Metric SPMES

De] (Euclicleam Sbucfure)I I xll=1/am Xy <x,y7:§‘ %Y., dlxy)=lx-1f

Leﬂqq.('l'ldudg hequality): llz-xd| < 2=l +lly=xIl_or ||a+bl|< (lall«[[b]l.

Lemna (Caudry Schwarz): xo37 & lxlHlly].

Do (etric pace): (X, d), d: Xex~,00) with olley)=0 € =, dlsyf=ollyd,
dlz)cd(y) «dy,2).

Def (Serueva-): 2 IN=X witen (<)oo,

Def (Cmvarm)ﬂxe)(, Ves0 INelN - ol(4,x)<€ VaN,

Lenma: The bt if it exishs, is unique.

Def (Accumdaton Rint): YeX, yeX if Tt ¥ st -y OR (@ex st
(<), wiih %—x

Lemna. (x) anengs o x & V() %X,

Def (Gauchy Sapance] Y220 IN 5t dle, wafce Ym N,

Def (Complete meic qae) Every Cauchy Sequence conve/ges.

Lemna: (<)o R, x,ox= Xoi =% V4

De§ (Open Bell): Gven 50, Blor):= Eyexldixrf<r$

Def(Open b Cosed sef] U ¢ gpen if Vcell T 50,5t Blo) e U, closed i i\l gen

We§ (ericr): at 0= Q"=Ufl € 0| Uiz operf

Def (Closue): TL=MFAE [A s closed? = fxeX[ Ica) 2,33

Dol (Boundey): 9.0 = 1\ 2"

Lomea: ucxorm & vooxell, xel evenfudly; dosed @ e A xoxeA,

De; (Coqfim}fy)f Ye>03d'>0 :4(B(x,d)) € BAW, ¢}, v.ox 22l =4,
YUcYopen, 57 is ofen.

Def{(lnifoom comaty): Ve>03 80 Wiy dlyhed = (56 <

De(Cpsdte amtiity): TL>0 Yoy d(86,861) < L-elsy)

Tho (Banach Fied Bist): T: Xxx X-Lipschife with Ae @4 TRx

De§(Gover): EC)(I U=32U:8 is a cover § E cUu,ch Subcover

T

D (Compac]: ¥ ()., K T s, => €K Vopen cuer T it subcaer Def (Rutial desnative): 9, £lc)= 35 bk 9, $le) Vi 1. a3 |

Cor: com,mf = dosed, complete, closed sabsets are compact Then: 9, 2ls)exicts and corinscus Ve =) § dffeentisble, o;k(,):("'f“ =‘~¥T‘~’)- X,
Prop: §:X>Y caimuns, KX conpact = §(K) compad. Def(c"): CURY:= {PURIPsts: = fhec 10 pect
Than § XD contimaous boanded, KX compact = as/min are attuned Def (Jacobi maten): THlu):= Del)= (giﬁzm

Thin (Heie-Boreh): K< IR" compact & Kelosd & buunded. Thalchin sl Dlg-1), = D gy 202, ; B ti=Z 3ttt Sh 0

Vel (Comectedness): AcX discomected if JUNopen, oisiat AUl T (Mo b Theoen): £ 1) e U o1 D T0ufo s b= 2D, [0

Aal; mu(dy, A s comected if nt ofiscomected. Def (Conve St} AR5t Visyeh, teosd, buelr-tiyed.

Frop: E R comected & E is an inforval. Def (bredest): P ), 7= T90 = Cim

PIO[’ . {:XQYCM{""MS, EcX comacded = {(e) comecled. Tha: UeR” 2ecuR) A=sqplizgel,com = £ is fm \-Lipschite

Cor (IVT) Xeonsected §X-IR continacus, # (Aefly}oTbeX st $(0 VeelSsol] T hm - I UICLI] DI UVecll 2 f comsfant e comscked comporents

Deblcane): y:004T =X cotinoas Clesed : ylo=50. Tha(Swara): $eCUR) 2 3,5,4-9,9,§

DeS (Puth Guededeess]: E <X, Ny <E, T path, st yld=x A yl4=y. DeflMalti-toder): «=(o,..,w)eN' , [al=00- g =),

