces V, W of dimension n,m, and bases
B,B of Vand C,C' of W and a linear map T : V — W
such that

A=[T8, B=[TE.

Similarity enjoys the same properties, with V' = W.

As a notation, the zero p x ¢ matrix is denoted by 0, .

( )

Proposition 4.53:

Let V, W be finite-dimensional vector spaces over K
of dimensions n and m, respectively. Let T : V — W
be a linear map with rank(7T") = r. Then 3 bases B
of V and C of W such that

Proof. Put ! = dim(ker(7")). By the rank theorem (4.20), we have
r=n—1. Let v1,...,v; be a basis for ker(T"). We can extend it to a
basis (v1,...,vn) of V. We'll take

B = (Vi41,-+,Un,V1,...,0]).

In the proof of the rank theorem, we saw that

(T(Ul+1)7 RN T(U"))

is a basis for Im(T"). Define w; := T'(v;4;) for ¢ =1,...,r. (note that
l+ 7 =mn). We can extend (w1,...,w,) to a basis
C=(Wi,ee Wy Wrg1,y. . W)
of W.
So now, we can construct the matrix [T5.
. | | | |
[Tle = [T(’Uz‘+1)]c - [T(v‘n)]c [T(’U|1)}c - [T(Tz)}c :

Now [T'(v;)]c = 0 for ¢ = 1,...,1 since v; € ker(T).
1,...,r, we have

Also, for j =

T(vyj)=w; =1-w; +0-wrp1+---+0-wm.

So we can write [T'(v;4;)]c as desired. O

(" Definition 4.52: Matrix Equivalence ) ( Corollary 4.54: A
1) Let A, B € My, xn(K). We say that A and B are Let A € Myyxn(K). Then 3P € GL,,(K) and Q €
EQUIVALENT if 3P € GL,,(K) and Q € GL,,(K) such GL, (K) such that
that

B=P-A-Q. :
poago [B_L0
2) Let A,B € My xn(K). We say that A and B are 0 : 0
SIMILAR if 3P € GL,,(K) such that
where r = col-rank(A).
N B=P ' AP ) 4

Proof. Consier Ty : K™ — K™. Then r := col-rank(A). From the
definition of column rank, we have

ColS(A) =Im(Ta).
So also r = rank(T'4). By 4.53, 3 bases B of K™ and C of K™ such
that

. © 0
ralf = |-
0 : 0
We also know that

[TA]E = [idgm]E™ - A~ [idgn]E, .

If we now call P := [idgxm]i™ € GLn(K) and Q = [idxn]} €
GLy, (K), we are done.

A consequence for this corollary is that col-rank(A) <
min(m,n). This is because r = col-rank(A4) and A is
m X n.

Corollary 4.55:

Let A, B € My, xn(K). Then A and B are equivalent
if and only if col-rank(A) = col-rank(B).

Proof. Assume col-rank(A) = col-rank(B) = r. By 4.54,

0 : 0
By transitivity of equivalence, we have A ~ B.

Assume now that A ~ B. Then 3P € GL»(K) and Q € GL,(K)
such that B=P-A-Q. Hence Tg =Tp 0Ty 0Tg. Then

Im(Ts) = Tp(K™) = Tp(Ta(To(K™))

=Tp(Ta(K"™)) = Tp(Im(T4))
=1Im(Ty4).

Hence, rank(Tp) = rank(7T4), so col-rank(B) = col-rank(A). O

(" Theorem 4.56: Row Rank = Column Rank B
Let A € My, xn(K). Then

row-rank(A) = col-rank(A4).
This common number is denoted by rank(A4) and is
called the RANK of A.

. J

To show this, we need some preparation.

( Lemma 4.57: B
Let T: V — W be a linear map and let S: W — U
be an isomorphism and L : P — V also an isomor-
phism. Then
1) rank(S o T') = rank(T).

2) rank(7T o L) = rank(T).
. J
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Proof. 1) We have
rank(S o T') = dim(Im(S o T)) = dim(S(Im(T))).
Since S is an isomorphism, it is bijective. Hence,

dim(S(Im(7))) = dim(Im(7")) = rank(T).

2) We have
rank(T o L) = dim(Im(T o L)) = dim(T'(L(P))).
Since L is an isomorphism, it is bijective. Hence,

dim(T(L(P))) = dim(T(V)) = rank(T).

0
(" Lemma 4.58: B
Let A € Mpxn(K). Then A is invertible iff Ty :
K™ — K" is an isomorphism. Moreover, T4-1 =
"
. J
Proof. This is exactly Proposition 4.43. O
(" Lemma 4.59: N
Let A,B € M,,xn(K). Let P € GL,,,(K) and Q €
GL,(K). Then:
1) col-rank(A) = col-rank(PAQ).
2) row-rank(A) = row-rank(PAQ).
. J

In other words, if B ~ A, then col-rank(B) = col-rank(A)
and row-rank(B) = row-rank(A).

Proof. Put B := PAQ. Then Tp = Tp o T4 o Tgy. Since P and Q
are invertible, by lemma 4.58, Tp and T, are isomorphisms.

By lemma 4.57, rank(Tp) =
col-rank(A).

rank(T4). Hence, col-rank(B) =

For the row rank, we have
BT = (PAQ)T = QT ATPT.

Since P,Q are invertible, so are PT QT. By the same argument
as before, col-rank(BT) = col-rank(AT). Hence, row-rank(B) =
row-rank(A). O

Proof. [Theorem 4.56] By Corrollary 4.54, 3P € GL,(K) and Q €
GL, (K) such that

pag— |- 0},
0 0
for some 7 > 0. Denote by B the matrix on the right-hand side.
Clearly, col-rank(B) = r and row-rank(B) = r. By lemma 4.59,
col-rank(A) = col-rank(B) = r.

Similarly,
row-rank(A) = row-rank(B) = r.

Thus, col-rank(A) = row-rank(A). O
Notice that Im(T4) = ColS(A4). Hence, also

rank(A) = dim(ColS(A)) = rank(T4).

Remark 4.60:

Suppose A’ is a row reduced echelon matrix which
is row-equivalent to A. We know that RowS(A) =
RowS(A’). Hence, rank(A) = rank(A’) which is ex-
actly the number of pivots in A’.

Let A € Mpxn(K). Consider the system of equa-
tions Az = b, where b € K™. Denote by Sol(A,b) =
x € K"| Az = b the set of solutions.

We know that for b = 0, Sol(A,0) is a subspace of
K",

Claim 4.61:
It holds that

dim Sol(4, 0) = n — rank(A).

Proof. This is because Sol(A,0) = ker(T4). By the rank theorem,
dim(ker(T4)) = n — dim(Im(7T4)) = n — rank(A).
d
Let A’ be a row reduced echelon matrix which is row-

equivalent to A. The number n — rank(A) is called the
NUMBER OF FREE VARIABLES of the system Ax = b.

Denote by xz;1,...,x; the free variables of the system
Az = b where 1 <43 <--- <4 <nandl=n—rank(A).
Denote by 1, ..., 2 - the pivot variables where 1 < j; <
<+ < jr <nand r =rank(A4).

For each choice of values for the free variables, the pivot
variables are uniquely determined. In other words, we
have a linear map

®: K' — Sol(A,0).

To be more particular, ®(Aq,. .., ;) is the unique solution
on Ax = 0 such that Ti1 = )\1, R o1 /\l-

Proposition 4.62:

The map P is linear. Moreover, it is an isomorphism.

Proof. Consider row number k of A’ and of A’z =0. If 1 <k <,
then it looks like x;, + (linear combination of free variables that come
after ji) = 0.

L= / .
S0, @y, = = X {ql1<q<lig>in} VhiigTia-

Hence, the pivots depend linearly on the free variables. Thus, ® is

linear.

To show that @ is an isomorphism, we show that Ker(®) = {0} and

that ® is surjective.
If ®(A1,...,A;) =0, then by definition, Ay = --- = X; = 0.

But @ : K! — Sol(A, 0) and dim Sol(A, 0) = n —rank(A) = I. Hence,
P is surjective, which concludes the proof. d

Notice that from this proposition, we also have
®~1:Sol(4,0) - K',

which maps each solution € Sol(A4,0) to the correspond-
ing values of the free variables.

( Corollary 4.63: N
Let be K™, A € Myxn(K). Then
1) Sol(A,b) # & iff b € ColS(A). 2) If Sol(A,b) # &
and y € Sol(4,b), then
Sol(A,b) =y + Sol(A,0) = {y + x|z € Sol(A4,0)}.
. J

Proof. Exc with hints.
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1

HIfA=(vi-va),z= , then Az = z1v1 + - 4+ Tpup.
Tn
2) If x € Sol(A,0), then A(y+ ) = Ay+ Az =b+0=0.

If 2 € Sol(A,b), then A(z —y) = Az — Ay =b—b=0. O
[ Proposition 4.64: B
Let A € My« (K) and b € K™. Then the following

statements are equivalent:

1) rank(A|b) = rank(A),

2) The system of equations Az = b has a solution,
. J
Proof. Write A = (ful 'un). Then statement 1) is equivalent
to

col-rank(A|b) = col-rank(A).

This is the same as saying that Sp(vi,...,vn,b) = Sp(vi,...,vn),
which is equivalent to b € Sp(vi,...,vn) = ColS(A). But this is
equivalent to statement 2) by Corollary 4.63.

s N

Proposition 4.65:
Let A € My« (K) and b € K™. Then the following
statements are equivalent:

1) rank(A) = rank(A|b) = n,

2) The system of equations Az = b has a unique
solution.
. J
Proof. [outline] rank(A) = n < dimSp(vi,...,vn) = n &
(v1,...,vn) form a basis of K.
]

4.4 Elementary Row Operations

The main point of this section is to show that elementary
row operations can be written by matrix multiplication.
As notation, let n € Z>; and let 1 <4, j < n. Denote by
E;j € My, xn(K) the matrix with 1 at position (7,7) and 0
elsewhere.

column j
0 --- 0 o0
By = 0 1 0 <rowi
0 --- 0 o0

We’ll define now three other types of matrices.

Type 1: Let ¢ # j and let a € K. Define Q;;(a) to be the
matrix obtained from I,, by adding « times row j to row
1. We have

Qij(a) = In + Oinj.

Type 2: Define P;; to be the matrix obtained from I,, by
swapping rows ¢ and j. We have
Pij =1, — Eii — Ejj + Eij + Eji.

Type 3: Let @ € K, # 0. Define S;(«) to be the matrix
obtained from I,, by multiplying row ¢ by «. We have

31

Example 4.66:
In Ms,3(K), we have

Q13(a)

Py =

S2 (Oé)

|
oo~ oo oo~
o o oo+ OO
—_—o o mFOO —~ oD

( Lemma 4.67:

Let A € M, xp(K). Then:

1) Multiplying A from the left by @Q;;(a) results in
applying the row-operation R; + aR; — R; to A.

2) Multiplying A from the left by P;; results in ap-
plying the row-operation R; <+ R; to A.

3) Multiplying A from the left by S;(«) results in
applying the row-operation aR; — R; to A.
.

J

Proof. [Outline] Can be done by explicit straightforward calculation.
For example, for 1):

Qi]‘ (Q)A = (In + aEij)A = A+ aE'ijA.
d
Similarly to elementary row operations, we can define ele-

mentary column operations. They are defined as follows:

Type 1’: Multiply A from the rigth by Q;;(«) results in
the operation C; 4+ aC; — Cj.

Type 2’: Multiplying A from the right by P;; results in
the operation C; <+ Cj.

Type 3’: Multiplying A from the right by S;(a) results in
the operation aC; — C.

To prove that these operations work as intended, one can
use the fact that

(AB)T = BT AT,

( Lemma 4.68: B
Every elementary matirx is invertible and the inverse
of each of them is also an elementary matrix. In fact

Qij(@)™ = Qij(—a)
=il
Pij = Pj;
S,-(oz)fl = Sz (Oéil)
. J

Proof. [Outline] We can check this by using the definition. For example,
Qi ()Qij(—c) is the same as applying the row operation R; +aR; —
R; followed by R; —aR; — R;, which results in the identity operation.
Similarly one shows Q;;(—a)Q;j(a) = In.

The other proofs are similar. |



Theorem 4.69: Lec 26

For every A € GL,,(K), there exist k£ > 1 and ele-
mentary matrices 7171, ..., T such that

T Ty - -ThA=1I,.
Furthermore, A = TflT{1 e kal and

A ' =TT, 1---T).

. /

Proof. We proved that every matrix A € My, xrn(K) can be brought
to a row reduced echelon form by a finite number of elementary row
operations.

Since A is invertible, rank(A) = n. Hence, the row reduced echelon
form of Ais I,,.

But A’ is obtained from A by a sequence of elementary row operations,
hence 3 elementary matrices T4, ..., T such that

TyTh1 - T1A=In.

The rest follows by straightforward manipulation using the invertibility
of the elementary matrices. ]

( )

Theorem 4.70:

Let A € M,,«,(K). Place A together with the iden-
tity matrix on the right to A as augmented matrix

(AlLn).

Then, A is invertible iff the matrix (A|I,,) can be
brought to the form (I,,|B) by a finite number of

elementary row operations. In this case, B = A~!.
. J

To prove this, we need the following lemma.

Lemma 4.71:
Let B,C, D be n x n matrices. Then

B(C|D) = (BC|BD).

Proof. Exercise. (by direct calculation) O

Proof. [of Theorem 4.70] Assume A is invertible. By theorem 4.69,
there exist elementary matrices 77, ..., T} such that

T 1 ThA = I,.
By lemma 4.71, we have
TpTi—1 - T1(Alln) = (In|TpTh—1 -~ T1).
By theorem 4.69, Ty, Tj_q ---T1 = A~L.

Conversely, assume that (A|I, ) can be brought to (I,,|B) by elementary
row operations. Then, A itself can be brought to I,, by the same row
operations. Hence, A is row-equivalent to I,,. By theorem 4.69,A is
invertible. d

Example 4.72: Matrix inversion

Invert the matrix A = (:1)) i) over Q.

Solution.

4.5 The Dual Space

Given V, W as vector spaces, Hom(V, W) is also a vector
space. If V and W are finite-dimensional, then Hom(V, W)
is also finite-dimensional and

dim(Hom(V, W)) = dim(V) - dim(W).

( Proposition 4.73: The Hom Space is a Vector Space B

Hom(V, W) has the structure of a vector space over
K with the following operations

(Th + To)(v) =Ty (v) + Ta(v)
(aT)(w) = a(T(v)).

. /

Proof. We know that the set of all functions from V' to W is a vector
space with the above operations. We need to show that Hom(V, W) is
a subspace of this vector space.

First off all, the zero map 0 : V — W defined by 0(v) = Oy for all
v € V is linear. Hence, 0 € Hom(V, W).

We claim that T} + T% is linear. Indeed, for v1,v2 € V and o, 8 € K,
we have
(T1 + T2)(av1 + Bu2) = Ti(awr + Bv2) + Ta(avr + Buz)
= aTi(v1) + BT1(v2) + aTz(v1) + BTz (v2)
= o(T1(v1) + To(v1)) + B(T1(v2) + T2(v2))
= a(T1 + T2)(v1) + B(T1 + T2)(v2)-
So indeed T1 + T> € Hom(V, W).

Next, one shows that o is linear for « € K and T' € Hom(V, W).
The proof is similar to the one above.

Hence, Hom(V, W) is closed under addition and scalar multiplication.
Therefore, Hom(V, W) is a subspace of the vector space of all functions
from V to W. Hence, Hom(V, W) is a vector space. O
The neutral element of Hom(V, W) is the zero map 0 :
V — W defined by 0(v) = Oy for all v € V.

(" Theorem 4.74: B
Let V, W be finite-dimensional vector spaces and B a
basis for V' and C a basis for W. Define

w8 Hom(V, W) = Mxn(K)
T — [T)5.
Then, LDCB is an isomorphism.
. J

Let T € Hom(V,W) and M = [T]5 € Mmxn(K). Recall
v L w
the following @ng ldsc where
Kn M pem
p(v) = [v]B
Pe(w) = [w]c.

Proof.

ay
We have seen that then <I>l§1 = >, a;v; where we used the

an
basis B = (vi,...,vn).
We first claim, that &Pg is bijective. To do this, define
O : Myyxn(K) — Hom(V, W)

A O(A) =05 0Ta 0 Op.
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v Sy

The corresponding commutative diagram is lqsg \%AT . Con-

K A, gm
sider now,
gDCB 00 : Myxn(K) = Mpxn(K).

Let A € My, xn(K). Then

wBoo(A) = uf (@gl 0Ty 0 <I>B> = [B; ' oT40®p]E = Tadp = A.

The last step follows from the definition of T4 and the fact that
[®5(v)ls = [vjls = €;.

Hence, 78 00 = idas,, ., (k). Consider now © o 78 : Hom(V, W) —
Hom(V, W) applied to T' € Hom(V, W).

©0UF(T) = O([TIE) = 2¢ " o Ty 0 b5 = T.

Hence, © o !PCB = idHom(v,w)- Therefore, !I/(‘:B is bijective with inverse
O.

It remains to show that llfg is linear. Indeed, let « € K, and T €
Hom(V,W). Then

I
—a ([Tmnc [T(ﬂn)]c) =

Similarly, one shows that

UB(T +To) = 0B (1) + wE(T»).

T
w§<aT>:<[aT<v1>1c [OéT(vn)]c)

Corollary 4.75: Dimension of the Hom Space

If V,W are finite-dimensional vector spaces, then so
is Hom(V, W) and

dim(Hom(V, W)) = dim(V) - dim(W).

Proof. Let dim(V) = n and dim(W) = m. By theorem 4.74,
Hom(V, W) 2 My, xn(K). But dim(Myxn(K)) = mn. Hence,

dim(Hom(V, W)) = dim(Mmxn(K)) = mn = dim(V) - dim(W).
|

Definition 4.76: Ring

A RING has the same axioms as a field, except that
multiplication need not be commutative and that
multiplicative inverses need not exist for every non-
zero element.

In a ring, the element 1 is called the UNITY of R. If a ring
is commutative, we say that it is a COMMUTATIVE RING.

Example 4.77:

1) Every field is a commutative ring.
2) R =7 is a commutative ring.

3) The set M, «,(K) is a ring with the usual matrix
addition and multiplication. It is not commutative
for n > 2.

Let R,S be rings. A homomorphism of rings is a map
¢ : R — S such that
p(ab) = p(a)p(b),

p(a+b) = p(a)+p(b), o(1r) = 1s.

Corollary 4.78:

Let V be a vector space over K. Then, End(V) =
Hom(V, V) is a ring with the usual addition and com-
position of linear maps. The unity is the identity map
idy,. Moreover, if V' is finite-dimensional, and B is a
basis of V, then the map

E : End(V) — Myxn(K)
T — [T]B

is an isomorphism of rings.
. /

Proof. VT1,7>,73 € End(V) and «a € K, we have
Tio(T20T3) = (Th 0T2) o Ts.
Thus multiplication is associative. The identity map idy satisfies
idy o' =T oidy =T.
So idy is the unity of End(V). Also,
Tio(To+T3)=T1 0T +T1 073,
because T is linear.
One can check all the other ring axioms similarly.

Assume now that V is finite-dimensional etc. We already know that
PE(Ty + Tp) = WE(T1) + PE(T2) and that ¥ is bijective. It remains
to show that

VE(Ty 0 To) = WE(Th) - ¥E(T).

But this is exactly Proposition 4.41.

[Ty 0 To]g = [T1]G - [T2]E = VE (Th) - W5 (Ta).
Finally,
vE(idy) = [idy]E = In.
g
A special case of the Hom space is the dual space.
4 o ono N\

Definition 4.79: Dual Space

Let V be a vector space over K. The DUAL SPACE of

V is defined as

V* == Hom(V, K).

The elements of V* are linear maps [ : V — K and
 are called FUNCTIONALS on V. )
( Corollary 4.80: N

Let V be a finite-dimensional vector space over K.

Then, V* is also finite-dimensional and

dim(V*) = dim(V').
. J
Proof. This is a special case of corollary 4.75 with W = K. O

Example 4.81:

Take V = K2 ,. We will identify V* with K. If

l e K7, the | defines a functional f; : K, = K by

fi(v) =1 -v where we view [ as a 1 X n matrix and
v as an n X 1 matrix. The map D : K . — (K2))*
defined by D(I) = f; is an isomorphism of vector
spaces. As an exercise, check that D is linear and an

isomorphism.

Let V be a finite-dimensional vector space over K and let
B = (v1,...,v,) be a basis of V.
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Define n functionals v7,. ..

. )1
7 (v;) = {0

Since B is a basis for V, this determines v} uniquely.

05 €V* by

i=j
i # j.

( Lemma 4.82: N
The elements v7,...,v} form a basis of V*. This
basis is called the DUAL BASIS of B and is denoted by
B* = (vf,...,v}).

Moreover, VI € V*,
= Z 1(v)v]
i=1

. J

In other words, I(v) = Y1, I(v;)vf(v) for all v € V.

Proof. Letl € V*. Letl e V*. We claim that

= Zl(vi)vf. (4.2)
i=1

In other words, Yv € V,

I(v) = > 1(vi)of (v). (4.3)

=1

The lefthand side of (4.2) is a linear map V' — K and so must the
righthand side. Hence, to show LHS = RHS, it suffices to check (4.3)
forv e B.

So we will check (4.3) forv = v1,...,v,. Let 1 < k < n, and substitute

v =g in (4.3). We get

n

RHS(2) = > " 1(v:) v} (vg) = U(vg).
i=1 Tﬁu

The formula we've just proven shows also that v, ..., v} span V*. But
dim(V*) = n. Hence, v7,...,v}, form a basis of V*. O
Let V be a finite-dimensional vector space over K. Let B
and C be bases for V. Then we also get two dual bases B*
and C* for V*. What is the relationship between

and

idy]E lidy-]$. 2.

( Proposition 4.83: b
It holds that
. . T
lidv-]5 = (lidv]E)" -
Furthermore,
- . T, =1
idy)8 = ((av1®)")
. J
Proof. Write B= (v1,...,vn),C = (w1,...,wn). Then
| |
A= [idy]¢ = ([U1|]c [vn}c> .
We also write A = (a;;). We have
v; = Z ARi W - (4.4)
k=1

Let C* be the dual basis of C. By the previous lemma 4.82, if we take
| = w;‘ then,

n
wi = Zw;‘ (vi)vy.
i=1

By Equation (4.4) we find

n

w; = Zw;‘ (ki a;ﬂ-wk> vy,
=1

i=1

By definition of the dual basis the only nonzero term is when k = j.

n
w;‘ = Zaji * ’U;-k.
=1
But this means that

lidy]Ge = (aj;) = AT,

(" Lemma 4.84:

Let V, W be vector spaces over K. Let T : V — W
be a linear map. Define a new map

T W* =S V",
defined by T*(I) = [ o T € V*. This is called the
DUAL MAP to T

Note that [ o T is indeed in V* because [ o T is linear
as T and [ are lienar themselves.

Then T is a linear map
. J

The operation becomes reasonable if we look at a diagram

v L. w
X@y
K

Proof. Let [ be a functional on W and a € K. We have that T*(al)
is the map (al) o T. So for every v € V,

T (ad)(v) = (ad)(T(v)) = a(l o T)(v) = oT* (1) (v).
Hence, T*(al) = aT*(1).
Let now l1,l2 be functionals on W. Then,

(T* (Il +12))(v) = (la + 12)(T(v))
=L(T(v)) +12(T(v))
=T7*(l)(v) + T (12)(v).
Since this is true for all v € V, we have

T*(ll =+ l2) = T*(h) -+ T*(lg).

d
( Proposition 4.85: N
Let U, V, W be vector spaces over K. Let T : V — W,
S : W — U be linear maps. Consider 7% : W* — V*
and S* : U* — W™ the dual maps. Then,
(SoT)" =T"0S*.
. J
Proof. Exercise. O

Exercise 4.86:
Let V, W be vector spaces.

1) Show that (0: V - W)*=0: W* — V*.
2) Show that (idy)* = idy-.



( Lemma 4.87: B Definition 4.90: Naturality
Let S : V — W be a linear map between two finite- The map 7 : V' — V** can be defined for every vector
dimensional vector spaces. Let B,C be bases for V' space V. To emphasize dependence on V', we will
and W respectively. Consider S* : W* — V* the write here 7y instead of 7.
dual map and the dual bases B*,C*. Then,
- T Let V, W be two vector spaces over K. Then V linear map
[5*]g- = ([S}C) 2 T :V — W, we have the following commutative diagram:
. J
Proof. Write B = (v1,...,vn),C = (w1,...,wm). Let A =[S]E = VTV e
(aij). Then,

S(vj) = Zaijwi-
i=1

Now, for w;f € C*, we have

S*(wi) =wj oS = Z(w;k 0 S)(vi)v].
i=1

But the term (w7 0.5)(v;) is nonzero only when S(v;) contains w; with
a nonzero coefficient. From the equation above, this coefficient is a;.
Hence,

n
S*(wy) = Za]-iv;‘.
i=1

This means that the coordinates of S*(w3) in the basis B* are given
by the j-th row of A. Hence,

(516 = a7 = (1992) "

O
4 5 ono . . N\
Definition 4.88: Reflexivity
Let V be a Vector space. Define V** = (V*)* which
. is sometimes called the BIDUAL of V. )
(" Theorem 4.89: B
Let V be a finite-dimensional vector space over K.
Then, there exists a canonical isomorphism 7 : V —
V**  given by:
YoeV,7(v): V' - K,.
is the map such that 7(v)(l) = I(v). In other words,
Vaus (V31 i(v) € K).
. J

Proof. We claim, 7 is linear. Indeed, if v € V,a € K we have:
T(aw) = (V* 31— l(aw) € K)
=(V*31l—al(v) €K)
=a(V* 31— I1(v) € K) = ar(v).
As an exercise, check that 7(vi +v2) = 7(v1)+7(v2) for all vi,v2 € V.
We now claim, that 7 is injective which is equivalent to showing that
ker(r) = {0}.

Indeed, assume that 7(v) = 0 meaning that [(v) = 0Vl € V*. Choose
a basis B = (v1,...,vn) of V such that v1 = v. Write v = civ1 +
“++ 4 CnUn, With c1,...,cn € K. Apply I(v) = 0 for | = v;. We get
0=1(v) = ¢ for all 1 < k <n. Hence, v =0.

Finally, since dim(V) = dim(V*), also dim(V**) = dim(V*) =
dim(V'). Hence, 7 is an injective linear map between two vector spaces
of the same dimension. Hence, 7 is an isomorphism. O
The above theorem is NOT true for infinite-dimensional
vector spaces.

lT l .

%% W W **

Since this works for any linear map 7', we call 7 a NATURAL
ISOMORPHISM between the identity functor and the double
dual functor.

Exercise 4.91:

Let V be a finite dimensional vector space over K.
Let B be a basis for V and B* be the dual basis for
V* and B** be the dual basis for V*. Show that
Tv(vi) = v}* for all v; € B.

4.6 Direct Sums

Let us talk about another way to construct new vector
spaces from old ones.

[ Proposition 4.92:

Let V, W be vector spaces over K. Then, the Carte-
sian product V' x W becomes a vector space over K
if we endow it with the following operations:

(v1, w1) + (v2, w2) = (v1 + V2, w1 + w2)
a(v,w) = (av, aw)

Ovxw = (O, 0w ).
. J

Proof. Just go over the axioms of a vector space. a
V x W is denoted usually by V & W and is called the
DIRECT SUM of V and W. Its elements are denoted by
(v, w) or sometimes by v ® w.

(" Remark 4.93: A
V & W comes with the following canonical linear
maps:
1.4y : V — V@ W defined by iy (v) = (v,0).

2. 4w : W = V @ W defined by iy (w) = (0, w).
3. py : VW — V defined by py (v, w) = v.
4. pw : VAW — W defined by pw (v, w) = w.
1 and 2 are called embeddings and 3 and 4 are called
N projections. )

Using iy and iy, we can view V as a subspace of V@ W
and W as a subspace of V& W.
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Proposition 4.94:

Let V be a vector space and U C V be a subspace.
Let U’ C V be another subspace which is a comple-
ment of U. Then, the map ¢ : U ® U’ — V defined
by ¢(u,u') = u + ' is an isomorphism.

Definition 4.97:

Let V and U as before. Define V/U := V/ ~ as the
set of all equivalence classes of ~. Elements of V/U
are denoted by [v], where v € V. We call V/U the
QUOTIENT SPACE of V by U.

Proof. Linearity of ¢ follows immediately from the definition.

Injectivity: Suppose p(u,u’) = 0. Then, v/ = —u € UNU’. Since
UNU’" = {0}, we have u = v/ = 0. Hence, Ker(p) = {0} and ¢ is
injective.

Surejctivity: By assumption, U+U’ = V. Letv € V. Write v = u -+’
with uw € U,u/ € U’. Then, ¢(u,u’) = v. Hence, ¢ is surjective. O
The idea of the direct sum can be generalized to arbi-
trary many spaces. Let Uy, ..., U,, be finitely many vec-
tor spaces over K. We can define U; @ - - - @ U,,, as the set
of all tuples similarly to what we’ve done before.

Let {U; }icr be a family of vector spaces, parametrized by
1el.

I1v-

iel

{t]%LJ@W@E@WEI}

iel

One can endow this with the structure of a vector space
over K.

Define also
@ U, = {t c HUil t(z) # 0 for only finitely many z} )
iel icl

If I is finite, then [[,.; U; = @,c; Us. But, if for example
I =7>,,U; = KVi, then [ [, ; U; is the set of all sequences
of elements of K while @),; U; is the set of all sequences
of elements of K which are zero for all but finitely many
i.

4.7 Quotient Space

Let V be a vector space over K and let U C V be a
subspace. We'll define a new vector space V/U together
with a linear map 7 : V' — V/U such that = is surjective
and Ker(r) = U.

We begin by defining an equivalence relation on the set
V.

(" Definition 4.95: Equivalence relation associated to B
U

Let v1,v9 € V. We declare v1 ~ vg if v1 —v9 € U.

S J

(" Claim 4.96: A
~ is an equivalence relation on V.

S J

Proof. Reflexivity: v ~ v sincev—v=0€U.

Symmetry: If v1 ~ va, then v1—v2 € U. Hence, va—v; = —(v1—v2) €

U. Hence, va ~ v1.

Transitivity: If v1 ~ vg and vy ~ v3, then v1 —vy € U and va —v3 € U.
Hence, v1 — v3 = (v1 — v2) + (v2 —v3) € U. Hence, vy ~ v3. O
Denote by [v] the equivalence class of v € V. One can also
think of [v] as [v] = v+ U = {v+ulu € U}.
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We'll turn the set V/U into a vector space over K by
defining the following operations:

Addition: Let z,y € V/U. Pick representatives v,w € V
such that = [v] and y = [w]. Define

z+y =[] + [w] = [v+ w].

Multiplication: Let z € V/U and a € K. Pick a represen-
tative v € V such that x = [v]. Define

azr = av] = [av].

Zero: Define Oy = [Oy].

Proposition 4.98:

The operations above are well-defined and turn V/U
into a vector space over K.

Proof. Multiplication: Suppose v,v’ give the same equivalence class,
namely [v] = [v'] = z. Let & € K. We need to check that [av] = [a0'].
Indeed, v — v' € U. Hence, av — av’ = a(v —v’') € U. Hence,
[av] = [a].
Addition: Suppose 21 = [v1] = [v]] and z2 = [v2] = [v]. Now,

(v1 +v2) = (v] +v3) = (v1 —v}) + (v2 —v3) € U.
Hence, [v1 + v2] = [v] + v}].

The axioms of the vector space can be checked one by one. d

V — V/U by =(v)

We now define our map =

[v].

Proposition 4.99:

The map n# : V — V/U is linear, surjective and
Ker(m) =U.
Proof. Linearity: Let v1,v2 € V and a € K. We have:

m(v1 +v2) = [v1 + v2] = [n1] + [v2] = 7(v1) + 7(v2)

w(av) = [aw] = alv] = an(v).

Surjectivity: Let z € V/U. Pick a representative v € V such that
z = [v]. Then, 7(v) = [v] = .

Kernel: If v € Ker(), then 7(v) = [v] = 0y, = [Ov]. Hence, v ~ Oy
meaning that v — 0y = v € U. Hence, Ker(m) C U.

Let now u € U. Then, 7(u) = [u] = [0y] = Oy, Hence, u € Ker(r)
implying that U C Ker(n). O
Geometrically, we can think of V/U as the space obtained
by collapsing U to a single point. For example, if V = R?2
and U is the x-axis, then V/U can be thought of as the
set of all lines parallel to the xz-axis.

Proposition 4.100:

Let V be a finite dimensional vector space and U C V
be a subspace. Then, dim(V/U) = dim(V') —dim(U).




Figure 3: Quotient space in R?

Proof. Since m : V — V/U is surjective, then V/U is finite dimen-
sional.> We apply now the rank theorem to 7. Hence,

dim(V) = dim(Ker(w)) + dim(Im(x)) = dim(U) + dim(V/U).

Theorem 4.101: Isomorphism theorem

Let V. W be vector spaces over K and T': V. — W
linear. Define a new map T : V/Ker(T) — S(T) as
follows:

V/Ker(T) 3 [v] =% T(v) € Im(T).

Then T is a well-defined isomorphism and the follow-
ing diagram commutes:

Vv — s w

I\ /

V/Ker(T

. /

Proof. Well-Defined: Suppose z = [v] = [v/]. Then, v—2v' € Ker(T).
Hence, T'(v — v') = 0. Hence, T'(v) = T'(v').
Linearity: Let z1 = [v1],z2 = [v2] and a € K. We have:
T(afv)) = T([ov]) = T(aw) = T (v) = oT([v])
T([1] + [v2]) = T([v1 + v2]) = T(v1 +v2) = T(v1) + T(v2)
= T([oa]) + T([v2).
Injectivity: Suppose T([v]) = 0. Then, T'(v) = 0. Hence, v € Ker(T).
Hence, [v] = Oy Ker(T)-

Surjectivity: Let w € Im(T). Then, there exists v € V such that

)-
T(v) = w. Hence, T([v]) = w.
Since T is surjective and bijective, T is an isomorphism.

The commutativity of the diagram follows immediately from the defini-
tion of T'. O

2This holds in general.

( Theorem 4.102: A
Let V be a vector space over K and U C V be a
subspace. The quotient V/U has the following uni-
versal property: For every vector space W and every
linear map T : V. — W with T(U) = 0, there exists
a unique linear map 7" : V/U — W such that the
following diagram commutes (T'=T" o 7):

\% 4> w
V/U
Moreover, Ker(T") = Ker(T)/U.
. J

Jargon: Every linear map 7T : V' — W that send U to zero
FACTORS through V/U. Le T =T" o .

Proof. Define T" : V/U — W by T'([v]) = T'(v). We claim that the
diagram commutes. Indeed, for every v € V, we have

T'(m(v)) = T'([v]) = T(v).
Uniqueness: Suppose that T = T/ owr = T” on. Let x € V/U and
choose a representative v € V such that « = [v]. Then,
T(v) =T (n(v)) = T"(x(v)) = T'([v]) = T"([]) = T'(z) =

Since = was arbitrary, we conclude that 77 = T"'.

T (z).

Exercise 4.103:
1. Show that 7" is well-defined.

2. Show that 7" is linear.

Let V be a vector space and U C V be a subspace. Let
W C V be a complement of U3,

Proposition 4.104:
There exists a canonical isomorphism @ : W — V/U,
defined by

Q(w) = [w] € V/U.

Proof. Consider the inclusion i :
projection 7 : V' — V/U. Recall that

w(v) =

So Q is linear. We now claim that the kernel of Q is zero.
w € Ker(Q), then

W — V (i(w) = w) and the

v]=>Q=moi.
Indeed, if

[’w]ZOV/UZ[Ov]ﬁwNOV:}’U)GU.
But w € W and W NU = {0}. Hence, w = 0. So Ker(Q) = {0}.

We claim now that Q us surjective. Let z € V/U. Choose v € V with
z = [v]. Since V.= W + U, there exists w € W and u € U such that
v = w + u. Hence, by definition of ~, we have [v] = [w + u] = [w].
Hence, Q(w) = [w] = [v] = =.

Alternatively we can see that the dimensions of W and V/U are
the same. Indeed, dim(W) = dim(V) — dim(U) and dim(V/U) =
dim(V) — dim(U). O
Exercise 4.105:
Describe the inverse of Q.

We now want to relate the quotient space to the dual
space.

3W C V is a subspace such that WNU = {0} and W+ U = V.
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Proposition 4.106:

Let V be a vector space and U C V be a subspace.
Define
Ut ={lev*|ly=0}.

So U+ is the set of all linear functionals on V that
vanish on U.

1. U+ C V* is a subspace.

=

2. There exists a canonical isomorphism (V/U)* =
U™, defined by s — so . If we assume that V is
finite dimensional, then 3 also a canonical isomor-

§ phism V*/U+ = U*. |

Proof. 1. Clearly, 0 e UL. If ly,l € UL and o, 8 € K, then
aly + Bla e UL,
Because, for every u € U, we have

(ad1 + Bl2)(u) = ali(u) + Bla(u) = 0.

2. Define amap L : (V/U)* — UL as follows:

Let s € (V/U)*, i.e. s: V/U — K is linear. Define L(s) € V* to be
L(s):==som. So Lis: s+ som.

V soT K

i

We claim, that L is an isomorphism. To see this, we will define another
map P: UL — (V/U)* and show that P is the inverse of L.

Let t € UL, iie. t:V — K such that t|y = 0. By the universal
property of the quotient spaces, there exists a unique ¢’ : V/U — K
such that t =t/ o .

Vvt K

|- 2

V/U
Define P(t) = t’. We claim now that Lo P = id;. and Po L =
Indeed, if s : V/U — K then,
PoL(s)=P(som) =s.
Also, Vt € UL, we have
LoP{t)=L{t)=ton=t.

Since L is linear, P is also a linear map and both of them are isomor-
phisms.

Assume now that V is finite dimensional and consider the map R :
V* — U™ defined by Vo € V*, R(¢) = ¢|u. So R is the restriction
map. We claim that R is surjective. Indeed, let ¢ € U*. We need
to show that there exists ¢ € V* such that ¢|y = 9. Pick a basis
{u1,...,ur} of U and extend it to a basis {u1,..., Uk, Vkt1,...,Un}
of V.

Define ¢ : V. — K by ¢(u;) = ¥(u;) fori =1,...,k and ¢(v;) =0
forj=k+1,...,n. Since {u1,..., Uk, Vk41,...,0n} is a basis of V,
the map ¢ is well-defined and linear. Moreover, ¢|y = 1. Hence, R is
surjective.

Also, ker(R) = U~ by definition. By theorem 4.101, we get that
V*/ker(R) 2 Im(R) = U*.
So V* UL = U, O
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Exercise 4.107:
1. Check that s o7 is indeed in U+.

2. Show that L is linear.

3. Check that if ¢ : U — V is the inclusion, then
R =i*.

Exercise 4.108:

Let T : V — W be a linear map. Then (Im7T)+ =
Ker(T™).



5 Determinants

Lot A — (‘z Z) € M(K).

( Proposition 5.1: B

A is invertible if and only if ad — bc # 0. Moreover,
if A is invertible, then

1 d -b
A7l = .
ad — be (—C a )
The scalar ad — bc is called the DETERMINANT of A
and is denoted by det(A) or |A|.

. /

Proof. Homework.

Outline: A is not invertible if and only if rank(A) < 2 if and only if the
columns of A are linearly dependent if and only if there exists A € K
such that a = Ac and b = A\d or that ¢ = Aa and d = \b. In both cases,
ad — bc = 0. O

Definition 5.2: n-linear function

Let D : M,xn(K) — K be a function. We say that
D is n-LINEAR if V1 < ¢ < n, D is a linear function
of the i-th row when the other rows are held fixed.