Plop: Path Comected = amected Def: =0, T"f, x = e i

Tha! Uc R open: Gunacted = Puth Comected. Thn(Taglor): $eC" 4] ol heR'ct, votheu VeeCoid o {(ruekj=5(t3’ﬂn]g-*o(h*")
Plop: K ¢ X conpact, K =Y cobmacas =0 fermly contimous. Def (Rel. anelyie): 6 CTU, Vel Jp>0 C>0 o = 19| clel (.P)"" Vel
Dof(Nora): lI-Il: V—g00) st. li[=0©>v=0, fuvil= lebivll, lveullcliieliall  Tha' { analyfic > Tp50 ot Jle, )= '%' a“«i(-.);“{— Vhe By (0)

Def (filbert- i rom (1M, =& (-41) Cor: Wennscdel, 15 andbtic st 7 it 9"J1a)=0g0 Vo 2 £=

Lemme - VxeR‘, M-\ [[MIl, - 1 OPTIMIZATION

Prop Norer = Metric with ol (y)=llx -/ Def (Local Minmun): 30 {(e)< ) Ve B, ()

Dof(famer Predad): <o, 7 - VR s¢. <u,v>=<v,u>/<«ue6v,u>=-<~l,w>rﬂ<vuabef (Critical Point): Je (,‘, v4(<)=0

andd (Yv>3.0, <> =06 v=0, Prop: Local. Extremunm = Crifal. Poiat

Prop: Inser Produd = Nocn with vl =Ky v>" Thm (Laggrange Mabtiphrs]: M= §6Ulg, (4 =g, (90, For 1, bocal. chemen of
MucriomensionAL DiererentATion ther £94(x),0g,(<).- , UgA(vBae Cnealy dependedt

De”Unﬂeru{va U Df‘a =Df(x,) Liled’, such that QD%M'O- ; Thn (,S'ﬁecfra(r Theorea) A M, ((R) Sysweliic o!;qdo-q{qes  an ONB
0f,, 6 A
Lemra: §:U-T" d f{eenbiable £ USR dforertiable Vi. Then Df,_(x)=(,,;m(.)_ Def (Hessan]: H $14-0.9, £, 1 =D*46). Adlei= tr(Hdtd)=2,3; $0

DE [‘(Dllectlomt Denvafwe): av f()('): _‘&*M Pla'a: X, boc. min =)Hf(v,,) ﬂ"ﬂ*Mjolefﬂ/' H;{vaj pos J. ‘;u, Dy, loc, min,
Prar:: fJ.uwt;aue of % =) va(,«,)=D£.(v) exists, De{((mvequAélR'Cﬂvex , fﬁA-ﬂK st VK,yCA, te(o4], §((-4)x ) (-t fs)



Inverse & (vpuciT Function T HeoreM
Lemma: ¢ contract ;ou/ F=x+¢(x’,nyc—u,f)0 s.t B,(&)QU,

Def(imer/Outer Volawe): ot €)= aH{HONEEE, 6 dyadi . () sap§ pCAlFe, Fileli2
M(Jmu’an Meagarable E<R" LouaJaJ, st Pout (€] = Mia(€)=: p(e)= vol, (g).

B,y (Flelle F(B.Cul) < F), F(u) open, F:u=>F(d) bijede Lo Ex(eybe--<in], E are Tekonmessiate, ole-u(e)- ),

F'is Tf;fT’L;fSth.

Lemma® § thc/ené;que, DF., inwerfible, 9 Lipschite, 1("’3(‘/)’7-

) 3 J«'Heleué;que ot Yo < f(x«,'/ D‘aYo -_—(P i(’)"‘(.

Prop: E,F TM.= EvF eaf,E\F TH
Leama: Ve>) 3F,6 IM. yith Febe6, plok plAlce > EIM,
Dol Qordan Nul): E<IR® with poet (=0

Thu(lnverse Fot.): $eC(4, Df. wa_ﬁ;ue for qell DJUycUst T EcR® IM. <> E bdd X 9F walk
f Iuc i.\"e&iue ; (U} =:V open xE e U VoUe c4/ D?f{@f fo Lomma E aull, £:E1R" Lipsehitz =2 $(E) null.

Vzéua.
De(Diffeomorphisn): £:U->Ve (st {4-' V-uel' "
Thn(lwglicit Ft):0<den ks 4. Pec'(ur™) 54 7 (ﬁ,;‘;)‘q

Prop: EIM. =) 9B e 1.8, u(pEral " ule).