We can think of M,,«,(K) as the coordinate space K X

row
<o x Kt (n times) and if

aq
A =
an
write D(A) = D(ay,...,a,) where «; is the i-th row of

A. Then, D is n-linear if V1 < 4 < n, D is linear in o
when the other rows are held fixed so

1. D(ag,...,0; + Biy..oyan) = D(ag, ... q ... ) +
D(al,...7ﬁi,...,an).
2. D(a1, ..., Ay .. cyap) = AD(aq, .oy Q).

Notice that D(A + B) # D(A) + D(B) in general and
D(MA) # AD(A) in general. So D is not linear as a func-
tion from M, x,(K) to K.

In the following, for a matrix A, write A(4, j) or A;; or a;;
for the entry in the i-th row and j-th column of A.

Example 5.3:

(oW

Fix integers ki,...,k, such that 1 < k; < n an
a € K. Define D : M,xn(K) — K by D(A) =
a-Al,ky) - Aln, ky).

We claim that D is n-linear.

Proof. Consider

A(1,1) A(1,n)

Y% . :
( S ) = | 4@, A(i,n)
A(n, 1) A(n,n)

Now, we can write

D(ay,... Jan) = b+ A(i, k).

) iy e

where b € K does not depend on row i.

If we now change row ¢ to Aa; + f3;, then we see that D is linear in row
i when the other rows are held fixed. ]

Let us try to find all 2-linear functions D : Mayo(K) — K.

wiite T = (1Y) = (). 1t D is 2-lincar, then
0 1 €9

) is determined by

)
(17 2)D(€2 A(2, 1)61 + A(2, 2)62)
)A( D(er,e1) + A(1,1)A(2,2)D(eq, e2)
) D(ea,e1) + A(1,2)A(2,2)D(ea, e2).
By the four scalars, D is completely determined. Hence,

the space of 2-linear functions from May2(K) to K is 4-
dimensional.

Lemma 5.4:

Any linear combination of n-linear functions is again
an n-linear function.

Proof. It is enough to prove for the case of two n-linear functions.

Let D, FE : Mpxn(K) — K be n-linear functions and a,b € K. Con-
sider the function aD + bE : Muxn(K) — K defined by (aD +
bE)(A) = aD(A) + bE(A).

Let 1 <% <mn. Then

(aD 4+ bE)(a1,... 05 + Biy- -, an)
=aD(a1,...,0;+ Biy...,an) +bE(a1,...,05 + Bi, ..., 0m)
=a(D(a1,...,Qy...,on)+D(ar,...,Biy...,an))+

+b(E(ar, .. iy yan) + Elar, ..., Biy. .. am))

= (aD+bE)(a1,...,4y...,an) + (aD +bE)(a1,...,Biy. -, an).
Similarly, we can check that

(aD 4+ bE)(a1,..., A, ... ,an) = XMaD + bE)(a1,...,0u, ..., 0n).

Example 5.5:
Consider D : Msyo(K) — K defined by

D(A) = A1 - Agg — A - Aoy

This is 2-linear which can be seen as Aj;A4s2 and
—A15As; are 2-linear (Example 5.3) and D is a linear
combination of them.

Remark

D = det(A) as a function Mayo(K) — K has two
additional properties:

1. D(I) = 1 where [ is the identity matrix.

2. If A’ is obtained from A by interchanging its rows,
then D(A’") = —D(A).

Definition 5.6: Alternating function

Let D : Myxn(K) — K be an n-linear function. We
say that D is ALTERNATING if for every matrix A in
which some two rows are equal, we have D(A) = 0.

39



Proposition 5.7:

Let D be an n-linear function. Assume that D has
the property that whenever A € M, «,(K) has two
equal adjacent rows, then D(A) = 0. Then, D is
alternating and V matrix B, if B’ is obtained from B
by interchanging two rows, then D(B’) = —D(B).

.

Proof. We begin with proving the second statement. Assume first,
that B’ is obtained from B by interchanging two adjacent rows.

Consider
D(B1y- -5 Br + Br+1, Bk + Brt1,- - Bn)-
By assumption this must be zero. Opening the brackets, we find that

DBy, Brs Br+15- -+ Bn) + D(B1, - Br41, By - -+, Bn) = 0.
So interchanging two adjacent rows indeed changes the sign of D.

Suppose now that B’ is obtained from B by interchanging rows k and
I where k < [ (but not nessecairly adjacent). We can obtain B’ from
B by doing a sequence of interchanges of adjacent rows.

Indeed, we can begin with interchanging rows k and k+ 1, and continue
in this way until we get

Biy--- ,B1—1, 815 Bis -+ -, Bn-

This requires 7 := | — k interchanges of adjacent rows. Now, we can
continue with interchanging rows [ — 1 and [ — 2, and continue in this
way until we get

By s Br—1,B1- - B1—1,Bks -+ - Bn-

This requires (I — 1) — k = r — 1 interchanges of adjacent rows. Hence,
in total, we need 7+ (r — 1) = 2r — 1 interchanges of adjacent rows to
get B’ from B. Since 2r—1 is odd, we conclude that D(B’) = —D(B).

s Br—1,Bk41,- -

1. Let A be a matrix in which row i and row j are equal. We can obtain
a matrix A’ from A by interchanging rows i and j. Since row i and
row j are equal, we have A = A’. On the other hand, by the second
statement, we have D(A’) = —D(A). Hence, D(A) = —D(A) which
implies that D(A) = 0. So D is alternating. O

Definition 5.8: Determinant

A function D : M, «,(K) — K is called a DETER-
MINANT FUNCTION if it is n-linear, alternating and
D(I) = 1 where [ is the identity matrix.

As a warm-up let us find all determinant functions D :
Myyo(K) — K. Write I = ((1) ?) = (61> and A =

Ay A
A1 Ago

€2

) . We saw that every 2-linear function satisfies
D(A) = A11A21 D(e1, €1) + A11 A2 D(e1, €2)
+ A12A21 D€, €1) + A12 A2 D(e2, €2).

Since D is alternating, we have D(e1,€1) = D(ez, e2) = 0.
Also D(61762) = —D(EQ,El).

Thus, we can write
D(A) = D(elv 62)(A11A22 - A12A21).

Since D(I) = 1, we have D(e1,€e3) = 1. Hence, the only
determinant function from Msyo(K) to K is the function
defined by

D(A) = A11A99 — A12A0 = det(A).
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Definition 5.9:

Let A € Myuyn(K), n > 2 and let 1 < 4,5 < n.
Denote by A(i]j) € M(;,—1)x(n—1)(K) the matrix ob-
tained from A by deleting row i and column j.

If D is a (n — 1)-linear function, denote by

Di(A) = D(A(i))-

(" Theorem 5.10:

Let n > 2 and D an alternating (n — 1)-linear func-
tion. Let 1 < j < n. Define E; : Mpyn(K) - K
by

n
D (—1)¥* Ay - Dij(A).
i=1
Then, E; is an n-linear function and it is alternating.
Moreover, if D is a determinant function, then so is
E;.

.

J

Proof. Let A € Myxn(K) and 1 < j < n. D;;(A) is independent
of row i of A since it gets deleted. Since D is (n — 1)-linear, then also
A+ D;j(A) is "linear" when viewed as a function of each of its rows
of A except of row 3.

So it follows that the function A +— A;; - D;;(A) is n-linear. Since E;
is a linear combination of such functions, it is also n-linear.

Assume now that D is alternating. Indeed, by proposition 5.7, it is
enough to show that E;(A) = 0 whenever A has two equal adjacent
rows.

So let A be a matrix in which row k£ and row k + 1 are equal. Let 1 <
i < n, such that ¢ # k, k+1. The matrix A(i|j) has two equal adjacent
rows, hence D;;(A) = D(A(i|j)) = 0. Thus E;(A) = (=1)*T7A; -
Dy (A) + (=1)*+145 Ay 1 ;- Diy1,;(A). But since row k and row
k + 1 are equal, we have Ap; = Apyy; and Dy;(A) = Diyq,j(A).
Hence, E;(A) =0.

Finally, if D is a determinant function, then E;(I) = D(I) = 1. So E;
is also a determinant function. O

Corollary 5.11:

For every n > 1, 3 at least one determinant function
from M, x,(K) to K.

Proof. By induction on n. For n = 1, the function defined by
D((a)) = a is a determinant function.

Assume now that n > 2 and there exists a determinant function D :
(n—1) x (n — 1)(K) — K. By Theorem 5.10, the function E; :
My xn(K) — K defined by

n

D (=11 Ay - Dir(4)

i=1

E1(A)

is a determinant function.



Example 5.12:

For a 2 x 2 matrix B we have
det : B+— det(B) = By1Bys — B12B5>;.
For a 3 x 3 matrix A, we have

df:t : M3><3(K) — K,A — dft(A) =

A A A A
Auy - det ( 4 Aii) Ay - det ( e Ag) .
Aqy - det @5 fgg)
dQGt 8 M3><3(K) — K,A —> dgt(A) =
Agl A23> (All A13>
A det — Ays - det
1 - € (Agl e i AV
All A13
A32 ° det <A21 A23>
dg)t : M3><3(K) — K7A — det(A) =
A21 A22 All A12
Aqg - det — Aos - det
13 - e <A31 Asz 20 €C¢ <A31 A32> +
Ag - det (ﬁ; ﬁlﬁ) .

5.1 Uniqueness of determinant functions

Let D : M,xn(K) — K be an n-linear alternating func-
tion. Let

A= € Myxn(K).

n . . .
We have, that a; = ijl Ajjej. Since D is n-linear, we
have

D(A):D(aly"'aan):D ZAljgj,Oé27...,Oén
j=1
Since D is linear in the first argument, we have
D(A) = ZAljD(Ej7 a9, ... ,an).
j=1

Repeating the same argument for the second, third, ...,
n-th argument, we have

D(A) = Z Z Z A1j1A2j2 "'AnjnD(sjlv"ijn)

Jj1=1j2=1 Jn=1

> Ag, Aogy -

1<k ,k2,....kn<n

~AnknD(5k17 N 75kn)~

Since D is alternating, if k; = k; for some ¢ # j, then
D(eky,---5€k,) = 0. Hence, we can restrict the sum to
the case where k1, ko, ..., ky, are distinct. Such a sequence
is called a PERMUTATION of degree n.

We can think of permutations as functions

o:{l,...,n} = {1,...,n}, bijective .
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For example, (k1,... ,o(n)) for some per-

mutation o.

So

D(A) = Z Ala(l)Agg(g) N Ana(n)D(EU(l), N ,Eg(n)).

Jkn) = (o(1),...

Where the sum runs over all permutations o of degree n.

The number of permutations of degree n is n!. For exam-
ple, for n = 3, there are 6 permutations.

Every permutation ¢ can be written as a composition
0-:910”.09167

of transpositions #; where a TRANSPOSITION is a permu-
tation such that 3i,j such that 0(i) = j, 6(j) = ¢ and
O(k) =k for all k #£ i, 5.

Why? Start with (1,...,n). If (1) # 1, then interchange
1 and o(1) to get a new permutation ; such that 6;(1) =
1. If 01 00(2) # 2, then interchange 2 and 6, 00 (2) to get a
new permutation s such that 506, 00(2) = 2. Continuing
in this way, we get a permutation 0y o--- 06, oo such that
Opo---0bio0(i)=1iforalll1 <i<n.

In general there is not a unique way to write a permutation
as a composition of transpositions.

(1,2,3)
(1,2,3) = (2,1,3) — (2,3,1)

—(3,2,1)
— (3,2,1).

(" Lemma 5.13: )

If o =610---060, = 6] 0---080), are two ways
to write o as a composition of transpositions, then
k=k mod 2.
Define the SIGN of o by sgn(c) = (—1)* where k is
the number of transpositions in any decomposition of
.

N\ J

Proof. We know that determinant functions exist Vn > 1. Fix one

such function E. Consider

E(Ea(l)u . '750(71))'

If (61,...,0n) can be obtained from (1,...,n) by m transpositions,
then the matrix

- &y —

- fom) —

can be obtained from the identity matrix by m interchanges of adjacent
rows. Since E is alternating, we have
E(aa(l)v s 750(71,)) = (_1)mE(I) = (_1)777,

Equivalently, we can find
Eo(n) = (=DF BE(I) = (-)¥.

Hence, (=1)¥ = (—1)¥" and k =k’ mod 2.

E(EU(1)7 cee

If we return to D(A), we have

D(A) = ZA1U(1)A20(2) Aoy D(Ea(rys -5 Ea(n))

= D(I) Z Ala(l)A2o'(2) s Ana(n) SgH(O').



(" Theorem 5.14: Uniqueness of the Determinant

V n-linear alternating function D we have
0 s
In particular, if D is a determinant function, then

= Z sgn(o

So D is unique.

D Ala 1)A20(2) Ana(n)-

JA15(1)A202) - - - Ana(n)-

. J
( Corollary 5.15: b
For every n-linear alternating function D, we have

that D(A) = det(A) - D(I).
. J

5.2 Permutations

Denote by S,, the set of all permutations on n elements.
Sy is a group under composition of functions. We can
also invert elements of S, by inverting the correspond-
ing functions. For example, if ¢ = (3,1,2), then 0~} =
(2,3,1). The identity element of S,, is the permutation
id=1(1,2,...,n).

Lemma 5.16:

Given two permutations o, 7, we have

sgn(o o 1) = sgn(o) - sgn(7).

Proof. Leto =0;0---06; and 7 =6 o0-- -09;9, be two decompositions

of o and 7 into transpositions. Then, co7 =610---00,00]0---00),
is a decomposition of o o 7 into transpositions. Hence, sgn(c o 7) =
(=DFFN = (=1)* - (~)* = sen(0) - sgn(7). =

Theorem 5.17:
VA, B € M, xn(K), we have

det(AB) = det(A) - det(B).

Proof.
by

Fix B and consider the function D : My, xn(K) — K defined

D(A) = det(AB).

We claim that D is n-linear and alternating.

- a1 -
Indeed, write A = : . Then,
_ a-n _
- a1-B —
A-B= :
_ Otn.' B -
So, D(A) = det(ay - B,...,an - B). Fix1<i < n. If a; and o are

two row vectors, then
(ai+af) -B=a; -B+a}-B.

Therefore,
D(ai,...,q4 +Oé§,...

=D(ai,...,«o

,0n,)

am) +D(at,. . ak, . am).

since det is linear in each of its rows. Similarly, if A € K, then

D(ai,..., A, ... an) =AD(a1, ...,y .. Qp).
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If aj = o then o; - B = «a; - B. Hence, D(A) = 0 since det is
alternating. So D is alternating, proving the claim.
By corollary 5.15, we have D(A) = D(I) - det(A). Since D(I)

det(IB) = det(B), we have det(AB) = det(A) - det(B).

Corollary 5.18:
If A is invertible, then det(A) # 0 and

det(A™!) = det(A)™

/Ol

If A is invertible, then

A-AY =T = det(A) - det(A

Proof.
b =det(I) = 1.
O

Recall that VM € M, «,(K), we have the transposed ma-
trix

T with M = Mj;.

Theorem 5.19:

For every A € M,,«,,(K), we have det(AT) = det(A).

Proof.
As1)1, 50

If o is a permutation of 1,...,n, then (AT)IU(I)(AT) =

det( AT

ngn
= ngn o
o

lo'(l)(A )20‘(2) (AT)ncr(n)

As1)1452)2 - A

o(n)n-

If oi = j then A,(;); = Ajo-1())-

Claim: A;1)145(2)2 - - Ao(n)n = A1o-1(1)A20-1(2) - -

nv‘ 1(n)-
This is tree because every factor on the left hand side appears exactly
once on the right hand side.

Furthermore, sgn(c) = sgn(oc~1) since ¢ and o~ can be written as

the same number of transpositions. Hence,
- S st

Since o runs over all permutations, so does o~
O

det(AT) = DAL 11y Ase—1(2) -+ Apg—1(ny = det(A).

1, proving the theorem.

Corollary 5.20:

If D: Myyn(K) — K is an alternating n-linear func-
tion of the rows, then D has the same properties when
viewed as a function of the columns.

In fact, D(A) = D(AT).

Proof. VA, D(A) =det(A) - D(I) = det(AT) - D(I) = D(AT). O

N

(" Theorem 5.21:

If B is obtained from A is obtained by elementary
row operations, then

R; + cR; — R; = det(B) = det(A)

R; & Rj = det(B) = —det(A)
cR; — R; = det(B) = c¢- det(A).

. /

Proof. 2 follows from the determinant being alternating. 3 follows
from n-linearity. For 1, we have
det(B) = D(R1,..., R; +cRj, .. ., Rn)
=D(Rl,...,Ri,...,Rn)+C-D(R1,...
=det(A) + c- 0 = det(A).

7Rj7"'7R’n)



we want to compute Determinants of block matrices

e

( Proposition 5.22:

If A € kak(K), B € ka(nfk)(K) and C €
Mn—kyx (n—k)(K), then

et (8‘ g) — det(A) - det(C).

. /

Proof. Define the function D as

A B
D(A,B,C):det(o c)'

If we fix A, B, then the function C — D(A, B,C) is an alternating
(n — k)-linear function. Hence, D(A, B,C) = D(A, B,I) - det(C).

But using ERO's we can get rid of all the entries of B without changing
the determinant. Hence,

D(A, B, T) = D(A,0,1) = det (‘g ?) — det(A) - det(I) = det(A).
O
Example 5.23:
Compute
1 -1 2 3
2 2 0 2
det M R).
401 1 -1 €Maoxa(®)
1 2 3 0
Solution. We perform gaussian elimination to get an upper triangular
matrix. We have
1 -1 2 3 1 -1 2 3
2 2 0 2 N 0 4 —4 —4
4 1 1 -1 0 5 -9 -13
1 2 3 0 0 3 1 -3
1 -1 2 3
N 0 4 —4 —4
0 0 —4 =8
0 0 4 0

This is exactly the form of the matrix in proposition 5.22 so

det(A) = 128.

Let D be the determinant function on M, _1)x (n—1)(K).
Recall that V1 < j < n, the function E; : M;,x,(K) = K
defined by

Ej(A) = zn:(—m“mij - Dy (A).

function. The scalars ¢;; :== (—1)""7D;;(A) are called the
1,j COFACTORS of A. We have that

We know now, that V1 < j < n, E; is a determinant

det(A) = ZAij * Cij-
i=1

Claim 5.24:

If we replace A;; by Aj;, where k # j is fixed, then
Z?:l Aik . Cij = O

Proof. Let B be the n X n matrix obtained from A by replacing
column j of A by column k of A. Then, det(B) = 0 since B has two
equal columns. But det(B) =" | A;j, - ¢i;, proving the claim. ]

In summary, VA € M,,«,(K), we have Vj, k
ZA“C cCij = 5jk . det(A)
i=1

The matrix (c;;)7 is called the CLASSICAL ADJOINT of A
and is denoted by adj(A). We have

(adj(A))ij = cji = (—1)" det(A(j]7)).
With this, our previous notation becomes

(adj(A)) - A = (det(A)) - 1.

Claim 5.25:
A-(adj(A)) = (det(A)) - I.

Proof. Apply the previous claim to AT to get
(adj(AT)) - AT = (det(AT)) - 1.

Also
(adj(ANT - AT = (det(A)) - I.
But det(A) = det(AT). Transposing both sides, we get

A - adj(A) = (det(A)) - 1.

(" Theorem 5.26:

Let A € M,xn(K). A is invertible if and only if
det(A) # 0. In this case,

1

-1 _
A= det(A)

- (adj(4)).

5.3 Cramer’s Rule

Let A € M, «n(K) and b € K™. Consider the system of
equations
A-xz=0b.

If A-2 =0 then adj(A)- A-x = adj(A) - b. Hence
det(A) - x = adj(A) - b.
Thus, if det(A) # 0, then
1

det(4) adj(A) - b.

If we write this in coordinates, we have V1 < j < n,

det(A) -2 =Y cji-bi =Y _(=1)"7 - b; - det(A(il)).
i=1

i=1

Consider the matrix
AG,b)y=1 A b A
|

The matrix obtained from A by replacing column j of A
by the column vector b.
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So by previous formulas for E;, but applied to A(j,b) in-
stead of A, we have

n

det(A(, b)) = S (=1 - b, - det(A(il)).

=1
This is CRAMER’S RULE.
det(A(j, b))
det(A)
5.4 Determinants and Endomorphisms

Let A € Mpxn(K) and P € GL,(K). Then, what hap-
pens if we take the determinant of the CONJUGATION of A
by P?

det(P7'AP) = det(P™') - det(A) - det(P) = det(A),
since det(P~1) = det(P) .
So similar matrices have the same determinant.

Let V be a finite n-dimensional vector space over K and
T :V — V be a linear map. Pick a basis B of V. This
gives us a matrix [T]5 of T with respect to B.

Consider the determinant of this matrix.

det([T)5) € K.

Question 5.27:
Does det([T]%) depend on the choice of B?

No, let B’ be another basis of V. Then, recall that
[TV = lidv]E - [T15 - [idv]E -

As we have seen, the transition matrices [idy]5, and
[idv]g/ are inverses of each other. So the two matrices
are conjugates of each other. Hence, they have the same
determinant.

Notice that with this notion,

det(idv) =1.

Recall also, that if 7,5 : V' — V are linear maps, then
[S o T = [SIE - [T1E-
And also, if T' is an isomorphism, then
[T1E = ([T)3) "
Applying the determinant to these formulas, we get

det(S oT) = det(S) - det(T)
1
= det(T)

det(T71)

Of course, det(0y v ) = 0.

Important: This entire story fails if we take two different
bases B and C and consider det([T]§). This is not an
invariant of T'.

Following this, we cannot define det(T) for T : V — W.
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Note

If we have dim V' = dim W, then if det(T") = 0 in any
basis then det(T) = 0 in every basis. In this case, T
is not an isomorphism.



6 Eigenvectors and Eigenvalues

Consider the following definition.

(" Definition 6.1: Eigenvalue and Eigenvector

Let V be a vector space over K and T : V — V be
a linear map. We say, that A € K is an EIGENVALUE
of T if there exists a nonzero vector v € V' such that

T(v) = Av.

Any vector with this property is called an EIGENVEC-
TOR of T for the eigenvalue .

Definition 6.2:

Let V be a finite-dimensional vector space over K
and T : V — V be a linear map. We say that T is
DIAGONALIZABLE if there exists a basis B of V' such

that

A1 0

712 :
An

Lemma 6.3:

T is diagonalizable if and only if there exists a basis
of V' consisting of eigenvectors of T'.

Moreover, if for some basis B the matrix has the
shape as in definition 6.2, then Vi, A; is an eigen-
value of T" and the i-th vector of B is an eigenvector
of T for the eigenvalue A;.

.

Proof. Recall that

|
[T13 = ([Tvllhs

Where
alj

[Tv;]8 =
Qnj
[T]g has the shape as in definition 6.2 if and only if o;;; = 0 for all ¢ # j

and aj; = A; for some \; € K. This is equivalent to Tv; = Ajv; for
all j, which is equivalent to B being a basis of eigenvectors of T'. O

Definition 6.4:

A matrix A € M, x,(K) is called DIAGONALIZABLE
if the linear map T4 : K™ — K™ is diagonalizable.

Example 6.5:
Let A= (? ;), with K = R. We have

ra(2) o (2) mara (1) =1- ().

. . 1\ . .
So 3 is an eigenvalue of T4 and (1) is an eigenvector

of Ty for the eigenvalue 3. Similarly, (11> is an

eigenvector of T4 for the eigenvalue 1.
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-2 L

Figure 4: Eigenvalues and eigenvectors of A

In this case,

[Tal§ = <g 2) :

So how do we find eigenvalues and eigenvectors? We want
to have
Tyq-v=MAv.

So also
(TA — /\ldv) -v=0.

We need that Ty — Al is not invertible, so it has determi-
nant 0.

Proposition 6.6:

Let V' be a vector space over K and T € End(V).
Suppose A1,..., A, are pairwise distinct eigenvalues
of T. Let vy,...,v, be eigenvectors for A,..., \; re-
spectively. Then, vq,..., v are linearly independent.

Proof. We prove this by induction on k.
Base Case (k = 1): v is nonzero, so it is linearly independent.

Induction Step: Suppose the proposition holds for every list of k pairwise
distinct eigenvalues and corresponding eigenvectors.

Let A1,..., Ax+1 be pairwise distinct eigenvalues of 7" and v1, ..
be eigenvectors for A1, ..., Agpy1.

©y Uk+1
Suppose v1,...,V,4+1 are linearly dependent. Then, there exists 1 <
i < k + 1 such that v; is a linear combination of the other v;'s.
Vg1 = @101 + -+ - + Qg V.
Applying T to both sides, we get
Ak1Vk41 = @1A101 + - - + QR AR V.
Substituting the value of v, from the previous equation,
Agt1(oivr + -+ apvg) = a1 v + - -+ oAUk
Rearranging, we get
a1(Agg1 — A)vr 4+ F apg(Apr1 — Aok = 0.
By the induction hypothesis, v1, ..., v are linearly independent. Hence,
a1t(Ag+1 — A1) = = ag(Ag+1 — Ag) = 0.

Since A1,..., Ag41 are pairwise distinct, A1 —A; # 0 for all i. Hence,
a1 = -+ = a = 0. Substituting back, we get v = 0, which is a
contradiction since vg41 is an eigenvector. Hence, v1,...,vg 41 are
linearly independent. d



Proposition 6.7:

Let V' be a vector space over K and T' € End(V).
Then, A € K is an eigenvalue of T if and only if
T — Aidy is not injective.

Proof. ) is an eigenvalue of T is by definition the same as

Ju#0€V st Tv= v
This is the same as

Tv — Av = 0 for some v # 0.
This is the same as
(T — Nidy )v = 0 for some v # 0.

But this exactly is that

Ker(T — Xidy) # {0}.

O

Since we work with endomorphisms, beeing injective is the
same as beeing bijective. So we can translate the previous
proposition to say that A is an eigenvalue of T if and only
if T — Aidy is not an isomorphism. This is the same as
saying that T'— Aidy is not invertible, which is the same
as saying that det(T' — Aidy) = 0.

(" Definition 6.8: Characteristic Polynomial

Let V be a finite-dimensional vector space over K and
T € End(V). The CHARACTERISTIC POLYNOMIAL of
T is the polynomial

pr(z) =det(T — z -idy) € K[z].

. /

If we instead work with matrices, we can define the char-
acteristic polynomial of a matrix A € M,,x,(K) as

pa(z) =det(A—x-1I) € K[x].

Definition 6.9:

Let V be a finite-dimensional vector space over K
and T € End(V). Let X be an eigenvalue of T. The
EIGENSPACE of T' corresponding to A is the subspace

Eigr(A) ={v eV :T(v) = A} = Ker(T — Aidy).

.

J

Notice, that also 0 € Eig;(0) since T'(0) = 0.
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(" Lemma 6.10:
Let A € M, xn(K). Then,

1) pa(z) is a polynomial of degree n with leading
coefficient (—1)".

2) par(z) = pa(z).

3) If A is upper triangular with diagonal entries

Q11+ Gnp, then

pa(x) =1 —z)... A\ — ).

4) If A has a block upper triangular form, where B €
M’!‘XT(K)v C € MSXS(K)7 then

pa(z) =pp(z) - po(w).

5) If A and B are similar, then pa(z) = pp(x).

. /

Proof. 1) pa(z) = det(A — aI). The leading term of det(A — )
is the product of the leading terms of the diagonal entries of A — x1,
which is (—z)(—z)...(—z) = (=1)"z™.

2) pyr () = det(AT —zI) = det((A—2I)T) = det(A—zI) = pa(x).

]

Let B be a basis of V. Then, pr(z) = p[T]g(x), which is

3) Exercise
4) Exercise

5) Pg(x) = det(B—aI) = det(P~1AP—zI) = det(P~'(A—xI)P)
det(A —zI) = pa(x).

Corollary 6.11:
If V is an n-dimensional vector space over K and T €

End(V), then pr(z) is a polynomial in x of degree n
with leading coefficient (—1)™.

Proof.

a polynomial of degree n with leading coefficient (—1)". Since pp(x)
does not depend on the choice of B, the result follows. O

(" Definition 6.12: Trace b

Let A € My, xn(K). Define the TRACE of A as
tI‘(A) = A11 + A22 + -4+ Ann

If V is finite-dimensional and T' € End(V), define the
TRACE of T as

tr(T) -

Lemma 6.13:
1) VA, B € Myun(K), tr(A- B) =tr(B - A).
2) If A and B are similar, then tr(4) = tr(B). In

particular, if B and B’ are two bases of V, then
tr((T]3) = tr([T13)-




Proof. 1) We compute

w(A-B) =Y (4 By

2) If B= P~1AP, then
tr(B) = tr(P~1AP) = tr(AP - P71) = tr(A).
If, B’ is another basis for V, then

tr([T18) = tr(lidv]3, - [T1E - [idv]E ) = tr((T1D).

Lemma 6.14:

Let A € M, x,(K). Then, the coefficient of 2"~ in
pa(z)is (—1)"~1-tr(A). Furthermore, the coefficient
of 20 is det(A).

Proof. Recall that pa(z) = det(A — «I). Denote this matrix by B.
The determinant of B is given as

(All - x)(AQQ - CC) o (A’ﬂ’ﬂ - LE) + Z Sgn(U)Bla(l) B Bna(n)
o#id

If o is not the identity, there must be at least two indices ¢ # j such
that o(¢) # ¢ and o(j) # j. So at least two factors do not contain z,
hence the degree of the second term is at most n — 2.

So pa(z) = (A11 — z)(A22 — @) ... (Apn — x) + lower degree terms.
Opening the brackets, we get

pa(x) = (=1)"z"+(=1)"" (A11+- -+ Apn)z" " +lower deg terms.

But Ai1 + -+ 4+ Apn = tr(A). Hence, the coefficient of zn—1 s

(—1)"=1 - tr(A).

The last coefficient is very easy to determine. Plug in x = 0 to get

pA(0) = det(A), which is the coefficient of 0. O
(" Definition 6.15: B
Let V be a vector space over K and Uy,...,U,. CV

be linear subspaces. Denote
W=U+4+U,={u1 + - +u,:u; €U;}.
We say that W is a direct sum of Uy, ..., U, if Vw €
W, there exists a unique representation as a sum w =
uy + - +u, with u; € U;.
. J

Exercise 6.16:

Show that Uy + - -+ + U, is a direct sum if and only
if any of the following equivalent conditions hold:

1) The only way to write 0 as a sum wuy + - - + u,
with u; € U; is by taking all u;’s to be 0.

2) For every 2 < j < r we have U;N(Ur+- - -+U;_1) =
{0}.

Under the additional assumption that the U,’s are finite
dimensional, also

3) dim(Uy + - -+ + U,.) = dim(Uy) + - - - + dim(U,.).

4) Whenever B; is a basis of U; for all ¢, then U]_; B; is a
basis of Uy + - -- + U,..

Exercise 6.17:

If Uy + --- 4+ U, is a direct sum, then there exists
a canonical isomorphism between Uy + --- + U, and
Ui & - -®U,, given by

up o up = (U, Uy

Proposition 6.18:

Let V be a vector space over K, and T' € End(V).
Let A1,..., A\, € K be pairwise distinct eigenvalues
of T. Then, Eig;(A1)+- - -+Eigp(A,) is a direct sum.

Proof. Assume uj+---+u, = u} +---+uj. where u;,u; € Eigp(\;)
for all 4. Rewriting this, we get

(ur —uf)+ -+ (ur —ul) =0.
Ignore in this sum all the summands which are 0.

(wiy —ujy) + -+ (uy —uj) =0.

Notice that u;; — u;7 € Bigp(Ai;) \ 0 for all j. So u;; — u;j is an
eigenvector of T'. By proposition 6.6, we have that u;, — uél yeey Ugy —
ugl are linearly independent. This is a contradiction since they sum to
0. Hence, u; = u/ for all ¢, proving the proposition. d

N

( Corollary 6.19:
Assume V is finite-dimensional. Let T € End(V)
and A1, ..., \. be all the eigenvalues of T' (we assume
they are pairwise distinct). Then, T is diagonalizable
if and only if

Z dim(Eig;(\;)) = dim(V).

Proof. <) Choose a basis B; of Eigp(\;). We've seen that W =

Eigp (A1) + -+ - + Eigp(Ar) is a direct sum.

But then, (B1, B, ..., By) is a basis of W. Hence,

T
dim(W) = dim(Eigy(\i)) = dim(V).
i=1
Since W C V, we get W = V. So V has a basis consisting of eigen-
vectors of T'. Hence, T is diagonalizable.

=) Let B be a basis of V such that [T]% is diagonal. Then, the vectors
of B are eigenvectors of T'. Hence, B contains a basis of Eigy(\;) for all
i. So > i_; dim(Eigp(X;)) < dim(V). But >27_; dim(Bigp (X)) =
dim(V'), so we get >, dim(Eigp(X\;)) = dim(V). a

Example 6.20:

11
Let A=(1 0 0 1)andB:<0 1).Then

pa(z) = (z —1)* = pp(2).
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Example 6.21: we can write p(z) = (z — A)g(x) + r where ¢(z) € K|[z]
Pick A € K. Consider the matrix with deg(g) = deg(p) — 1 and 7 € K.
Substituting x = A, we get that p(\) =r. So

A1 0 ... 0
0 A1 ... 0 p(z) = (x — A)g(z) + p(N).
J=Dhna=1: 1 1 o],
S X So p(A) = 0 if and only if p(z) = (z — A)g(x). We say that
0 0 q A A is a ZERO or ROOT of p(x).

Sometimes, A is also a zero of g(x). This leads to the

which is called the Jordan block. Then, following definition.

ps(@) = (A —2)"

(" Definition 6.24:
The only Eigenvalue of J is A. The eigenvectors of J Let p(x) € K|z] be a nonzero polynomial and A\ € K.
are We say that A is a ZERO of p(x) of MULTIPLICITY
01 0 ... 0 m € ZZI if
0 01 ... 0 p(x) = (x — \)™g(z),
J=M=e 2 0 e £ Where g(z) € K|[z] is a polynomial such that g(\) #
0 00 ... 1 0.
000 ... 0 )
If m = 1, we say that A is a SIMPLE ZERO of p(x). If
The columns 2 to n are linearly independent, so m > 2, we say that \ is a MULTIPLE ZERO of p(z).
rank(J — M) = n — 1. Hence, dim(Eig;(\)) = \ J
1
0 (" Definition 6.25: A
dim(Ker(J — Al}) = 1. It's eigenvector is : Let V be a vector space over K and 7' € End(V)
0 and A € K be an eigenvalue of T. We define the
GEOMETRIC MULTIPLICITY of A as
(" Lemma 6.20- ) mg(T, A) = dim(Eigp(X)).
Let A € Man.(K ). Assume A is diagonalizable. Assume in addition that V is finite-dimensional. We
Then, pa(x) splits as define the ALGEBRAIC MULTIPLICITY of A as the mul-
tiplicity of A as a zero of pr(z), which we denote by
pa(z) = —x)... (A — 2). ma(T, ).
. J
Where A1, ..., A\, are the eigenvalues of A, where rep-
. etitions are allowed. ) ( Proposition 6.26: )

The geometric multiplicity is smaller than or equal to

Notice that the other direction is not true. For example, the algebraic multiplicity, i.e. mg(T,A) < ma(T,X).

consider the above example on Jordan blocks. L )
Proof. By assumption, 3 an invertible matrix P such that Proof. Let v1,...,v; be a basis for Eigp(A), so k = mg(T,\). We
M 0 ... 0 can extend this basis to a basis B of V' given by
p-lap — 0 Az .. 0 — A B=(v1,..., V% Wkt1,- .-, Wn)-
: : . : We have
0 0 ... A A0 ... 0 = *
0 A ... 0 = *
Hence, )
pa(r) =pa(@) = (M —2)...(An — ). ; ;
O mE=10 o Ao *
0 0 = *
Example 6.23:
. - S Sl .o
Consider K = R, A = and T4 : R?2 — R2. 00 o 0
1 0 The characteristic polynomial of 7" is given by
Then
2 ..k
palx) =z + 1.
(@) pr(z) = (-D*A—2)* det | = . 1.
This does not have any zeros in K = R so no eigen- .

values exist. ) ) o ] ]
From this, we see that the algebraic multiplicity of \ is at least k, which

is the geometric multiplicity of A. Hence, my (T, ) < mq (T, A). d
6.1 Geometric and Algebraic Multiplicity

Let’s do a quick digression on polynomials. Let 0 # p(x) €
K|[x] be a nonzero polynomial. By dividing p(z) by  — A
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Example 6.27:

Consider J = Jy ,. We saw that py(z) = (A—z)", so
me(J,A) = n. We also saw that dim(Eig;(\)) = 1,
so mg(J, A) = 1. Hence, my(J, A) < mq(J, A).

Theorem 6.28:

Let V be an n-dimensional vector space over K and
T € End(V). The following 5 statements are all
equivalent:

1) T is diagonalizable.
2) 3 a basis for V consisting of eigenvectors of T'.

3) The characteristic polynomial of T splits as a prod-
uct of linear factors and for every eigenvalue \ of T',
we have mg(T, A) = mq (T, \).

4) Zle dim Eig(\;) = n, where Aq,..., Ay are all
the eigenvalues of T'.

5) V & @le Eig;(A;), where Aq,..., A\ are all the

eigenvalues of T'.
. /

Proof. 1) < 2) we have already seen.

1) = 3) Let B be a basis of V' of which [T}g is diagonal. By changing
the order of the elements of B, we can arrange that

A 0 0

5 0 A1 . 0
Ta=. . . .
0 0 ... X

Where X; appears mg (T, \;) times. We can write

pr(z) = (M1

So pr(x) splits as a product of linear factors.

—z)me(TA1) (= z)™e(To2e),

3) = 4) Let A1,..., A\ be all the eigenvalues of T. By assumption,

And mg(T, \;) = mq(T, ;) for all i. Notice, that Aq,..
eigenvalues of T'. Hence,

— z)ma(Ta)\l) . _ I)ma(T’)‘k)‘

., Ak are all

k k k
> dimEigy (i) = > mg(T,\) = > ma(T, \i) = n.
i=1 i=1 i=1
4) = 5) Recall that Eigp (A1) + - - + Eigp(Ag) is a direct sum. So

k
dimV =" dim Eigp(X;) = dim(Eigp (A1) + - - + Bigr (Ax)).
i=1
Since the dimensions are equal, and Eigy (A1) + -+ - + Eigr(Ag) C V,
we get that V = Eigr (A1) + -+ - + Bigr (\) = @5, Bigr(\).

5) = 1) If V = Eigp (A1) @ --- @ Eigpr (M), then since Eigp (A1) +
-+ + Eigp(Ag) C V is a direct sum, we must have that

EigT(Al), ey EigT()\k) =V.

So if we choose a basis B; of Eigp();) for all 4, then UX_, B; is a basis
of V' consisting of eigenvectors of T'. Hence, T is diagonalizable. |

Corollary 6.29:

If pr(x) splits as a product of linear factors and each
eigenvalue A has m, (T, \) = 1, then T is diagonaliz-
able.

Proof. We have that 1 < mgy(T,\) < mq(T,X) = 1. Hence,
mg(T,\) = mq(T, ) for all eigenvalues X\ of T. By the previous
theorem, T is diagonalizable. O

We call the process of bringing a matrix / endomorphism
to a upper triangular form a TRIANGULARIZATION.

(" Definition 6.30: )
We say that T € End(V') is TRIANGULARIZABLE if
there exists a basis B of V such that [T]5 is upper
triangular.

. /
( Theorem 6.31: )
Let V be a vector space over K and T' € End(V).
Then T is triangularizable if and only if the charac-
teristic polynomial of T splits as a product of linear
. factors. )

As a short digression, the fundamental theorem of alge-
bra.