Thin: LR R" Vinear. E IM. =2 LEVTM, y(i (€)= |det ()] plE).
N

De-f(D,aJ-’chgr Fc‘.)‘- a(’(}: eéﬂv 1«,#,)(’)

with #s, %) =0, I 4, nertible = J5>0, 4: B,(«J-)qmw:fg,arém»ﬂ-&f«d}n"‘ése.

st flyl-0 Y=9(d Viy)e Bl Bly)
34= (03, togta) (280901,
SugMAIFoLDS
Jef (Submanifold): 0< den k>4, M eR" st Vp,eM JYcir” conteining po VR
containng 0, WUV % dffeomarphisn st Y (Mall=Syevlyy ==y, =0

Def(Reemam Inteqable. & =sup3 g $ 4 g SET= ol Uglyn -4, g 565,
Lemna’ {9 RT. = c.fe g 2T, fyldagecdd vafig.

leane: § RTED§7, 4 RT. b particdar [ =[98

Lemna: po (g =, (5 Hypogearh)

Lemna: A -200,07 anifurmly co. 4RI
&)

DE‘K’MPL‘UH : V,)eM Ju (4 [K“ m‘fq}.;‘a e ;6 Ck(u/ [QH.JJ S.{., f‘k(o %J: rc’/ Mau-= {‘(0), T‘m {U\aaf og[ Val]que;}f J‘Af(xux=fmﬂ§m Jy
Def(Parametric): Vpeh Ve IR"', qel, 6:C YR st ok (6)-), 6li)=p and vi'ev Fuier Tha: [ £l ‘fw'm $ty) [ det 77, by,

with Mad'= G(V')
Def (Graphical): VpeM AUER cnfuiniag p, Ve Ry ec(y R ot
M= § el (. 5 =4 Lt 46
Tho" The t defiaitions are equivalest,
Def(rangest vectu]: TR st Ip,eM 1,50 with BT —T ulen p,2p, 6,20,
Def(Normal o). veR" gt v-oT=0 W TeT, M.
Lewna: T,M=Dé (&) V 4 VoMol paranchrinih
MucTiDiMensieNAL [wrEcRATION
Def (Oyadic Cube): Qe R” s.£ Q=9 "(k+[04)") Jor e 2",
Def (Vlume): F= U 2°;cCoa?). u(A:=N-2""

Tha(Cavalieri): ATM., A€ (-C,C)" A= TyeR™ () AE. (1 i out(A)
PEH AV L RT f(_mu Q0= /l.(A)=f( T LCH

ThaCeabinl: Abb $=8 4, 1= ST.60y, G (=TT My 08-Sy g61-fyi

Cor: K=Ca,, byTx--xla, b1, £ :K5R et D 4RT., [ 4 =L:'-~- f.:“ﬂ~,,..<,~a;J~, oleq

Tha(Oiffeeitfin under S):K ept feclictabt)= f1t) 98 ec*= 1, [4=1,0. 40kl

Def (mpoper §): Uapes, Baat. [, = sup £5 #(Kell, K ept 202,

Def (- volume): $:V>IR" d din sebmanifld EcV IM, Ecv = Vo‘ulﬂe)}=fEm:)‘ de

Def (Suppart): spt(f) = FeeVf0 7203 <V ',

Def 4 VR dinsubafdd, 401 5R ek, st (1) »f bbb~} 5ot MO o]

Lomna’ #e=(* gte) > Y/Aelod 04)" =4 4+ITg()"

Def = et

Lemea: v is sormal b M, [yl =4 asd v is poid.g citwonds

Lomoe (Grephical, v tho): VeI cpes, g € 10 8), 0= BN 14,5, eB R [y < el M:= 30, 90)f

ec'(@), Fi=fe,, sptllc D080 = [0 fd=§, Lol lohe, odwh, ).

DefDivergenc): dioFi= 2 9:F;.

Thaltocel divtimf As above, FeCT, ) s spt (i ANB o) i Fle=[} Fov dunty
Def (" domain): Boundal cpen set 2€R"f M:=0.0 i alo-tdim sbfid of class C*.
Tho(igergence Thw): 212" bad ¢ domas, G €L, RY) = [ oo 6le= 5, 6+ ol .
The(6reen): fa oFeTdL=fqrot Fob (et F=,F,- 3 F,)

DiFrerenTiaL Forus
Def (4-Form): U —>{IRTI X = (s (), oy () =06,

Ex(Associsted A-Form): FeC () = a7 by o= F(x) .

Def 4 CTUR), dE-URY, db,-DS..