(" Theorem 6.32: Fundamental Theorem of Algebra

Let p(z) € C|z] be a nonzero polynomial. Then, p(z)
splits as a product of linear factors and a constant
factor, namely

p(x)=c-(x—A)...(x— ).

. J
( Corollary 6.33: A
Let V be a finite dimensional vector space over C and

T € End(V). Then, T is triangularizable.
. J

Proof. [Theorem 6.31] =>) Let BB be a basis for V such that [T]% is
upper triangular. Then, by lemma 6.10, the characteristic polynomial
of T splits as a product of linear factors.

pr(z) = det([T)8 —zI) = (A1 —z) ... (\n — ).

<) We will prove this by induction on n := dim(V). For n = 1, the
result is trivial. Assume n > 1 and the result holds for all vector spaces
of dimension not more than n. Let V be an n + 1 dimensional vector
space and T" € End(V) such that pr(z) splits as a product of linear
factors.

Since pr(x) splits as a product of linear factors, T' has an eigenvalue
A1 € K. Let u; € Ker(T — A1idy) be a nonzero eigenvector of T
corresponding to A\1. Extend wi to a basis B = (u1,u2,...,un+1) of

V. Then
A1 %
*

’
(T8
0 * ...
Let us call the n X n matrix in the bottom right corner A. Let T4 :
K" — K™ be the endomorphism corresponding to A. We have that
pr(x) = (M — ) - pa(x). Since pr(x) splits as a product of linear
factors, p4(z) also splits as a product of linear factors. By the induc-

tion hypothesis, there exists a basis B of K™ such that [TA]S is upper
triangular. Denote by £ the standard basis of K™. Then,

[Sale = lidren]E - [Talg - lidxn]g.

Define

[idKn](é
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Claim
We claim P is invertible and
1 0 e 0
pl=
: lidrn]
0
aswell as that P~1 M P is upper triangular.
. J

We compute P - Q we get the identity matrix, so P is invertible and
P~1is as claimed. We compute

A . *
0
PiMP = .
: [idKn}g . [TA]g . [idKn]g
0
Claim
We claim that 3 a basis B of K™ such that [id]%, is P.
Write
P11 P12 Pim
P21 P22 P2m
p=| .
ml  Pm2 Pmm

Where m = n + 1. Write B’ as B’ = (u1,u2,...,Um). Define

V1 = pr1ul + Pp21u2 + -+ PmiUm
V2 = p12ul + p22u2 + -+ Pm2Um

Um = P1mU1 + P2mU2 + - - - + PmmUm.-

This is a basis of V (exercise). We now have [T]5 = P~ M P, which
is upper triangular. Hence, T is triangularizable. |

6.2 Minimal Polynomials and Cayley-
Hamilton

Let A € Mpyn(K). Yk >1,1let Ak :=A-A--..- A We
| ——

k times

also define A® = TI.

Let g(z) = agz? + ag_1297 1 + - 4+ ag € K[z] be a poly-
nomial. We define

g(A) = agA + ag_1 AT+ 4 agl.

Claim 6.34:

For every A € M,,«,(K), there exists a nonzero poly-
nomial g(z) € K[z] such that g(A4) = 0.

. 2 .. .
Proof. Consider I,, A, A%2,... A" . This is a collection of n? + 1
matrices in the n2-dimensional vector space Mpxn(K). Hence, they
are linearly dependent. So Jag, a1, ...,a,2 € K, not all zero, such that

aoln +a1A+ +an2An2 =0.

Let g(z) = anzx"2 +---4aix+ag. Then, g(A) =0. O
Everything here, also applies to 7' € End(V), where T* =
ToTo---oT and TY = idy. We can also define g(T') for
S ——

k times
a polynomial g(x) as above, by

g(T) = agT?+ ag_ 1T '+ +apidy .

Also if V is finite-dimensional, then End (V') has dimension
dim(V)?, so we can find a nonzero polynomial g(x) such
that g(T') = 0 by the same argument as above.

(" Definition 6.35:

Let T € End(V). A MINIMAL POLYNOMIAL for T
is a nonzero polynomial g(z) € K[z] of the minimal
possible degree, such that g(7') = 0.

Theorem 6.36: Cayley-Hamilton
1) Let A € My, (K). Then, pa(A) =0.

2) Let V be a finite-dimensional vector space over K
and T € End(V). Then, pr(T) = 0.

Exercise 6.37:

a b

LetA:( ).Then
c d

pa(z) = 22 — (a+ d)z + (ad — be).

Compute p4(A) and verify that it is the zero matrix.

We first do an outline of an alternative analytic proof

Proof.  Assume first, that K = C. Proof first for A € My, xn(C),
which is diagonalizable. Indeed, if there is an invertible matrix Q, such

that Q71AQ =A'is diagonal, with diagonal entries A1, ..., An, then
pa(x) = cna™ +cn_12™ "t 4+ co.
And
pa(A1) 0 0
L 0 pa(A2) ... 0
Q7 pa(A)Q =pa(A) = _ : _
0 0 pA()‘n)
But this is the zero matrix since p 4 (A;) = 0 for all i. Hence, pa(A) =0,
since @ is invertible. O

We need some preparations for the algebraic proof.

Definition 6.38:
Let V be a vector space over K and T' € End(V).
Let v € V. Define (v)r = Sp{v,T(v), T?(v),...}.

(v)r is called the T-CYCLIC SUBSPACE generated by
V.

Exercise 6.39:

1) Show that (v)r is invariant under 7. i.e.
T((v)r) € (v)r.

2) (v)r is the smallest subspace of V' which both con-
tains v and is invariant under 7.
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Lemma 6.40:

Suppose that v, T, ..., T% v for d > 1 are linearly
independent, and

T = ad_leflv + -4+ a1Tv + agu.
Then,
1) B= (v,Tv,...,T% ) is a basis of (v)r.
2) Denote S := T|,),.. Then,

0 0 0 —ay
1 0 0 —a
[S]g 10 1 0 —as
0 0 1 —Qq—1
S J
Proof. 1) Denote by U = Sp{v,Tv,...,T% 1v}. Note that for

w € B then T(w) € U. So U is T-invariant. Furthermore, v € U, By
the previous exercise, (v)r C U. But clearly, also U C (v)p. Hence,
(v)yr =U.

Since by assumption, the elements of B are linearly independent, and B
spans (v), we get that B is a basis of (v)r.

2) Direct calculation. O
( Lemma 6.41: N
Suppose that v, Tw,...,T% v for d > 1 are linearly

independent, and
T = ad_leflv + -4+ a1Tv + ago.
Then,
ps(z) = (-1)%z? — ag_12% 1 — - — a1z — ay).
. J
Proof. We compute
—x 0 0 ag
1 —x 0 ay
[S]g = 0 1 0 a2
0 0 1 ag-1—=x

We will argue by induction on d. For d = 1,2 the result is easy to
verify. Assume d > 3 and the result holds for all smaller values of d.
We compute

det([S]8 — zI) =

—x 0 ay
1 0 as

— - det + (=) lgq - 1.
0 1 ag1—=x

But this first matrix is the same as [S]E — xI for d — 1, so by the
induction hypothesis, we get that

det([S]g —zl) = (-1D)%a% —ag_1247t — - —a12 — ao).
|
Proof. [of Theorem 6.36] Let V' be finite dimensional and T' € End (V).

Then pr(x) = det(T — xidy). We want to show that pr(T) = 0.
This is equivalent to showing that pr(T)(v) =0 for all v € V.

If v = 0, then pr(T)(v) = 0. Assume v # 0. Con-
sider the cyclic subspace (v)r. Take the maximal d > 1 such
that v,Tw,...,T% v are linearly independent. Since V is finite-
dimensional, such a d is well defined. Since d is maximal, we have that
T is a linear combination of v, Tw,...,T% v. So

Let v € V.

Ty = ad_leflv +---+a1Tv + agv.

Put n = dim(V). If d < n extend v, T,...,T% v to a basis £ of V.
Then, [T]% has the form of the following block matrix.

ms = (BF 7).

The characteristic polynomial of T is given by

*

C

pr(z) = ps(z) - pc(z).

Put R := pp(T) € End(V). So R = ps(T)-pc(T). So it follows, that
R(v) = pc(T) o ps(T)(v). But by lemma 6.41,

ps(T)(v) = (D)4 T% —aqg_1 T v — - —a1Tv — agv) = 0.

So R(v) =0 for all v € V. Hence, pp(T) = 0. 0O
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7 Euclidean and Hermitian Spaces

In the following we will work over K =R or K = C.

(" Definition 7.1: Scalar Product

Let V be a vector space over R. A SCALAR PRODUCT
(or inner product) is a function V' x V' — R, denoted
by (v, w) — (v, w), that satisfies

(av + bw, u)

1) Linearity in the first variable:
a{v,u) + b{w, u).

2) Linearity in the second variable: (v,au + bw)
a(v,u) + b{v,w).

3) Symmetry: (v, w) = (w,v).
4) Positivity: Vv # 0, (v,v) > 0.

We call (V,(-,-)) an EUCLIDEAN SPACE or a space
with a scalar product.

Definition 7.2: Hermitian Product

Let V be a vector space over C. A HERMITIAN PROD-
ucCT (or inner product) is a function V x V. — C,
denoted by (v, w) — (v, w), that satisfies

1) Linearity in the first variable: (av + bw,u) =

av, u) + b{w, u).

2) Complex antilinearity or Sesquilinearity in the sec-
ond variable: (v, au + bw) = @(v, u) + b{v, w).

3) Hermitian property: (v,w) = (w,v).
4) Positivity: Vv # 0, (v,v) > 0.

We call (V, (-,-)) a HERMITIAN SPACE or a space with
a Hermitian product.

.

Notice that for positivity, (v,v) € R.

Two properties we will use often about complex numbers
are the following:

1) aeCisreal iff a =a.
2)VBeC, B-B=I8]

Ve

Lemma 7.3:

Let V be an Euclidean or Hermitian space and v, w €
V. Then,

1) (v,0) = (0,v) = 0.
2) If (v,w) =0 for all v € V, then w = 0.
3) If (v, w)

(v,w’) for all v € V, then w = w'.

.

Proof.

O

Exercise.

(" Definition 7.4: Norm

Let V be an Euclidean or Hermitian space and v € V.
We define the NORM of v as ||v]| = y/(v,v) € Rxg
induced by (-, -).

.

(" Definition 7.5: Unit Vector

A vector u € V is called a UNIT VECTOR if [ju|| = 1.
.
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Note that Vv # 0, ﬁv is a unit vector. So every nonzero
Y- the

vector can be rescaled to a unit vector. We call ToT

NORMALIZATION of v.

(" Definition 7.6: Distance

Vv, w € V, we define the DISTANCE between v and w
as d(v,w) = ||Jv — w||.

Definition 7.7: Orthogonality

Two vectors u,v € V are called ORTHOGONAL if
(u,v) = 0. In this case, we write u L v.

Definition 7.8: Orthogonal System

A subset S C V is called an ORTHOGONAL SYSTEM
if 0 ¢ S and Vu,v € S with u # v, we have u L v.

Definition 7.9: Orthonormal System

An orthogonal system S C V is called an vo-
caborthonormal system if Vu € S, |Jul| = 1.

Theorem 7.10: Pythagorean Theorem

Let V be an Euclidean or Hermitian space and u,v €
V orthogonal. Then |lu + v||? = ||u||*> + ||v||*.

.

Proof. We compute

l[w + 0l = (u + v, u + )
= (uv u> + (uv U) + (v,u} + <U7U>
= Jlull> + 040+ |lv]?

= llul® + Jlv]|*.

Exercise 7.11:
1) Let V be Euclidean. Show that Vu,v € V, we have

1
(uv) = 5 (lu+ol* = [lul* = [Jol]*).
2) What happens with the above, if V' is Hermitian?

Important about the first exercise is, that we can find the
scalar product after having defined the norm.

Example 7.12: Standard Scalar Product
The standard scalar product on R" is given by

- T
(u,v) = u" v =ugvy + ugvs + -+ - + UpV,.

Example 7.13: Standard Hermitian Product

The standard Hermitian product on C” is given by

t

(u, v) =l v =u"=uv; + Tvs + - - + Wpv,.



Example 7.14:

If V is an Euclidean or Hermitian space and W C V'
is a subspace, then the restriction of (-,-) to W x W
is a scalar product on W. Hence, W is an Euclidean
or Hermitian space aswell.

Definition 7.15: Symmetric Matrices

A matrix A € M,xn(K) is called SYMMETRIC if
AT = A.

Definition 7.16: Hermitian Matrices
Let A € Myyxn(C). Write A = (a7;).

Let A € M, xn(C). We define the ADJOINT MATRIX
of Aas At=4".

A € M,,5,(C) is called HERMITIAN if AT = A.

Example 7.17:

Let A € M,x,(R). Define (u,v)4 = ul Av. This is
always bilinear. Assume that A is symmetric. Then,

(u,v) 4 = uT Av = vT ATu = vT Au = (v,u) 4.

The question now is, if (-,-) 4 is a scalar product. In
general, no. For example, the 0 matrix.

Definition 7.18: Positive Definite Matrices

A symmetric matrix A € M, «,(R) is called POSITIVE
DEFINITE if Vu € R™\ {0}, ul Au > 0.

.

Claim 7.19:
1) If A is positive definite, then (u,v)4 = v Av is a
scalar product on R”.

2) If {-,-) 4 is a scalar product on R™, then A is pos-
itive definite.

Proof. On friday

Example 7.20:
Let aq,...,a, > 0, then
al 0 coo 0
0 az ... 0
D = o o . o bl
0 O ay,

is positive definite, since for v € R™ \ {0}, we have

u'Du = a1u? + agui + - + anu? > 0.

Definition 7.21: Positive Definite Hermitian Matri-
ces

Let A € M, xn(C) be Hermitian. We say that A is
POSITIVE DEFINITE if Vu € C™ \ {0}, uT Aw > 0.
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Claim 7.22:
IF A is Hermitian, then v A7 € R for all v € C".

Proof.
T A5 = 77 Av = (77 Av)T
= UTZTE
=T Aw.
g

Given a positive definite A € M,,«,,(C), we can define a
Hermitian product on C" by (u,v)4 = u’ Av.

Claim 7.23:

(+,-)4 is a Hermitian product on C™ iff A is Hermitian
and positive definite.

Proof. =) Assume (-,-)4 is a Hermitian product on C™. Then,

Vv, w € C™, we have

<v’w>A = <w7 U>A~

Thus, -
vl AT = wT AT = w' Av.
Since this is a scalar, we can transpose it and get
_ —T__
AT =0TA w.

Take v = e; and w = e;, where ¢; is the standard basis of C". We get
that

el Agj = eiTZT(Tj
el Aej = eZTZTej
aij; = ajj-
Thus A is Hermitian
A is also positive definite since for Hermitian products, we must have
(v,v)4 > 0Vv # 0.

<) Assume A is positive definite. Then, (-,-)4 is linear in the first
variable and sesquilinear in the second variable by definition. Since A is
Hermitian, we have

(v,wy g = vT Aw = wT AT = (w, v) 4.

Finally, since A is positive definite, we have (v,v)4 > 0 for all v # 0.
Hence, (-,-)a is a Hermitian product on C™. |

Exercise 7.24:

a b

R >a >0 and det(A) € Ryg.

. Show that A is positive definite iff

Example 7.25:

Given V = R?, define two scalar products on V by
(u,v)1 = ugv1 +ugvy, (u,v)s = u’ Av,

ai

where A = <O

0>7 with ay,as > 0.

as

In the first case, the unit sphere(circle) is given by
S={veR?||v| =1}

In this case, S looks like a unit circle. In the second
case, 8’ looks like an ellipse, given by

S’ = {v e R?| a;v? + agv3 = 1}.



Exercise 7.26:

Let V = Cla,b] be the vector space of continuous
functions on [a, b]. Define

b
(f9) = [ I@g(a)da.
Show, that (-, -) is a scalar product on V.

Interestingly, according to this scalar product, say on
C[—m, 7], sin(z) and 1 are orthogonal.

7.1 Norms and Angles

We want to define geometric properties on Euclidean and
Hermitian spaces, such as angles.

(" Definition 7.27: Norm B
Let V be a vector space over K = Ror K = C. A
norm | - || on V is a function V' — R, denoted by
v+ ||v]|, that satisfies
1. Triangle inequality: |Ju + v|| < |Jul| + [Jv].

2. Absolute homogeneity: |lav| = |a| - ||v].
3. Non-degeneracy: If ||v|| = 0, then v = 0.

. J

(" Claim 7.28: B
If (-,-) is an inner product on V, then

[oll = v/ (v, v),
is a norm on V.

. J

Proof. Soon ™ O
Exercise 7.29:

Define

a

1 (5) = meaxal .
And
a

1(5) 1= tal + 16
Show that these are norms and draw the unit sphere
in these norms.
Show that none of them does from a scalar product
on R2.
Hint: If || - || is induced from a scalar product, then

1

(u,v) = 5 (lw+ol|* = ull* = [lo]]*).

(" Theorem 7.30: Cauchy-Schwarz Inequality B
Let (V,(:,-)) be a Euclidean or Hermitian space.
Then, Yu,v € V, we have

|(w, v)] < ]| - flo]l.
Moreover, inequality holds iff v and v are linearly
dependent.

. J

Proof. If u = 0, the inequality becomes an obvious equality. Assume
thus, u # 0.

Put w := v — \u, where \ = fﬁ;ﬁﬁ‘? Then,

(w,u) = (v,u) — Au,u) = 0.
Now,
0 < [Jwl* = (w,w)
= (v — Au,v — Au)
= (v,v) — Mv,u) — Mu,v) + |\|*(u, u)
= [[oll® = [A1?lull?

— ||U||2 _ |<U7u>‘2
flul?

From this, we get that [(v, u)| < ||u| - [|v]|.

Inequality holds, iff ||w||? = 0, iff w = 0, iff v = Au, iff u and v are
linearly dependent. d

Corollary 7.31:

Let (V,{-,-)) be a Euclidean or Hermitian space.
Then V 5 v — +/(v,v) € R>¢ is a norm on V.

Proof. We consider the proof over C. The second and third properties
of norms are easy to verify. We will verify the triangle inequality. Let
u,v € V. Then,

Hu—l—v||2 = (u+v,u+v)
= (u,u) + (u,v) + (v,u) + (v, v)
= [lull® + 2R ((u, v)) + [Jv]?

Note that Vz € C, R(z) < |z|. So,
llu+ ol < flull + 2[(u, v)] + [|v]1?

< lwll? + 2)ful| - [Jo]] + [|v)1? Cauchy-Schwarz

= (llull + llvl)>.

Hence, [ju + o < [lull + ||v]. O
(" Definition 7.32: Angle A
Let (V,(-,-)) be a Euclidean space. Let u,v € V
nonzero. We define the ANGLE between u and v to

be the unique number « € [0, 7] such that
(u,v) u oW
cos(a) = ———— = (—, —).
ull - Mol el (ol
. J

We want to find an orthonormal basis of a Euclidean or
Hermitian space. To this extent we use the Gram-Schmidt
orthogonalization process.

(" Theorem 7.33: B
Let (V,{(-,-)) be an inner product space.
1. If S C V is an orthogonal system, then S is linearly
independent.
2. If vy,...,v, is an orthogonal system and v €
Sp{vi,...,vn} and we write v = a1v1 + -+ + AUy,
then ( >
v, U
aj = : j2 o
[[oj l
. J

Proof. 2. Let 1 < j < n. We compute

n
(v,05) = > ap(vg,v5) = ajllv; ||
k=1
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(v,v5)
Thus, a; = To; ﬁz .

1. Suppose Z?:l ajvj = 0. Then, for 1 < j < n, we have by
statement 2, that
_{0,v5) _

aj = =
llo; 2

Proposition 7.34:

Let V, W be vector spaces over R or C and (-,-) an
inner product on W. Let B be a basis for V' and
C = (wy,...,wy,) an orthonormal basis for W. Let
T € Hom(V,W). Write [T]5 = (a;;). Then,

aij = (T'(v;), ws).

In case C is only an orthogonal basis, then

(T (v;), wi)

A;; =
Y s |2

.

Proof. Exercise.

(" Theorem 7.35: Gram-Schmidt Process

Let (V,{(-,-)) be a finite dimensional inner product
space over R or C. Let (v1,...,v,) be a basis of
V. Define new vectors ws,...,w, by induction as
follows:
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Then,
1. (w1,...,w,) is an orthogonal basis of V.

2. (wy/||will,- .., wn/||wnl]]) is an orthonormal basis
of V.

3. V1 <j<mn, Sp{vy,..

.

v} =8Sp{wi, ..., w;}.

J/

What this process essentially does is filter out the compo-
nents of v; in the direction of wy,...,w;_1, so that w; is
orthogonal to wy, ..., w;_1.

Proof. We claim that for 1 < j < n, w; is well defined (i.e. w; # 0

for 1 <i < j—1). Moreover, wi,...,w; is an orthogonal system with
the same span as v1,...,v;. We will verify this by induction on j.

Base case (j = 1): w1 = v1 # 0. Moreover, wy is an orthogonal
system and Sp{w} = Sp{v1}.
Let 2 < j < n and assume our claim holds for wy,...,w;_1. Then,

Jj—1

'wj:vjfg

=1

(vj, wi)

[Jwill?

i
By induction hypothesis, ||w;]|2 # 0 for 1 <i < j— 1. So w; is well
defined. We now show w; # 0. Assume w; = 0. Then,

j—1

5=

i=1

<”]" wi)

f[wi |

i

So v; € Sp{wi,..
Sp{wi,...,wj—1} = Sp{wvi,..
contradicting the fact that vy, ..

.,wj_1}. By induction hypothesis, we get that
oy Uj_1}. So v € Sp{’l}l, . ’U]'_l},
.,Vn is a basis. Hence, w; # 0.
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We now show orthogonality. Indeed, let 1 < k < j — 1. We have

i—1

(wj, wi) = (vj, wg) — Y

i=1

(Uj7 wi>

l[ws |

(wi, w).

The only term surviving in the sum is the i = k term, which is (v;, wg).

So
(vj, w)
(wj, wg) = (vj, wg) — WM: 0.
Thus, wi,...,w; is an orthogonal system.

It remains to show that Sp{wi,...,w;} = Sp{v1,...,v;}. Clearly,
wj € Sp{wi,...,wj_1,v;}. By induction hypothesis, we thus get
wj € Sp{v1,...,v;}. Hence, Sp{wi,...,w;} C Sp{vi,...,v;}.

Since (wi, ..
sional space, we must have dim(Sp{wi,..
Sp{’l,Ul, s 7wj} = Sp{Ul, s 7Uj}'

.,wj) is orthogonal, and (v1,...,v;) is a j dimen-
.,wj}) = j. Hence,
O

Corollary 7.36:

Every finite dimensional inner product space has an
orthonormal basis.

7.2 The orthogonal complement

Let (V,(-,-)) be an inner product space over R or C.

(" Definition 7.37:

Let S C V be a nonempty subset. Define the OR-
THOGONAL COMPLEMENT of S as

St={veV|({vs) =0Vsc S}

If S = {w}, we write w' instead of {w}.

Lemma 7.38:
Let S,T C V be nonempty subsets. Then,

1. S+ is a subspace of V.

2. 0L =V and V+ = {0}.

3. NSt =@ or SNSt ={0}.
4. If S C T, then T+ c S+.

5. (Sp(S))+ = s+.

6. S C(SH)*L.

. /

Proof. 1. 0 € St since (0,s) = 0 for all s € S. Furthermore, if
v,w € St and a,b € K, then (av + bw, s) = a(v, s) + b{w, s) = 0 for
all s € S. Hence, av + bw € S+. Thus, S+ is a subspace of V.

2. 0+ = {v € V| (v,0) = 0} = V since every vector is perpendicular
to 0. Letv € VL. Thus (v,v) = 0. By positivity, we get v = 0. Hence,
v+ = {0}

3. If SNS+ = &, we are done. So assume SNS-+ #o. Letv € SnsSt.
Then, (v,v) = 0. By positivity, we get v = 0. Hence, SN S+ = {0}.

4. Exercise.

5. We have S C Sp(s), so by 4, we get (Sp(S))+ C S+. Let v € S+.
Let u € Sp(S). Write u = Zle a;uq, with a; € K and u; € S. Then,

k
(o) = > (o, ug) = 0.
=1

6. Let s € S. Then Vv € S*, (v,s) = 0. Hence, {s,v) =0. So s L v,
implying s € (S+)*+. O



Theorem 7.39:

Let (V, {(-,-)) be an inner product space (not necessar-
ily finite dimensional) and U C V a finite dimensional
subspace. Then, U+ is a complement of U in V, i.e.
V=U+U't and UNU* = {0}. Hence, V=2 U@U*

canonical.
. J

Proof.
Pick an orthonormal basis (e1, ..

By Lemma 7.38, we have U N U+ = {0}. Let r := dimU.
.,er) of U. Let v € V and define

T

Z(v, €;)€;.

=1

Py(v) =

We have v = Py (v) +(v — Py (v)). We claim, that v — Py (v) € U+,
——

€U
Indeed,

T

(v — Py(v),e) = (v,e;) — Z(v, erx){ek,ei) = (v,e;) — (v,e;) = 0.

k=1

This shows that v — Py (v) € UL. Hence, V = U 4+ U+, O

( )

Definition 7.40:

Let (V,(-,-)) be an inner product space and U C V a
finite dimensional subspace. We have seen that U+
is a complement of U in V, so V =2 U @ U~L. Define a
map Py : V — U by Py(v) = u, where v = u+w with
w e U and w € UL. We call Py the ORTHOGONAL

PROJECTION to U.
|\ J

Let us do a short digression. Let W be a vector space over
any field K and let W; C V be a subspace. Let Wy C V
be a complement. Given v = w; + wy with w; € Wy
and we € Wa, we can define a map Py, : V — Wj by
Py, (v) = wy.

Claim 7.41:

Py, , Py, are linear, Im Py, = Wi, and Ker Py, =
Wo.

Proof. Vv € W,v — Py, (v) € Wa. So

v = Py, (v) + Pw, (v).

]
( Proposition 7.42: N
Py satisfies the following properties:
1. Py is linear.
2. Im Py = U and Ker Py = U-L.
3.YweV,v— Py(v) e UL,
4. Yu e U, Py(u) = u.
5. If eq,...,e, is an orthonormal basis of U, then
YveV,
r ~
Py(v) =) (v,ese; = Py(v).
i=1
. J
Proof. 1-4 follow from 7.41. We now verify 5. Let v € V. Write
v= Z(v, ei)ei + (v — Z(v, ei)ei).
i=1 i=1
Clearly Y7 (v,ei)e; € U. We further saw, that v — >°7_; (v, e5)e; L

U. Hence, Py(v) = > (v, e5)e;.

So by uniqueness of the decomposition v = u + w with u € U and
w € UL, we get that Py (v) = Py (v). a

Corollary 7.43:

Let (V,(-,-)) be a inner product space. Let U C V
be a finite dimensional subspace. Then

UhH =v.

Proof. By Lemma 7.38, we have U C (UJ-)J-. We thus have to show
the other inclusion. Let v € (UL1)L. We have that V = U + U~ and
UNUL ={0}. So we can write v = u + w with u € U and w € U+.

Since u € U C (UL)*, and v € (UH)L, we get that w = v —u €
(UL)L. But w € UL and we know that U+ N (U+)L = {0}. Hence,
w=0andv=u€eU. O

Corollary 7.44:

If V is a finite dimensional inner product space and
U C V is a subspace, then dim U +dim U+ = dim V.

We want to return to matrices, in this case orthogonal (for
R) and unitary (for C) matrices.

(" Definition 7.45: Orthogonal and Unitary Matrices

1. A matrix A € M,,«,(R) is ORTHOGONAL if it’s
columns form an orthonormal basis of R™ with re-
spect to the standard scalar product.

The set of all orthogonal matrices is denoted by O(n).

2. A matrix A € M, x,(C) is UNITARY if it’s columns
form an orthonormal basis of C™ with respect to the
standard hermitian product.

The set of all unitary matrices is denoted by U(n).

. /
(" Lemma 7.46: A
AeO(n)iff ATA=1, iff AAT =1, iff A=! = AT.

. /
( Lemma 7.47: B

AeU(n)iff ATA =1, iff AAT =, iff A= = AT,
.

J

Proof. The proof for 7.46 and 7.47 are similar, so we will only verify
the second one. Write

A= (Ul...vn).
Where v, € C3 |,k =1,...,n. Then,
vf vfﬂ vfﬁ
ATA = (o1 ) = .
vg; vgﬁ vg;ﬁ

So the entry i, j is (vg,v).

We know that A is unitary iff v1,..., vy is an orthonormal basis of C™.
This is only iff (v;,v;) = 8;5, which is only iff ATA = I,,. From this,
we get the rest from simple algebraic manipulations. d

( )

Corollary 7.48:

1. Let A € Mpxn(R).
O(n).

2. Let A € M,,5,(C). Then, A € U(n) iff AT € U(n).

Then, A € O(n) iff AT €

Thus, we can also see if the rows of A form an or-
thonormal basis.
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7.3 QR Decomposition

We want to decompose matrices as a product of an or-
thogonal /unitary matrix and an upper triangular matrix.
This is called the QR decomposition.

( )

Theorem 7.49: QR Decomposition

1. Let A € GL,(R). Then, there exists @ € O(n)
and an upper triangular matrix R € M, «,(R) such
that

A=QR.

2. Let A € GL,(C). Then, there exists @ € U(n)
and an upper triangular matrix R € M,,x,(C) such
that

A=QR.

. /

Proof. We'll prove both statements together. Write

A= (v1...vn).
Here, v, € K2,k = 1,...,n. Since A is invertible, v1,...,vp form
a basis of K™. Applying the Gram-Schmidt process to v1,...,vn, we
get an orthonormal basis e, ..., e, of K™.
Recall that V1 < j < n,
Sp{et,...,e;} = Sp{vi,...,v;}.
Furthermore, we have
v1 = (v1,e1)er
v2 = (v2,e1)er + (v2, ea)er
v; = (vj,e1)er + -+ (v, ej)e;.
We can conveniently write this as
(vi,e1) (vz,e1) (vn,e1)
0 (va,e2) (vn, e2)
(vl...vn) = (el...en) 0 0 (vn, e3)
Q :
0 0 (Vn,en)
R
Q is orthogonal/unitary since eq,...,en is an orthonormal basis. R is
upper triangular by construction. Hence, A = QR. O
~

Theorem 7.50: Extension of QR Decomposition

Let A € M,,xn(K) with with » = rank A. Then,
Q€ O(m) if K =R)or Q € U(m) (if K =C) and

R= ((5 3) € Mypsn(K).

Where C € M,,(K) is an invertible upper triangu-
lar matrix, such that

A=QR.

. /

Proof. See lecture notes. ]

7.4 Dual Spaces Reloaded

Let V' be a vector space over K. Recall that V* =
Hom(V, K) is the dual space of V. Assume V = K7
and let o : K™ — K be a functional. Then, 3! A =
(a1,...,an) € M1xn(K) such that

p(v) = Av.

Indeed, if we denote by eq,...,e, the standard basis of
K™, then we can write ¢(e;) = a; for 1 < i < n. Then,
p(v) = Av for all v € K™,

Define ¢u V= Ka by ¢u(v) = <U,u>' ¢u() = <,’LL> is
called the FUNCTIONAL ASSOCIATED TO u.
(" Claim 7.51: )
¢y, is linear. So ¢, € V*.
. J
N

(" Theorem 7.52:

Let (V,{-,-)) be a finite dimensional inner product
space. Let ¢ € V*. Then 3lu € V such that ¢ = @,.

In fact, we get a map ® : V' — V*, defined by ®(u) =
py. For K = R, ® is an isomorphism. For K = C,
® is injective and surjective but only complex anti-
linar, i.e.

®(au + bv) = a®(u) + b®(v).

. /

So at least, if K = R, we get a canonical isomorphism
between V and V*.

Proof. Fix an orthonormal basis eq, ..
v € V. We have:

.,en of V. Let ¢ € V* and

n

v = Z(v, €i)€;.

i=1

So applying ¢ to both sides, we get

p(v) =¢ (Z@,ez‘)&) = (ve)ple:) = <07 Zv(ei)6i>~
=1

i=1 =1

Define u := Y1 ; ¢(e;)e;. Then, ¢(v) = (v,u) for all v € V. Hence,
Y = Pu-
For uniqueness, suppose @u; = @u,. Then, Vv € V,
(v,u1) = (v, u2).
So (v,u1 —u2) = 0 for all v € V. In particular, (u1 —u2,u1 —u2) = 0.
By positivity, we get u1 — u2 = 0. Hence, u; = uz. (Lemma 7.3). O
Exercise 7.53:

® is linear/ complex anti-linear as claimed.

Let V, W be vector spaces over K and T : V — W linear.
We have seen, that T" induces a new map 77 : W* — V*,
called the dual map, defined by

T*(¢) = poT.

v L sw

Assume now, that (V,(-,-)y) and (W, (-,)w) are inner
product spaces and dimV < oo. Let T : V — W be a
linear map. Define 7" : W — V using our "canonical"
identifications W = W* and V = V*. The corresponding
diagram for 7' = &' o T* o ®yy is

W* T V*

S
!

AN, v

Notice, that since dimV < oo, @y is bijective and thus
<I>‘_,1 is well defined.
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Let us look at some properties of T”. Note that
Sy oT' =T" o Dyy.
Thus Yw € W, &y (T (w)) = T*(Pw (w)). So we can write
oriw) =T (pw) € V™.
This is the same as saying that Vv € V,
(v, T'(w))v = u(T(v)) = (T(v), w)w-
The map T" is characterized by:

(Tv,w)yw = (v, T"(w))y YveV,weW.

Claim 7.54:

T’ is a linear map.

Proof. If K =R, then &y and ®y are linear, so T’ = ‘I>‘_,1
is linear as well.

oT™ O‘I)W

If K = C, then ®y and Py, are both additive and complex anti-linear.
As an exercise, verify that if R : X — Y is a bijective complex anti-linear
map, then R~1 : Y — X is also additive and complex anti-linear.

So <I>‘_/1 and ®yy are both additive and complex anti-linear. T* is linear.
So

/ -1
T' (w1 +w2) = @,
-1

S

oT™ o Py (w1 + wa)
o T* o By (w1) + @yt 0 T 0 By (w2)

So T' is additive. Moreover, for a € C,
T (aw) = fb‘_/l oT™" o Dy (aw)
= <I>";1 oT™ o (@®w (w))
=0, o (@l o dy (w))
=a®y! o T 0 Dy (w) = aT” (w).
]

As a notation, we will write T* instead of T’ and call it
the ADJOINT of T

( )

Lemma 7.55:

Let U, V, W be inner product spaces over K. Assume
they are all finite dimensional. Let S, T : V — W
and R: W — U be linear maps. Then,

. T™* is linear,

S+T)* =8*+T*,

1
2
3
4.
5
6

. /

Proof. 1. Has been proven already.

2. Let w € W,v € V. Then
(v, (S+T)"(w))v = (S +T)(v), w)w
= (Sv,w)w + (Tv, w)w
= (v, S"(W)v + (v, T"(w))v
= (v, 8" (w) + T"(w))v
= (v, (8" + T*)(w))v.

Since this holds Vv € V, by lemma 7.3, we get that (S + T)*(w) =
(8* +T*)(w) for all w € W. Hence, (S +T)* = S* +T*.

3. Exercise.

4. Letv € V,w € W. Then,

(w, (T*)*(v)w = (T"(w),v)v
= (v, T*(w))v
= (Tv,w)w
= (w, Tv)w
Again, by lemma 7.3, we get that (T™*)*(v) = T for all v € V. Hence,
(T*)*=T.
5. Exercise

6. Let v e V,u € U. Then,

(v, (RoT)"u) = ((RoT)(v),u)u
= (R(T(v)), w)u
= (T(v), R* (u))w
= (v, T*(R"(u)))v-
Once again, by lemma 7.3, we get that (RoT)*u = T*(R*(u)) for all
u € U. Hence, (RoT)* =T* o R*. a

N

(" Lemma 7.56:
Let V, W be finite dimensional inner product spaces
over K. Let T : V — W be linear. Consider T* :
W — V the adjoint of T'. Then,

1. Ker(T*) = (Im T+,
2. Im(T*) = (Ker T)*.
3. Ker(T) = (ImT*)+,
4. Im(T) = (Ker T*)*.

Proof. Letw € W. Then, w € Ker T* iff T*w = 0 iff (v, T*w)y =0
for all v € V iff (Tv,w)w =0 forallve Viffw L TvforallveV
iff w L ImT iff w € ImT)L. Hence, Ker(T*) = (ImT)+. This
proves 1. The rest of the statements follow from 1 and the fact that
(T*)* =T and (S+)+ = S for any subspace S of a finite dimensional
inner product space. O

We want to find the matrix representation of adjoint maps.

[ Proposition 7.57: B
Let V, W be finite dimensional inner product spaces
and T : V — W linear. Let B = (eq,...,e,) be an
orthonormal basis from V, and C = (f1,..., fm) be
an orthonormal basis from W. Then

* B T
[T5 = [TIE = (IT18)"

. J

Proof. Write A = [T]5 = (as;) and B = [T*]§ = (bi;).

We have

bij = (T" fj,ei)v = {e;, T* fj)v = (Tes, [i)w = Qi

Corollary 7.58:

Let A € M,xn(K) and Ty : K™ — K™ be the linear
map defined by T'4(v) = Av. Then, if we endow K"
and K™ with the standard inner product, we have
(Ta)* = Tas.

For the record, some properties of the adjoint matrix:
1. (A+B)f = AT + BT,
2. (AA)T =XAT for A € K,
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3. (ANT = A,
4. (L)t =1,
5. (AB)' = Bt AT,

7.5 The spectral theorem

We want to see when we can diagonalize matrices.

( Definition 7.59: Orthogonal Diagonalizability )
Let V be an inner product space and T' € End(V).
We say that T is ORTHOGONALLY DIAGONALIZABLE
if there exists an orthonormal basis B of V' consisting
of eigenvectors of T'.

. J
( Lemma 7.60: B
If T is orthogonally diagonalizable, then T - T* =

T -T.
. J

Proof. Let B be an orthonormal basis for V' such that all vectors in B
are eigenvectors of T'. Then, [T}g is a diagonal matrix. By proposition
7.57, [T*]5 is the conjugate transpose of [T]5, which is also a diagonal
matrix. Hence, [T]5 and [T*]8 commute, so T'- T = T* - T. O

(" Definition 7.61: Normal Endomorphisms / Matrices A

Let V be a finite dimensional inner product space.
T € End(V) is called NORMAL it T - T* =T - T.

A matrix A € M, «,(K) is called NORMAL if

A-AT=A4AT. A

. /

So if T is orthogonally diagonalizable, then T is normal.
Is the converse true? NO! Consider the matrix

0 1
A= (_1 O) |
In that case A- AT = AT. A, but A has no eigenvalues at
all.

Ve

Theorem 7.62: Spectral Theorem

Let V be a finite dimensional inner product space
over C and T' € End(V'). Then, T is normal iff T is
orthogonally diagonalizable.

Lemma 7.63:

Let V be a finite dimensional inner product space
over R or C and T' € End(V) be normal. Then

1. Yo eV, | Tv]| = [|[T*v].
2. VA € K, the endomorphism 7" — Aidy, is normal.

3. If v € V is an eigenvector of T" with eigenvalue A,
then v is also an eigenvector of T with eigenvalue \.

4. If vy, vy are eigenvectors of T with distinct eigen-

values, then v L vs.
. J

Proof. 1. We compute ||Tv||? and ||T*v]|?:
|Tv||? = (Tv, Tv) = (v, T* o Tv)
= (v, T o T*v) = (T*v, T*v) = | T*v]|2.