Def(ee bgeb)ioc u.,@g")“c,‘ yile bJ-U [r o= f“ Lﬂ‘, (y@)dt=] Z(,(e»-dwt_
Def(ine teget): &=F". S a=fy F'<], bF(,(él)- y e,

Def (Conservative): Ucomected, F:u~R" if IfeC*(uR) st. 7=F.

Def(Exact): U comede), o: U e i#34eC(uR) st Jf=x.

Lemma’ x Exad = J,x=F(ylb)-$4()

Lemma (Integablity Critera: x exact <2 ;o <O ;.

Def (k-form): sy R™PR st s, (T:5)=0ylr)- Jhs) L wpic k-binsar

Lomna? w(r)s, Z 6iui @ Rt e, )= 2 :;w-Jef(ET-T). (e}(é’ié‘éi‘é‘i})
Def(Wedge Product]: s=det(AT) B=de(55) = ;;ixecx):a-o!a([él-x). (Bviend Blrea).
Def :0-form = C furcins. k-foms = 2, 4 Tt ().

Def Difentd): du(s):= ZdetdAn (9

Remi fld=x; 5de=df-pp=e] = w=de A Ady=rdx;,

Lemaa Yoo (LU), d(du) =0 0*%(u)

Lemna(Leibaiz): d (<AB) ~da AR « 4" xAdB

Cor w=df - Adf, > du=0.

Def (Pali-buck; see. 0C), Vel F ™) =(F () (A) = s (DF,-A) eSL (V).

e



Lewna: a=e Fi)=lE6),., bl = Fla)=dF, A-AdF,_.
Prop: F'(xAB)= FAF'(8], (o) =d P,
Def: & vou param. submfld). we (U, LNJ: v"ﬂ,‘(bixux =S\v(§‘°‘)-< dx
Deg(Or}en(‘uu-e)l Covered by boeal potams with trmgitioa wqps ‘\aw'n” olet >0.
Pwr»f (-1 sbnfld oreatoblec> I M= Sn_Js.f v(,)J.T',M, v ntiauous.
Thm: VO(E.[,:._4('R‘), Iuo,u=j‘a“°(. (au one-fe] qtz-aw"'n’ ezfe/:ol dn}(’ ﬂoﬂ"ﬂL}
Tha: M pacnchsed doufld vith bndey, we 0 (R) = 5, 1=l
Cor: ER® 2d-curfoce, FeCRRY 2 J‘zm’cF-vJ; = f:) SF-dL,
Def (Lknear Const (uef OOE): nya,_4 y(n-l)fu”*q.,)’\f 4y =f Vel
"
De;(ckulact';sﬂc mynmiad: r’(‘)’%"k"k = 00€: Ly:f with L:f (]‘Ib_)
Def(ngenous opE): L2=0
Lemma © & root of P with ma H';,; [ich‘y n=) tkexr(ui-t) Vi-0.,m solve the OOE
Plu{': The solations to L2=0 fovm a vector space with bagic funtions dowe.
. {Lz:o veel
Plof' 290w Vez0 . meq has a um'que solution.
2 . L =+ =) Solutim « eV
e by =£ D Soludios are 3, Z,*».fl':f‘.;i Dy (0=Cl)e™ ey a=m)
Lemma If £(€)=q(le®’ degla)=m:w oot of p maltk Syl4=00. ¢4 lega-=).
Lemma (Qurelpasif{'u}f LYL:;R =) L(‘/ﬂ’)ﬁ): f-ﬂ;—, .
(320
De{(Pdse at0): {z&-’a‘z' 0" Gl P) (Puke af 0).
_ €
Thm (Dubamel): {;}'g 4. y™)-0 Dyl =£_:f (5)PG-s)ds.
Def (System of ODE')- u (8= Flt,uts),
Dc}(foqs‘tmf G;e})i Flt,ute)=A-ult),
oo ,k
De F(Matie Eponeeta): explA):= 2
Tho. The (14;714[ ol of {:Ze,:’::a is ult)=explAlct,)) «,.
Thon(Caschy-Lipschite): F:U=> R, F=Flér), Cint, Clin x = Tonasimels intoned T,
‘ W\(¢) = F(alt) ¥ €T
uel g, {u(@ =%y,

Thm (Asa:“ -A/zeLE): Kélkﬂcpf, ka|(—>"2"5 Cb(k’ fR"J 5. b sup, II¥RL< 02,
Ves0 38505t Vi Viek, J(B5tnk) B (3] = 3 conrgert sdbse in k)