By positivity, we get | Tv|| = || T*v]|.
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2. We compute (T'— Xidy) - (T — Aidy )* and find
(T = Midy) - (T = Xidy)* = (T = Midy) - (T* — Xidy)
=T -T* — AT — AXT* + |A]?idy
=T* . T —AT* — AT + |\]?idy
= (T* = Xidy) - (T — \idy)
= (T — Aidy)* - (T — Midy).

3. If v is an eigenvector of T with eigenvalue A, then
(T — Xidy)(v) = 0.
By 2. T—Xidy isnormal. By 1. ||[(T—Xidy)(v)|| = [[(T—=Xidy)*(v)]|.
So
(T = Xidy)" (v)]| = 0.

By positivity, we get (T'— Xidy)*(v) = 0. So T*v = Av.
4. We compute

A1 {v1,v2) = (A1, v2) = (Tv1, v2)

= (v1, T*v2) = (v1, A2v2) = Aa(v1,v2).

It follows, that (A1 —A2)(v1,v2) = 0. Since A1 # A2, we get (vi,v2) =

0. Hence, v1 1L va. O
Proof. [of theorem 7.62] =: Follows from lemma 7.60.
<: Since T is complex, by theorem 6.31 T is trigonalizable. Thus,

3 a basis C for V such that [T]g is upper triangular. Applying Gram-
Schmidt to C, we get an orthonormal basis B = (v1,...,v,) for V
which is orthonormal.

Note that because of the Gram-Schmidt process, [T]gg is also upper
triangular.* We'll show now, that because of normality, [T]g is actually
diagonal. Write

ail a2 A1n
0 ag2 a2n
B _
Tz =| . _
0 0 ann

Since B is orthonormal, we know that
[Tv1]* = |a11]?. (7.1)

Since [T*]% is the conjugate transpose of [T]%, we have

arl 0 0
a2z a2 ... 0
*1B _
[T"]5 =
Aln  A2n Ann

So we get
1T*v1]|2 = |a11]? + |a12]® + - + |ain|?.

Combining this with Equation (7.1), we get |ai2|? + -+ + |a1n|? = 0.
By positivity, we get a12 = - -+ = a1, = 0. So the first row of [T}g has
only one non-zero entry. Inductively applying this argument, we get the
result. O

Corollary 7.64:

Let V be a finite dimensional inner product space
over R. Let 7' € End(V') be normal. If T is trigonal-
izable, then T is orthogonally diagonalizable.

As a reminder, trigonalizabilty holds iff pr(x) splits into
linear factors over R, which is not always the case. So the
spectral theorem does not hold for all normal endomor-
phisms over R.

4Since the span of the first j vectors of B is the same as the span
of the first j vectors of C.



Lemma 7.65:

Let V be a finite dimensional inner product space
over R and T' € End(V). If T is orthogonally diago-
nalizable, then T is self-adjoint, i.e. T = T™.

Proof. Let B an orthonormal basis for V' such that [T]Z is diagonal.
Then, [T*]E is the conjugate transpose of [T]5. But since the entries
are real, the conjugate transpose is just the transpose, which is the same

as the original matrix. Hence, [T*]8 = [T5. O
(" Definition 7.66: B
Let V be an inner product space over R or C and

T € End(V). T is called SELF-ADJOINT if T' = T™*.
A matrix A € M, xn(K) is called SELF-ADJOINT if
A = Af. (So over R, A is self-adjoint iff A is sym-
metric).

. J
Exercise 7.67:

Show that T : V' — V is self adjoint iff V orthonormal
basis B of V, [T]% is self-adjoint.

(" Theorem 7.68: A
Let V be a finite dimensional inner product space
over R. Then T is orthogonally diagonalizable iff T
is self-adjoint.

. J
( Lemma 7.69: B
Let V be an inner product space over R or C and let

T € End(V) be self-adjoint. Then:

1) All eigenvalues of T are real.

2) pr(x) factors into linear factors over K.
. J
Proof. 1. Obvious for K = R. Assume K = C and let A € C be

an eigenvalue of T' with eigenvector v. Then, by Lemma 7.63, v is also
an eigenvector of T with eigenvalue A. Since T' = T*, we get A = A.
Hence, \ € R.

2. In C, this follows from the fundamental theorem of algebra. So
assume K = R. Let B be an orthonormal basis for V. Cosnider A :=
[T]E € Mnxn(R). We know that pa(z) = pr(z). We'll show that
pa(z) factors into linear factors over K.

We have T* = T so [T*]8 = [T]5. By proposition 7.57, [T*]% is

the conjugate transpose of [T]5. So A = AT. Consider C" with its
standard inner product (Hermitian product) and consider A now as a
complex matrix.

Let T4 : C™ — C™ be the linear map defined by T4 (v) = Av, and let
&€ = (e1,...,en) be the standard basis for C™. Then, £ is orthonormal.
We also have
[TalE = A.

Now, pr, (z) = pa(x), also when we view it as a polynomial over C.
Now, T4 is self-adjoint when considered as an endomorphism of C".
Thus, by the fundamental theorem of algebra, pr, () factors into linear
factors over C,

pa(@) = [[(z = A\x) € Cla].
k=1

By 1. A\ € R for all k. Hence, pa(x) factors into linear factors over R
as well.

|
Proof. [Theorem 7.68] =: Follows from lemma 7.65.

<: Follows from lemma 7.69 and corollary 7.64. |

Let’s extend this to matrices. A matrix A € M, x,(K) is
called normal, if A- AT = AT . A.

Example 7.70:

1. For K = R, symmetric matrices are normal. 2.
For K = R, orthogonal matrices are normal. 3. For
K = C, self-adjoint matrices are normal. 4. For
K = C, unitary matrices are normal

Theorem 7.71:

1. If A € My, x»(C) is normal, then 3 a unitary matrix
U such that U~ AU is diagonal.

2. If A € Mpx,(R) is symmetric, 3 an orthogonal
matrix O such that O~1AO is diagonal.

Proof. Follows from the spectral theorems.

7.6 Isometries

We want to focus a bit more on the geometry of inner
product spaces.

(" Definition 7.72: N
Let V,W be inner product spaces over K = R or
C. A linear map T : V — W is called an LINEAR
ISOMETRY if Yvi,v9 € V,

(Tv1, Tva)w = (v1,v2)v.
. J

Remark, that if T is a linear isometry, then
1. Yo e V, || Tv|| = ||v]|.

2. Vp,q €V, d(Tp,Tq) = dy(p,q), where dy and dy
are the distance functions induced by the inner products
on V and W respectively.

3. T is injective. Indeed, if v € Ker T, then ||v|| = ||Tv| =
0. By positivity, we get v = 0.

(" Theorem 7.73:

Let V be a finite dimensional inner product space
over K =Ror C and T € End(V). Then, the follow-
ing are equivalent:

1. T is an isometry.
2. Yo eV, ||Tv|| = |-

3. V orthonormal system of vectors (eg,...,er) in
V, (Tey,...,Teg) is also an orthonormal system of
vectors in V.

4. 3 an orthonormal basis ey, ..., e, of V such that
(Tey,...,Tey,) is also an orthonormal basis of V.

5 ToT* =idy.

6. T*oT =idy.

7. T* =T-1

8. T* is an isometry.
.

Proof. We only proof some.
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2 = 1: Recall that

(,w) = 2 (llv+wl|® = [lv]* = Jlw]?).

1
2
So,
1
{Tv,Tw) = 5 (17w + Tw|)® = |T]|* - || Tw]?)
1

=5 (IT(w +w)I* = | Tv]* — | Tw|?)
1

=5 (Il +wl® —|v)|* ~ [lwl?)

= (v, w).

1 = 3: Let (e1,...,er) be an orthonormal system of vectors in V.
Then, V1 <i,5 <k,

(Te;, Tej) = (ei, ej) = 0;5.

So (Te1,...,Te) is also an orthonormal system of vectors in V.
4 = 5. Let ej,...,en be an orthonormal basis of V' such that
(Tei,...,Teyp) is also an orthonormal basis of V. Let 1 < j < n.

Then V1l <i<mn,
(ei,ej> = 57;]' = (Tei,Te]-) = (ei,T* oTej>.
Thus,
(ej,ej —T"oTej) =0 V1<i<n.
SoT*oTej =ej; forall 1 <j<n. Hence, T" o T =idy.
]

Lets go back to matrices. Recall that A is orthogonal if
A-AT = I, and A is unitary if A- AT = I,,. So We
denote orthogonal matrices by O(n) and unitary matrices
by U(n).

( N\

Proposition 7.74:

Let V be a finite dimensional inner product space
over R (or C). Let B be an orthonormal basis for V'
and T € End(V). Then, T is an isometry iff [T]5 is
an orthogonal (or unitary) matrix.

. J
Proof. Exercise. ]
(" Remark 7.75: B
If A € O(n), then det A = £1. If A € U(n), then
|det A| = 1.
. J
Note, that YA € O(n),det(A) = £1. Indeed,
1 =det(l,) = det(AT A) = det(A”) det(A) = (det A)%.
Similarly, if A € U(n), then |det A| = 1. Indeed,
1 =det(I,,) = det(A") det(A) = det Adet A = | det A|*.
(" Definition 7.76: Special Groups B
We define the SPECIAL ORTHOGONAL GROUP as
SO(n) ={A €O(n)|det A=1}.
Further, we define the SPECIAL UNITARY GROUP as
SU(n) ={AcU(n)|det A=1}.
. J

Note that theese groups are not closed under addition,
so they are not vector spaces. Nonetheless we have the
following result.
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Proposition 7.77:

Let G = O(n),U(n),SO(n) or SU(n). Then, I, €
G, for all A,B € G, AB € G, and for all A € G,
A7l eG.

We now want to classify the elements of O(n) in the case
n=2and n=3.

Lemma 7.78: Eigenvalues of Orthogonal Matrices

Let A € O(n). If A € R is an eigenvalue of A, then
A= =1

Proof.
we have

Suppose Av = Av where 0 # v € R™. Since A is orthogonal,

(v,0) = (Av, Av) = Ow, Av) = A2 (v, v).

But (v,v) > 0 since v # 0. Hence, A2 = 1 and thus the result follows.
O

(" Proposition 7.79: Geometric Description of 0(2)
Let A € O(2). If det A = 1, then 30 € [0,27) such

that ) "
cosf —sin
- (sin@ ) = iy,

cosf
The map T4 is an anticlockwise rotation of R? by 6
around the origin.

If det A = —1, then 3 an orthonormal basis B =
(v1,v9) for R? such that T4 : R? — R? has the fol-
lowing matrix representation with respect to B:

[TA)Z = (é _01> :

In other words, T4 is a reflection about the line
spanned by v;.
0
1)

Moreover, 30 € [0, 27) such that A = Ry <(1)
The basis v, v9 is given by

w= ()= (2478).

. /

Proof. Note, that if v € R2 has norm 1, then 30 € [0,27) such that
_ (cosf
Y= \sing )
Let A = (u1 uz) € O(2). Since |lui| = 1, we can write u; =
(COS 6) for some 0 € [0,27). Since uy is orthogonal to w1 and has

sin O
_ (cos(0+ %)
norm 1, we have us = (sin(@ n g) .
But inside Sp(ug) there exist precisely two unit vectors, one of them

. . . _ (cos(0+ %) .
is uo and the other is —us. So either us = (sin(9+ g) or us =
cos(0 — 3)
sin(0 — 3) )
In the first case, we have det A = 1 and A = Ry. In the second case,

by direct calculation, we have det A = —1 and A = Ry ((1) _01) |

The summary is, that SO(2) is just rotations and O(2) \
SO(2) is just reflections.



(" Corollary 7.80: A
Let V be a 2-dimensional euclidean space and T :
V — V a linear isometry. Then, detT = £1. More-
over, 3 an orthonormal basis B of V such that if
detT =1, then

[T)3 = Ro-
If detT = —1, then
1 0
[T}g = Ry <0 _1> o

. J

(" Proposition 7.81: Geometric Description of SO(3) A
Let A € SO(3). Then 1 is an eigenvalue of A. More-
over, 3 an orthonormal basis B = (v1,v2,v3) of R?
and an angle 6 € [0, 27) such that

1 0 0
[TA]E= (0 cos® —sind
0 sinf cos#
So T4 is a rotation with angle 6 about the axis
spanned by v;.
Moreover, if —1 is an eigenvalue of A, then § = 7. In
this case
1 0 0
[Talg=10 -1 0
0 0 -1
Also, if —1 is not an eigenvalue of A, then 0 # .
. J

Proof. The characteristic polynomial p4(z) of A has degree 3 and
real coefficients. So p4(z) has a real root A\. By lemma 7.78, A = £1.
Take v1 € R? an eigenvector of A. We normalize v; to get a unit
eigenvector.

Consider the subspace

L:=vi ={veR®| (v,v1) = 0}.

Since A is orthogonal, and A(Sp(v1)) = Sp(v1), we get that A(L) = L.
Indeed, if v € L, then

0= (v,v1) = (Av, Av1) = (Av, dv1) = £(Av,v1) = 0.
Since this is an orthogonal complement, we also have that
R® = Sp(vi) + L, Sp(vi)N L ={0}.

Consider now T4 |1, : L — L. Then L is a 2-dimensional euclidean space
and T'4|r, is a linear isometry. By corollary 7.80, 3 an orthonormal basis
B’ = (v2,v3) of L and 6 € [0,27) such that

cos 6

B’ —SiIl9
(Talls = (sin0 cos 6 ) :

Notice, that if A = 1, then we need that det Q@ = 1 so Q € SO(2).
If A = —1, then we need that det Q = —1 so Q € O(2) \ SO(2). But

then § = 7 and
B _ 1 0
[TA‘L}B/ - (0 _1) .

So choosing B = (v2,v1,v3), we get the desired result. O

[ Proposition 7.82:
Let A € O(3)\ SO(3). Then, 3 an orthonormal basis

B = (v1,v2,v3) of R? such that
-1 0 0
[TaAl5=| 0 cosf —sind
0 sinf cosé
So T4 does a rotation by 6 around Sp(v;) and then
a reflection about the plane vi-.
. /

Proof.
orthonormal basis B =

1 0 0
[T4)8 =10 cosf —sind|.

Let A’ = —A. Then, A’ € SO(3). By proposition 7.81, 3 an
(v1,v2,v3) of R® and 6 € [0,27) such that

0 sinf cos
But A= —A’. So
-1 0 0
[TA]g = —[TA/}E =| 0 —cosf sinf |.
0 —sinf —cos@

So replacing 6 by 6 + m, we get the desired result.

7.7 Bilinear Forms

We want to generalize the notion of inner products by
dropping the positivity condition.

(" Definition 7.83: Bilinear Forms b

Let V be a vector space over K. A function B :
V' xV — K is called a BILINEAR FORM if the following
conditions are satisfied:

1. Yw € V, the map B(-,
2. Yv € V, the map B(v

w) : V — K is linear.

,+): V. — K is linear.

Lemma 7.84:

Let V be a vector space over K and C = (eq, ..., e,)
a basis of V and B a bilinear form on V. Then, 3 a
matrix [Blec € M, xn(K) such that

> o d
Zciei,Zdjej = (61 cn) [Ble |
i=1 j=1 d,
J
Proof. Define [B]c = (a;;) where a;; = B(e;,ej). Then,
(Zczez,Zd e]> = ZczB 817Zd €;)
i=1 i=1
= ZCZ ZdJB €i,€ej)
=1 gj=1
n n
= Z Zczdjaij
i=1j=1
d1
= (61 Cn) [B}C
dn,
O

Recall that if T : V' — V is linear, and C is a basis of V,
then we have
[T)E € Myxn(K).
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If D is another basis of V, then we have

713 = [idv]5[T]Elidv]E.

For Bilinear forms, this story is a bit different.

Lemma 7.85:

Let V be a finite dimensional vector space over K.
Let B be a bilinear form and C, D be two bases of V.
Then,

Blp = ([idv]?)" [Blelidy]Z.

Proof. Let C = (vy,..
([B]C)Lk = B(’Uj,’l)k),

Recall also, that column j of [idy/]$, is the coordinate vector of w; with

respect to C.
n
.1 1D
wj = Z ([ldv}c> . Up-
1 P.J

.,on) and D = (w1, ..., wn). Then,

([B}D)j,k = B(wj, w).

Thus,

([B}D)j,k = B(wj, wy)
B ( (lavI) v > (lav12) )

([idv]?)p ; ([idv]g)q .

s )

H\gE

=

Il
M=
NE

B(UIN UQ)

3
Il
-

=]
Il
-

Il
NE
NE

(Eavi) (EaviE),  (Blo),,

I
Il
—

Q

1

(1av12)” (Bletiav1?)

=

(

7.k
O
(" Definition 7.86: Quadratic Forms B
1. A bilinear form B : V x V — K is called SYM-
METRIC if Vv,w € V, B(v,w) = B(w,v).
2. Assume K = R. A bilinear form B : VxV — Ris
called POSITIVE DEFINITE if Vo € V' \ {0}, B(v,v) >
0.
3. Define qp : V — K by ¢p(v) = B(v,v). We call
qB the QUADRATIC FORM associated with B.
. J

Example 7.87:

1. If (V, (-,-)) is an Euclidean space, then B(v,w) =
(v, w) is a symmetric positive definite bilinear form.
It’s associated quadratic form is g(v) = ||v]|?.

2. Let B € Myyn(K). Then B : K" x K" — K
defined by
B(v,w) = vT Bw.

If BT = B, then B is symmetric. If B is positive
definite, then B is positive definite as a bilinear form.
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(" Theorem 7.88: Sylvester’s inertia theorem

Let B:V xV — R be a symmetric bilinear form on
a vector space V over R with dimension n. Then, 3
a basis C for V such that

I 0 0
Ble=|0 -I, 0
0 0 0

for some k,l > 0 such that k + 1 < n. Moreover, k
and [ do not depend on the choice of C. In fact,

k = max{dim W|W < Vs.t.B|wxw is pos. def. }.

I = max{dim W|W < Vs.t. — Blwxw is pos. def. }.
n—k—1=max{dim Z|Z < Vs.t.B|zxv = 0}.

k is called the POSITIVITY INDEX of B, [ is called the
NEGATIVITY INDEX of B, and n — k — [ is called the
NULLITY of B.

We further define the SIGNATURE of B as o(B) :
k—1.

.

Choose any basis C’ for V. Let
A = [B]¢r € Mnxn(R).

Proof.

Note, that A is symmetric since B is symmetric. By the spectral the-
orem, A is an orthogonally diagonalizable matrix. So 3P € O(n) such
that

P~ YAP = diagonal.
But P=' = PT. Thus, PT AP is diagonal. Let C” be the (unique)
basis of V' for which [idv}g;/ = P. So we have

m 0

[Bler = PTAP =

0 M
, we can
JMk+1 < 0, and Ngpp41 = -

where 1; € R. By changing the order of the elements of C”
assume that 01, ...,7% > 0, Ng41,. ..
Nn = 0.

Write A\; = 4/ for i = 1,...,k and \; = +,/—n; for j = k +
1,...,k+ 1. Note, that if

11 " "
C" = y,...,vn),
then,
" "y __ 2 17 "y __ 2
B(vi',vi') = A7 B(vj,vj) = —Aj.
Define C = (vi,...,vn) where v; = )\%U;’ fori=1,...,k and v; =

%v;’forj:k—i-l,...,k:—l-land vm =vl, form=k+1+1,...,n.
J
Then, C is a basis of V' and

I, 0 0
Ble=|0 —-I, of.
0 0 0

Let’'s show that k& and | do not depend on C. To that extent, put
k' = max{dim W|W < Vs.t.Blwxw is pos. def. }. We will show
that k = k’. Clearly, & < k' since B is positive definite on U x U,
where U =C vy, ..., vp).

Suppose by contradiction, that k* > k + 1. Then 3W C V subspace
such that dimW > k 4+ 1 and B|wxw is positive definite. Take
X :=8Sp(vg +1,...,vn) with dim X = n — k. Then,

dim(WNX) =dimW+dim X —dim(W+X) > (k+1)+(n—k)—n.

Using our assumptions, we get
dim(WnNX)>k+1l+n—k—-n=1

So WnNX #{0}. Let 0 #w € WnNX. Write

W= Gk4+1Vk+1 T -+ + AnUn.



Then,
B(w,w) = —af,y — - —aj;; < 0.

But this contradicts the fact that By xw is positive definite. Hence,
k = k’. Similarly, we can show that [ does not depend on C. O

(" Theorem 7.89: )

Let V be a finite dimensional euclidean space of di-
mension n and B : V x V — R be a symmetric
bilinear form. Then, 3 an orthonormal basis C of V'
such that

m 000 0

0 ... 7

where n; > 0 for ¢ = 1,...,k, n; <0 for j = k +
1,....k+l,and ,, =0form=k+1+1,...,n.

The scalars 1y, . .., nyonly depend on B and the inner

product.
N\ J

Proof. Analogous to the proof of Sylvester's inertia theorem (theorem
7.88). o

Recall that a symmetric bilinear form B is called positive
definite if B(v,v) > 0 for all v # 0.

(" Theorem 7.90: )
Let V be a finite dimensional vector space over R
and B a symmetric bilinear form on V. Then, the
following conditions are equivalent:
1. B is positive definite.
2. J a basis C = (c1,...,¢,) such that all princi-
pal minors of [B]¢ = det(B(cj,cx))j k=1, for I =
1,...,n are positive.
3. V basis C, all principal minors of [B]c¢ are positive.

N\ J

Proof. 1 = 2: Follows immediately from Sylvester’s inertia theorem
(theorem 7.88).

2 = 1: We do induction on n = dim V. If n = 1, then B(c1,¢1) >0
and thus B is positive definite.

Suppose now, 2 = 1 holds for all vector spaces of dimension < n
and any bilinear form on them. Let V' be an n + 1-dimensional vector
space over R and B : V X V — R a symmetric bilinear form and
C = (e1,...,en+1) such that all principal minors of [B]¢ are positive.

Let W := Sp(e1,...,en), and let Ciy = (e1,...,en) be a basis of
W. Then, the principal minors of [B]c,, are positive. By the induc-
tion hypothesis, Blw xw is positive definite. But the principal mi-
nors are the same as the first n principal minors of [B]c. If we define
(w1, ws2)p == B(w1,ws2), we get an inner product on W. Consider the
linear functional L : W — R given L(w) := B(w, en41). By the Riesz
representation theorem Jw’ € W such that L(-) = (-,w’)p. In other
words, Jw’ such that

B(w, ent1) = B(w,w') = B(w,ent1 —w’) = OVw € W.

Define a new basis C' = (e1,...,en,ent1 —w’') of V. Then, we have
B(ej,ent1 —w’) =0 for j = 1,...,n. So the matrix representation
of B with respect to C’ is

0
(Bler = (Bl

0 0

0
B(ent1 —w'sent1 —w')

So [B]¢r = ST[B]cS where S is the change of basis matrix from C to
c'.

Notice that B(en+1 — w’, en+1 — w’) must be positive, since
det([B]¢r) = det(S)? det([B]c) > 0.
So also
det([B]cr) = det([Bley, )B(ent1 — W', eny1 — w') > 0.

Let now v € V and write v = w + a(ent1 — w’) with w € W and
a € R. We have, that

B(v,v) = B(w,w) + a?Blept1 — w',ent1 —w') > 0.
Hence, B is positive definite.
2 = 3: Exercise O

Let’s quickly return to quadratic forms. Assume B €
My wn(K). Then, the quadratic form ¢ : K™ — K as-
sociated with B is the same as the one associated with
BT beacuase

vI'Bv =vTBTw.

Assume, in our field K, we have 2 # 0. Then also the
matrix

1

2
gives the same quadratic form as B. Note, that regardless
of B, the matrix 1 (B+B7) is symmetric. Soif2 # 0in K,
then every quadratic form is associated with a symmetric
bilinear form.

(B+ BT),

If2#0in K, and B : V xV — K is a symmetric bilinear
form, with associated quadratic form ¢, then:

1. B(v,w) = 3(q(v+w) — q(v) — q(w)) for all v,w € V.
2. B(v,w) = 1(q(v+ w) — (v — w)) for all v,w € V.
If ¢ : R™ — R is a quadratic form, we can write it as
q(x1,...,xy) = Z Z QT
i=1 j=1
In geometry, a QUADRIC is the set
Q = {(xl, N

,Tn) €ER™ | g(z1,...,2,) = C}.

Example 7.91: Quadrics

In n = 2, we have for a,b > 0,

Q = {(z1,22) | axi — baj = 1}.
This set is a hyperbola. If

Q = {(z1,22) | aa} + bz = 1},

we get an ellipse.

Theorem 7.92:

Let V' be a finite dimensional vector space over K
where 2 # 0. Let B be a symmetric bilinear form
on V. Then, 3 a basis C for V such that [B]¢ is a
diagonal matrix.

Proof. We argue by inductionon n =dim V. If n =1 or B =0, then
any basis C of V will do.

Let n > 2 and assume the statement holds for n — 1. Let V be an n-
dimensional space and B a symmetric bilinear form on V. If B(v,v) =0
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for all v € V, then by the polarization formula, B = 0. So we can
assume that Jv; € V such that B(v1,v1) # 0.

Put W := Sp(v1). Then W is 1-dimensional. Define
WiB .= {v e V| B(v,w) = OVw € W}.

As an exercise, show that WL5B is a subspace of V. We claim that
wnwis = {0}. Indeed, if v € W N W-LEB, then v = av; for some
ae K. So

0 = B(v,v1) = aB(v1,v1).

But since B(vi,v1) # 0, we get o = 0. So v = 0.

We now claim that WL B is a complement of W in V. It remains to
show that W + WLB = V. Let v € V. Consider

B('U,’Ul)
=-v— ———u
B(v1,v1)
Note, that w € W-LB since
B
B(vi,u) = B(v1,v) — MB(vl,vl) =0.
B(U17U1)

Sowv = %vl +u€ W4+ W=EB, Hence, V= W + WLB. We

1,v1
conclude, that dimWLB = n — 1. By the induction hypothesis, 3 a

8 Jordan Normal Form

Let V be a finite dimensional vector space over K and
T :V — V alinear map. The simplest case is when T' is
diagonalizable. In this case, 3 a basis B such that

MO .0
0 X ... 0
TE=| .
0 0 ... A

Unfortunately, we don’t always have this luxury. The gen-
eral case, is where the characteristic polynomial of T" does
not split as a product of linear factors. In this case, T' is
not even trigonalizable.

If T is trigonalizable, then pr(z) is a product of linear
factors. The reason why 7' is not diagonalizable is because
pr(x) for some eigenvalue A, the geometric multiplicity of
A is less than its algebraic multiplicity.

basis C’ = (va,...,vn) of WLB such that [B]¢s is diagonal. Then,
C = (v1,v2,...,vp) is a basis of V and [B]¢ is also diagonal. o , N
- Definition 8.1: Jordan Block
We want to look at symmetric bilinear forms over C.
Let A € K, n € Z>,. Define the JORDAN BLOCK of
(" Theorem 7.93: ) size n with eigenvalue A\ to be the matrix
Let B : V xV — C be a symmetric bilinear form on a A 1 0 0
finite dimensional vector space V over C of dimension 0 N 1 0
n. Then, 3 a basis C of V such that .
J)\,n = : : )
I. 0 0 0 0 1
Ble=1{49 o)
0 O 0 0 0 A
In fact, n —r = max{dim W|W < Vs.t.B|wxv = 0}. N which is an n x n matrix. )
r is called the RANK of B.
\. J
e N
Proof. By theorem 7.92, 3 a basis Lemma 8.2:
C' = (v},...,v},) of V such that [B]¢: is diagonal. Let Choose now Lo 41 he euly @lgpmaiie of Ji.
Aj € C such that A7 = n; and take the basis 2. The characteristic polynomial of Jy ,, is (z — \)".
-1 — 9 a3 q
C= T 0 A L v o). 3. The geometric multiplicity of A is 1. In fact,
In this basis, B(v;,v;) = 0Vi # j and for 1 < j < r, we have
Eig, (Jx.n) = Sp(e1).
B(vj,vj) = A;ZB(v;-,v;-) = /\;2713' =1 G y,
U Proof. 1 + 2: Exercise.
3. To find Eigj (Jx,n), we need to solve
(Jam — ADz = 0.
So we need to find the dimension of the kernel of the matrix
o 1 0 ... O
0o 0 1 ... 0
Jam — Al = o
0 0 o0 ... 1
0 0 O 0
Writing down the equations, we get
xo =x3 =+ =xn =0.
So this leaves z; free and thus dim Eigy (Jx,,) = 1 and Eigy (Jx,n) =
Sp(e1). O
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Theorem 8.3: Jordan Normal Form

Let V be an n-dimensional vector space over K and
T:V — V alinear map. Assume that pr(x) splits
as a product of linear factors in K[z]. Then, 3 a basis
B for V such that

Iaima 0 . 0
0 Jums .. O
[T]g = : : . c )
0 0 Wi

where k > 1, A\q,...,\x € K are not necessarily dis-
tinct , and ny,...,n; € Z>; are such that

ny+---+ng=n.

Moreover, up to permutation, the blocks Jy, ,, are
uniquely determined by T'.

Example 8.4:

The following 8 by 8 matrix is in Jordan normal form:

o O o oo
_— O O o OO
— O O oo oo

S OO OO OO N
SO OO OO NN
S OO oo NN O

The Eigenvalues of this matrix are 2 and —1. The
characteristic polynomial is

(x —2)3(z + 1)5.

the algebraic multiplicity of 2 is 3 and the algebraic
multiplicity of —1 is 5. The geometric multiplicity of
2 is 1 and the geometric multiplicity of —1 is 2.

Definition 8.5: Minimal Polynomial

A minimal polynomial of T': V' — V is a polynomial
pur(x) € K[x] which is not 0, has minimal degree and
satisfies ur(T) = 0.

Similarly for matrices.

Claim 8.6:

1. Let f € K|z] be a polynomial such that f(T) = 0.
Then V eigenvalue A of T', f(A) = 0.

N 2. pa(z)lpa(z)

Proof.

1. Write f(z) = a0 + a1z + -+ + amax™. Then
0=f(T)=aol +a1 T+ - +amT™.

If X is an eigenvalue of T" and v is a corresponding eigenvector, then

0= f(T)v=aov+a1Av+ -+ amA™v = f(A)v.

Since v # 0, we get f(\) =0.
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2. We can always write pa(z) = q(z)pa(z) + r(z) where ¢,r € K|z]
and degr < degpua(z). Then, plugging in A, we get by Cayley-
Hamilton

0=pa(A) = q(A)pa(A) +r(A) =r(A).
Hence r(A) = 0. But degr < degpa(x) and pa(z) is the minimal
polynomial. So r(z) = 0 and thus p4(z)|pa(x). O

Let us focus a bit more on Jordan Blocks. Write Jy ,, =
Al + N, where

01 0 0
00 1 0
N=]|: :
00 0 1
00 0 0

( Lemma 8.7:
1. The matrix N is nilpotent, i.e. Im € Z>; such
that N™ = 0.
0 0 1 0
0 0 0 0
N?=1]: : : . :f,...,N"=0
0 00 ... 0
0 0 0 0
2. Vk > 1, Jf’n is given by
B\ yk— B\ yk— 2 =
M (B (ke
I N R o N
0 0 A (,5g) ATt
0 0 0 AP
In other words,
k
JF = (k> AF=I NI,
] = \J
. J
Proof. 1. Calculation (Exercise).
2. We have
a
T =+ N)F =30 (T ki,
’ Y

7=0

d

In the JNF, we can read the geometric multiplicity of an
eigenvalue A as the number of Jordan blocks with eigen-
value A. The minimal polynomial is

k

[T =2 .

i=1

pr ()

where s()\;) is the size of the largest Jordan block with
eigenvalue A;.

B 0

Proof.  The proof is based on: Given A = {0 C

}, where B €

M (K) and C € Mpyxm(K) and 0 # u = Z) € K™ then u is
an eigenvector of A with eigenvalue X if and only if

Bv = Av and Cw = \w.



Moreover, Eigy (A) = Eig, (B) @ Eig, (C). In particular, mg(A4, ) =

mg(B,\) +mg(C, ). This is an exercise. From this, it follows that
mg([T)5,\) = # of Jordan blocks with eigenvalue A.

This is because mg(Jy,m,n") = 0y -

Let's look at the statement about the minimal polynomial. If

_[B o0 . [B® 0
A*[o c};’A*[o C’“}'

So if ¢(z) € K|[z], then g(A) = |:q((1)'3) q(OC’):| Furthermore,
q(N) * ... *
0 q(V)
Q(J)\,n) = : : :
00 a)

If g(A) # 0, then q(Jy ) is invertible. Consider now g(z) = (z — A\)°.
Then,

Q(']A,n) = ('J)\,n - )‘I)S = N°*.
If s < n, this is a nonzero matrix and if s > n, this is the zero matrix.
O

We now want to outline of the proof of the existence of

the JNF.

( Lemma 8.8: )
Let V be a n dimensional vector space over K. Let
T € End(V) and A € K an eigenvalue of 7. Define
the GENERALIZED EIGENSPACE of A as

Eig, (T) = | Ker((T — AI)?).
j=1
Then,
1. E\ié/\(T) is a subspace of V. In fact, E\ig,\(T) =
Ker((T — A\I)™).
2. Ifv e E\ig/\ (T') is an eigenvector of T' correspond-
ing to some eigenvalue p of T, then u = A. In
other words, the only eigenvectors of 1" that belong
to Eig, (T') are those corresponding to A.
. J
Proof. 1. We have

{0} € Ker(T — Aidy) C --- C Ker((T — Nidy)" 1) C V.

We have a sequence of n+ nested subspaces of V, where dimV = n

and the 1st subspace is at least 1-dimensional. Thus,

31 < k < n:Ker((T — Aidy)®) = Ker((T — Aidy )F+1).

We claim that Ker((T — \idy)*) = Ker((T' — Xidy)!) for all [ > k.

We do induction on [ > k. The base case | = k + 1 is by definition.

Let now I > k + 1. We have seen that Ker((T — Aidy)!) D Ker((T —

Xidy)i1). Let v € Ker((T — Xidy)!). Then,
(T — Midy)o = 0..
Put w := (T — Aidy )v. Thus, we have
(T — Xidy)! " tw = 0.

By induction hypothesis, w € Ker((T — \idy)¥).
Xidy)F) = Ker((T — Xidy )*+1).
Hence,

(T — Nidy)*Hw =0 = (T — Aidy)*T2v = 0.

2. Let v € V be an eigenvector of T" with eigenvalue p and assume

v € EEA(T). Then, Tv = pv implying
Tiy = plovj > 0.

But Ker((T —
So w € Ker((T — Midy)*+1).

Hence Vq(z) € K[z], ¢(T)v = g(p)v. In particular, if g(z) = (z — )",

then
0=g(T)v =q(p)v = (p—A)"0.
O

(" Definition 8.9: Invariant Subspace B

Let W be a vector space over K. Let S € End(IW). A

subspace U C W is called S-INVARIANT if S(U) C U.

In this case, we get a restricted endomorphism

SlU U — U.

. J

Exercise 8.10:
Let S € End(W) and U C W an S-invariant sub-
space. Then,

ps|y (2)|ps(@).
Hint: Choose a basis B of U and extend it to a basis
C of W.

Lemma 8.11:

Let V be a finite dimensional vector space over K and
let T € End(V) and f(x) € K[z]. Then Ker(f(T)) is
T-invariant. In particular, if X is an eigenvalue of T,
then Eig, (T') is T-invariant.

Proof.
Tv € Ker(f(T)). f(
f(x) = (& — A", then Ker(f(T)) = Eig,(T') is T-invariant.

If v € Ker(f(T)), then f(T)Tv = Tf(T)v = 0. Hence,
So the kernel of f(T) is T-invariant. If we take
g

Ve

.

N

Proposition 8.12:

Let V be a finite dimensional vector space over K and
T € End(V). Assume that pr(z) splits as a product
of linear factors in K[z]|. Then,

D

A eigenvalue of T'

V= Eig, (7).

Moreover, m, (T, \) = dim E\ié,\(T)~

Proof.

Postponed

(" Definition 8.13: Nilpotent

NILPOTENCY INDEX of A.
.

1. Let V be a finite dimensional vector space over K
and N € End(V). N is called NILPOTENT if Im €
Z>1 such that N™ = 0. The minimal such m is called
the NILPOTENCY INDEX of N.

2. A€ My, (K) is called NILPOTENT if Im € Z>
such that A™ = 0. The minimal such m is called the

67

Example 8.14:

Jo,n is nilpotent with nilpotency index n.

Exercise 8.15:

1. If N € End(V) is nilpotent, then 0 is an eigenvalue
of N. In fact, it is the only eigenvalue of .

2. If N € End(V) is nilpotent, then N4™mV = 0.



( Corollary 8.16: )
Let T € End(V) and A an eigenvalue of T'. Then,
(T = Xidv) gz, 1y = 0,
where m = dim Eig A\(T). Moreover, if pr(z) splits as
a product of linear factors, then
dim Eig, (T) = mq (T, A).
N\ J

Proof. [JNF] It's enough to proof JNF for N € End(U) nilpotent. We
can do this, because if T' € End(V') and pr(x) splits as a product of

linear factors, then .
V = P Eig, (T).
A

Each /ETi-g/)\(T) is T-invariant so we can consider

N)\ = (T — )\idV)lEﬁé‘)\(T)'

Where N, € End(E}EA (T)). Also pn, (x) also splits as a product of
linear factors. Also N)"* is zero, where my = dim Efg}\(T). So if we
know the JNF for N, then we get the JNF for T|E~ because
igx (T)
B B
(Tlgi, (m)B = M + [Nl

To get the JNF for T', do the same on each generalized eigenspace and
combine the bases together.

Let us show JNF for nilpotent endomorphisms. We write N € End(V)
nilpotent, with n = dim(V) and px(x) splits as a product of linear
factors. We will argue by induction on n. If n = 1, then N = 0 and
then

[N}g =0=Jo,1.

Let n > 1 and assume the JNF exists for all nilpotent N and every
vector space V of dimension < n — 1. Let V be n-dimensional and
N € End(V) nilpotent with py(z) splitting as a product of linear
factors. Define

k:=min{j € Z»; : N9 =0} < n.

If Kk = 1, then N = 0 and we are done. So assume k > 2. Then,
Nk=1 +£ 0. Hence 3e € V such that Nk—le £ 0. Denote e = e.
Denote e; = Nk—Jey for 1 < j < k— 1. So the vectors are

Nk_lek, ..., Neg,eg.

We claim that these vectors are linearly independent. Suppose that
cier + -+ cperp = 0.

Applying N¥~1 to both sides, we get

clNk_lel + e +cka_1ek = c1Nk_le1 =0.

So ¢; = 0. Applying N¥=2 to both sides, we get ca = 0 and
so on. Hence, ej,...,e; are linearly independent. Define W =
Sp(e1,...,ex). Then, W is N-invariant.

Take By == (e1,...,er). We have

B
[N|wB! = Jo,s-

Consider V/W. Since N sends W to W, N descends to a linear map.
Letting N’ : V/W — V/W be the induced linear map, N’ is also
nilpotent. Also dim V/W = n—k < n. So by the induction hypothesis,
3 a basis B’ = (u1,...,u;) where l =n — k for V/W such that

[N]B, = INF.
Chosse f1,..., fi € V such that [f;] = u;Vi. In the basis
By = (e1,...,e, f1,---, f1)
we have

By _ [Jo A

(N5, = { 0 JNF]

To get rid of the A, we will work on every block in the JNF of N’. We
need to modify f1,..., fm by adding suitable elements from W. We
will not go into detail here...
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For uniqueness, if N € End(V) is nilpotent, then: If A = [N}g is in
JNF, then
dim Ker(N) = # of Jordan blocks in A.

Furthermore,
dim Ker(N?) = # of Jordan blocks + # Blocks of size > 2.

This goes on recursively.
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